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Introduction

The aim of this essay is to give a proof of the Grunwald-Wang theorem, which roughly
states that, given a number field &k, one can prescribe a finite abelian Galois group and
finitely many local extensions K|k, of the completions of k, and there will always (under
reasonable assumptions) be an extension K|k that realises the given data, i.e. has the
given Galois group and the given completions K,. There is however one special case
involving the prime 2 in which the Grunwald-Wang theorem does not hold. A similar
situation occurs for the question whether a number a € k£* that is an mth power in
all completions of k, is already an mth power in k. It turns out that this, too, is only



almost true: There is again a special case involving the prime 2 for which the assertion
does not hold. In fact the two questions are closely related, and often both go under the
name "Grunwald-Wang theorem". We will however refer to the second question as the
"Hasse principle for mth powers" and use the name Grunwald-Wang theorem only for
the first one to avoid confusion.

German mathematician Wilhelm Grunwald introduced the Hasse principle for mth
powers in 1933, but it contained a mistake in that the special case was not handled.
Another proof was presented by George Whaples in 1942, but he too didn’t notice the
special case. It was Shianghaw Wang who in 1948 discovered a counterexample to the
original statement, upon which he identified the special case and proved the corrected
statement.

Here we shall first prove the Hasse principle for mth powers, and then use it to
prove the Grunwald-Wang theorem. For the former we will use Galois cohomology,
and class field theory for the latter. The first section introduces group cohomology of
profinite groups, though we restrict ourselves to dimensions 0 and 1 since this is all we
need for the purposes of this essay. In the second section we see some applications of
group cohomology in a number-theoretic context, i.e. for modules over Galois groups,
in particular we treat Hilbert’s theorem 90 and Kummer theory. In the third section
we prove the Hasse principle for mth powers. Next we summarise the main results from
local and global class field theory. In section 6 we finally prove the Grunwald-Wang
theorem by reducing it to the Hasse principle for mth powers via class field theory and
Pontryagin duality. In general, I made an attempt to keep the number of references
to the literature to a minimum, but from time to time the reader must be willing to
accept some theorems whose proof could not be given here. This applies especially to
the sections on class field theory.

As for the literature, T used mainly the book "Cohomology of Number Fields" [NSW08]
for the part on group cohomology and the Hasse principle. (In case the reader wonders
why in this essay natural numbers are often denoted m rather than n: I was following
the conventions in that book.) For the sections on class field theory, I was working with
Neukirch’s "Algebraic Number Theory" [Neu99|, and the German edition of his "Class
Field Theory" of which an English translation has just been published [Neul3|. The
proofs in the section on the Grunwald-Wang theorem I worked out mostly for myself,
except for one special case: The last one is taken from [NSWO0S|.

1 Group Cohomology

In this section, we introduce the concept of modules over profinite groups and their
cohomology. We start with the definition of profinite groups and prove some of their
properties.



1.1 Profinite Groups

Definition 1.1. A topological group is a group G together with a topology on G such
that the group operations

GxG—G, (o,7) — 0T
G—G, o—o!

are continuous.

Proposition 1.2. In a topological group G, every open subgroup is closed. If G 1is
compact, then every open subgroup has finite index.

Proof. Let U C G be an open subgroup. The translations G — G, 7 — o7 are homeo-
morphisms, therefore the left cosets oU are also open in G. Write G = |J,.p0U as a
disjoint union of left cosets of U with 1 € R. Then the complement of U in G is

G\U=|]JoU
oER
o#1
which is open, thus U is closed.
If G is compact then the open cover G = J, . oU has a finite subcover, hence the

index (G : U) is finite. O

We assume that the reader is familiar with the definition of projective systems (see
[Neu99|, Def. IV.2.1). For a projective system (X, f;;) of topological groups, the pro-
jective limit (or inverse limit)

l'ani = {(ZEZ) € HX’ fij(@j) = x; Vi S]}

el el

is a closed subgroup of [[,.; X;, making it a topological group with the induced topol-
ogy. If the X; are compact then by Tychonoff’s theorem the product [[,., X; and thus
l'&nie ; X; are compact as well.

Proposition 1.3. For a Hausdorff topological group G, the following are equivalent:
(i) G is an inverse limit of finite discrete groups.

(i) G is compact and the unit element has a neighbourhood basis consisting of open
normal subgroups.

Proof. (i) = (ii) : If G is an inverse limit of finite discrete groups X;, it is clearly com-
pact. Furthermore, the unit element of G has a neighbourhood basis consisting of
open subgroups since this is true for the product [[, X;. Thus it suffices to show
that every open subgroup U of GG contains a normal open subgroup. Let

N={oceG|oU=Uoc}



be the normaliser of U in G. Since U C N and U has finite index, N has finite
index as well. It follows that U has only finitely many conjugate subgroups. Let

V' =(,ec U7 be their intersection. Then V' is an open normal subgroup containing
U.

(i1) = (i): Suppose G is compact and the unit element has a neighbourhood basis con-
sisting of open normal subgroups. Let N run through this neighbourhood basis.
We claim that the canonical homomorphism

go:G—>l'£nG/N
N

is an isomorphism of topological groups for the discrete topology on the G/N . The
projections my : G — G/N are clearly continuous, so ¢ is continuous. Since G is
Hausdorff, the kernel of ¢ is (), NV = {1}, hence ¢ is injective. For the surjectivity,
assume there is an element (zy) € hm o G /N which has no preimage in G, i.e.

Ny 7 (zx) is empty. By compactness, there is an empty finite subintersection,
say (\i_; Ty, (zn,) = 0. Let N be an open normal subgroup of G contained in the
open subgroup (;_; N;. Then any lift of 2y to G is in (_; 7y (,), contradiction!
Thus, ¢ is surjective.

O]

Definition 1.4. A Hausdorff topological group G is called profinite if it satisfies the
equivalent conditions of proposition 1.3.

The proof of proposition 1.3 shows that for a profinite group G there is an isomorphism

Gg@G/N
N

where N runs over the open normal subgroups of GG. Typical examples of profinite groups
are the p-adic integers Z, = lim Z/p"Z and Galois groups G(K|k) = Jm G(LIK), L
running over the finite Galois extensions L|k inside K.

1.2 (G-Modules

Definition 1.5. Let G be a group. An (abstract) G-module is an abelian group A
(written additively) together with an action of G on A by group automorphisms, i.e. a
map

GxA— A,
(0,a) — oa

such that the following holds
1. o(a+b) = oa+ ob,

2. la = a,



3. (o7)a = o(Ta),
for all 0,7 € G and a,b € A.

A G-action on A can be linearly extended to an action of the group ring Z[G] on A

by defining
(Z caa> a:= Z Co00a

ceG ceG

making A into a Z|G]-module. Conversely, a Z[G]-module A is naturally a G-module.
Therefore G-modules are the same thing as (left) Z[G]-modules, giving us natural notions
of G-homomorphisms, G-submodules, direct sums, kernels, quotients, images, exact se-
quences and inverse limits of G-modules. Explicitly, a G-submodule of a G-module A is
a subgroup A’ C A such that 0 A’ C A’ for all 0 € G. A G-homomorphism f: A — B
between two G-modules is a homomorphism of abelian groups that commutes with the
G-action, i.e.
f(oa) =cf(a) forallae€ A,o€QG.

G-modules together with G-homomorphisms form an abelian category which we will call
G-Mod. The set of all G-homomorphisms f : A — B is denoted by Homg(A, B). It is a
subgroup of Hom(A, B), the abelian group of all Z-linear homomorphisms A — B under
pointwise operations. If A and B are G-modules, then so is Hom(A, B) if we define the
G-action by
(0f)(a) == o f (o "a).

We can think of this as a "conjugation" action since o.f = 0o foo~t. Thus, f €
Hom(A, B) is a G-homomorphism if and only if f is fixed under the action of G on
Hom(A, B).

We will mainly consider modules over profinite groups G. In this case G carries a
topology and it is natural to require some compatibility of the group action with the
profinite topology on G. Therefore we introduce the notion of discrete G-modules which
are characterised by the equivalent conditions in the following lemma.

Lemma 1.6. Let G be a profinite group and let A be an abstract G-module. Then the
following conditions are equivalent:

(i) The action G x A — A is continuous for the discrete topology on A.
(ii) For every a € A the stabiliser G, := {0 € G | ca = a} is an open subgroup of G.
(i) A=, AY where U runs over the open subgroups of G.
Proof. (i) = (ii) : If G x A — A is continuous, then for a € A its preimage
{(a,0) e Gx A|ob=a}

is open. The intersection with the open set G x {a} is G, x {a}. Since the
projection map G x A — G is open, it follows that G, is open in G.



(i) = (iii) : For a € A we have a € AY where U = G, is an open subgroup of G' by
assumption.

(1ii) = (i) : Let a € A and (0,b) € G x A such that b = a. If U is an open subgroup
of G with b € AV, then oU x {b} is an open neighbourhood of (o,b) mapping to

a. Therefore the action G x A — A is continuous.
]

Definition 1.7. Let G be a profinite group. A discrete G-module is an abstract
G-module A such that the equivalent conditions from lemma 1.6 are satisfied.

Note that for a finite group GG with the discrete topology every abstract G-module is
discrete. Since we will mainly deal with discrete G-modules, it will be understood that
by G-modules we always mean discrete G-modules, unless stated otherwise. Note that
submodules, quotients and direct sums of discrete GG-modules are again discrete.

Examples 1.8. e For every profinite group G, any abelian group A becomes a G-
module with the trivial action o(a) = a.

e For every profinite group G, the group ring Z[G] is a G-module with the obvious
action.

e For a Galois extension L|K, the additive group L and the multiplicative group L*
are G(L|K)-modules (we will see these in section 2).

1.3 The Cohomology Groups H’(G,A) and H'(G, A)
We will now define the cohomology groups H%(G, A) and H'(G, A) of a G-module A.

Definition 1.9. Let G be a finite group and A a G-module. The fixed module of A is
A% :={a€A|lca=aforallocG}.
A% is an abelian group which we will also call the zeroth cohomology group
HY(G, A) .= A°.

It is easily verified that the association A — A% from G-modules to abelian groups is
functorial, i.e. every G-homomorphism f : A — B restricts to a group homomorphism
f*: A% — BY such that (14)* = 1,46 and (¢f)* =g*f* for f: A— Bandg: B — C.
The functor G-Mod — Ab, A — A% is left-exact which means that an exact sequence

0—A—B—0C-—70

of G-modules induces an exact sequence

0— A — BY — 0¢



of abelian groups. However, it does in general not preserve exactness at the right. For
example, consider the exact sequence

0—Z 27— 7)27 —> 0

of {£1}-modules with the obvious action. Taking fixed modules gives the exact sequence
0—0—0—Z/2Z

but the right map is not surjective.

In situations like this (a functor between abelian categories that is left-exact but not
right-exact), general homological algebra provides us (under the mild assumption that
the first category has enough injectives, which is satisfied for the category of G-modules)
with a way to measure the failure of right-exactness via so-called right-derived func-
tors. Namely, there is a sequence of functors H'(G,—) : G-Mod — Ab for i > 0 with
H°(G, A) = A% such that every exact sequence

0—A—B—0C-—70

of G-modules induces an exact sequence

0 —— H(G,A) — H(G, B) — H°(G, )

W

For the sake of concreteness, however, we will restrict ourselves to work only with H°
and H' which is sufficient for the purposes of this essay. We already defined H°(G, A) =
A% above. Now we define H(G, A) explicitly in terms of cocycles and coboundaries.

Definition 1.10. Let GG be a profinite group and let A be a G-module. A 1-cochain
is a continuous map G — A (where as before A is equipped with the discrete topology).
The set of all 1-cochains forms an abelian group under pointwise addition and is denoted
by C1(G, A).
A crossed homomorphism (or 1-cocycle) is a continuous map f : G — A such
that
flor) = f(o)+of(r) forallo,TeG.

The set of crossed homomorphisms G — A is clearly closed under addition, thus it forms
a subgroup of C*(G, A). Tt is denoted by Z'(G, A).
A principal crossed homomorphism (or 1-coboundary) is a map of the form

f:G—A oc—oca—a



for some a € A. A principal crossed homomorphism is indeed a crossed homomorphism
since
orta —a = (ca—a)+o(ta—a)
and these maps are clearly continuous. The set of principal crossed homomorphisms is
a subgroup of Z'(G, A) which we denote by B'(G, A). Tt is the image of the homomor-
phism
0:A— ZHG,A), a [0+ oa—al.
We define the first cohomology group of the G-module A as

: 3 1
HY(G, A) = crossed homomorphisms I-cocycles  Z'(G,A)

principal crossed homomorphisms ~ T-coboundaries BY(G,A)

It is easily verified that the association H'(G,—) : G-Mod — Ab is functorial. This
follows from the fact that for a G-homomorphism f : A — B the natural map "post-
composition with f" from C'(G, A) to C'(G, B) takes 1-cocycles to 1-cocycles and 1-
coboundaries to 1-coboundaries.

Example 1.11. If A is a trivial G-module, then crossed homomorphisms are the same
as continuous homomorphisms and all principal crossed homomorphisms are zero. Thus

H'(G, A) = Homg(G, A)
for trivial G-modules.
Theorem 1.12. Let G be a profinite group and let
0 —A—B—C—70

be an exact sequence of G-modules. Then there is an associated exact cohomology se-
quence

0— A9 — B9 — 0% %5 HY(G, A) — H'(G, B) — H'(G,C)

of abelian groups. The association from short exact sequences to their induced coho-
mology sequence 1s functorial in the sense that for a commutative exact diagram of
G-modules

0 s A s B C 0
0 A B’ C’ 0

the induced diagram

0— A9 — BY — 09 % HY(G, A) — HY(G, B) — HYG,C)

N T

0— A¢ — B¢ — "% % HY(G,A') — HY(G,B') — HY(G,C")



is also commutative. The homomorphism § : C¢ — H*(G, A) is called the connecting
homomorphism.

The existence of the cohomology sequence essentially follows from the snake lemma
which we state without proof.

Theorem 1.13 (Snake lemma). Given a commutative exact diagram

A—sp—1 ¢ 0
kb
0 UL e

of G-modules (or more general of objects in any abelian category), there is an induced
exact sequence

ker

() (8) ()

coker(a) —— coker(f3) — coker(y) —— coker(j’)

The induced exact sequence behaves functorially in the sense that given another dia-
gram of the given shape together with compatible homomorphisms between corresponding
objects, there are homomorphisms between the two induced exact sequences making the
resulting squares commudte.

The proof of the snake lemma can be found in any standard textbook on homological
algebra which is why we omit it here. The definitions of the maps in the induced exact
sequence are all obvious except for the connecting homomorphism 6 : ker(y) — coker(«).
It is constructed as follows: Given ¢ € C' with y(c) = 0, pick any b € B with j(b) = c.
Then £(b) is in the kernel of j’, so there exists an o’ € A" with i'(a’) = 5(b). Now d(c) is
defined as the class of @’ in coker(«). It can be checked that d(c) is independent of the
choices made and that ¢ is a homomorphism.

Proof of theorem 1.12. Consider the commutative and exact diagram

A B C > 0

2 [os Joe

0—— ZYG,A) —— ZY(G,B) —— ZY(G, ).

Note that
ker(04) ={a € A|oca—a=0forall c € G} = A

and coker(94) = H'(G, A), and similarly for B and C. Thus the snake lemma gives
the desired exact sequence. The functoriality of this association now follows from the
functoriality of H° and H' and the assertions in the snake lemma. O]

10



1.4 Inflation and Restriction

We have seen that the cohomology groups H'(G, A) are functorial in the second argu-
ment. Now we will look at what happens if we pass from G to subgroups and quotients.

If GG is a profinite group and H C G is a closed subgroup, then H is also a profinite
group. Any G-module A is naturally an H-module by restricting the action from G to H.
Every crossed homomorphism G' — A restricts to a crossed homomorphism H — A, and
principal crossed homomorphism resrict to principal crossed homomorphisms. Therefore,
there is a natural map

res: H'(G,A) — H'(H, A),
A= [f1a]

called restriction. For two closed subgroups H; C Hy; C G the restriction map
HY (G, A) — H'(H,, A) is clearly equal to the composite of the restriction maps H*(G, A) —
Hl(HQ, A) and Hl(HQ, A) — Hl(Hl, A)

Now suppose H < G is a closed normal subgroup. Then the quotient G/H is also a
profinite group, and for any G-module A the H-fixed module A is naturally a G/H-
module with the action (0 H)a := ga. Every crossed homomorphism G/H — A induces
a crossed homomorphism G — A via the projection 7 : G — G/H and the inclusion
v : AF — A. The resulting homomorphism Z'(G/H, A") — Z'(G, A) takes principal
crossed homomorphisms to principal crossed homomorphisms, therefore it induces a
homomorphism

inf : HY(G/H, A" — H'(G, A),
[f] > [to fon],
called inflation. For two closed normal subgroups H; € Hy C G the inflation map

HY(G/H,, A"y — H(G, A) is clearly equal to the composite of the inflation maps
HY(G/H,, A"y — HY(G/Hy, A"2) and H'(G/H,, A™?) — H'(G, A).

Theorem 1.14 (Inflation-restriction sequence). Let G be a profinite group, A a G-
module and H <G a closed normal subgroup. Then the sequence

0 — HY(G/H,A") 2% HY(G, A) == H'(H, A)
18 exact.

Proof. For the injectivity of the inflation map, let x € Z*(G/H, A®) be a cocycle such
that inf z is a coboundary, say (infz)(0) = ca — a for some a € A. For all 7 € H we
have

0 = (inf2)(1) = (inf 2)(7) = Ta — q,

therefore a € A” and x(0cH) = (¢ H)a — a is a coboundary.
For the exactness in the middle, let z € Z'(G/H, A") be a 1-cocycle. Then for T € H
we have
(resoinfx)(7) = z(7H) = z(1H) = 0,

11



so resoinf = 0. Now let z € Z'(G, A) be a cocycle such that resx is a coboundary, say
(resz)(7) = Ta—a for some a € A and all 7 € H. The 1-cocycle /(o) = (o) — (ca—a)
on G defines the same cohomology class as x and satisfies 2/(7) = 0 for 7 € H. So we
have

' (o7) =2'(0) + o2/ (1) =2'(0) foroceG,T€e H

and also
2 (to) =2/ (1) + 72/ (0) = 72'(0) foro € G,7 € H.

Since 2'(0) does only depend on the class of 0 modulo H, we can define y : G/H — A,
y(oH) := 2'(0). Then in fact y(c H) € A because for 7 € H we have

Ty(oH) = y(roH) = y(o H)
where we used that H < G is a normal subgroup. Therefore, y is a 1-cocycle with
infy =2/ ]

A profinite group G is made up in a simple way from its (finite) quotients G /U by open
normal subgroups, namely G is naturally isomorphic to the inverse limit G = @U G/U.
If A is a discrete G-module and U C V' C G are open normal subgroups, the cohomology
groups HY(G/V,AV) and HY(G/U, AY) are connected by the inflation map

inf : HY(G/V, AY) — H'(G/U, AY).

With these maps, the cohomology groups H'(G /U, AY) form a direct system, indexed
by the open normal subgroups U of G. The following theorem makes precise the idea

that H'(G, A) should be made up from the subgroups H'(G/U, AY).

Theorem 1.15. Let G be a profinite group and A a discrete G-module. Then there is
a natural isomorphism
HY(G, A) = lim H'(G/U, A7)
U
where U runs over the open normal subgroups of G.

Proof. For every open normal subgroup U of G, there is an inflation map H*(G/U, AY) —
H'(G, A), and for two open normal subgroups U C V' C G the diagram

HY GV, AV) inf » HY(G/U, AY)

oA

HY(G, A)

commutes, thus we get a natural homomorphism

p: lim HY(G/U, AYY — HY(G, A).

We show that ¢ is an isomorphism. The injectivity follows from theorem 1.14. For the
surjectivity, let x : G — A be a 1-cocycle. Since z is continuous and G is compact, the

12



image of z is also compact. But A is discrete, so x takes only finitely many values. Let
U C @G be an open subgroup such that z(G) C AY and x(U) = 0 (this is possible since
A is a discrete G-module). Since the unit element of G has a basis of neighbourhoods
of open normal subgroups, we may assume that U is normal. The restriction of x to U
is zero, hence by theorem 1.14 there is an element y € H'(G/U, AY) such that infy is
the cohomology class of x. This shows that ¢ is surjective. n

Now we show that taking cohomology commutes with direct products in the second
argument.

Proposition 1.16. Let G be a profinite group and let (A;)icr be a family of discrete
G-modules. Assume that G or I is finite. Then [[,c; A; is also discrete and there is a

natural isomorphism
HY(G [[A) = ][ H"(G, A).
i€l el

Proof. Write A := [],.; A;. If G is finite, A is trivially a discrete G-module. If I is
finite then the stabiliser of (a;) € [],.; Ai is the intersection of the stabilisers of the a;,
therefore a finite intersection of open subgroups of GG, hence itself open. Thus A is a
discrete G-module.

The projections A — A; induce maps H'(G, A) — H'(G, A;) on the cohomology level
which together give a homomorphism

o H'(G ][4) — [[H' (G, A).
iel iel
We show that ¢ is an isomorphism. For the injectivity, let  : G — A be a 1-cocycle such
that the composite G — A — A; is a coboundary for all i € I, say x(0) = (0a; — a;)ier
with a; € A;. Then x(0) = ca — a where a = (a;);e; € A, so x is a coboundary.
For the surjectivity, let x; : G — A; be 1-cocycles for i € I. Then x = (2;);e; : G — A
is a 1-cocycle whose composition with the projections A — A; gives the x;. O]

Now let GG be a finite cyclic group of order n, generated by an element . The norm

of GG is defined as
N:ZZT: l+o+o*+...+0" ! €Z[G).
TeG
Furthermore, we define
D:=o0—-1€Z[G|].
Note that ND = DN = 0. For a G-module A the two elements define linear maps
D:A— Aand N:A— Awith DA C yA where yA =ker(N : A — A).

Theorem 1.17. Let G = (o | o™ =1) be a cyclic group of order n, and let A be a
G-module. Then there is an isomorphism

HY(G, A) = g—“j.

13



Proof. For a 1-cocycle x € Z'(G, A) we have

0= (1) = 2(0") = 2(0) + ou(o™ ) =.. = Y o'

Il
9
B
)
I
=2
B
N

so we have a homomorphism
Zl (Ga A) — NAa
x+— x(0).
We show that it is an isomorphism. The injectivity follows from the fact that a 1-cocycle
x is completely determined by z(¢). For the surjectivity, let a € A be given with Na = 0.
We define z : G — A, z(0%) = 32"} o%a. This is well-defined since 37" 0’a = Na = 0,
and it satisfies the cocycle property since

k-1
z(ofot) = Z ca=1+c+...c"Na+od"1l+o+...+0")a
i=0
= 2(c®) + oFx(ah).
By definition of 9 : A — Z'(G, A), the diagram

A=——A

|2 lD
ZHG,A) —— yA

is commutative which implies that our isomorphism Z!(G, A) — yA induces an isomor-
phism H'(G, A) = yA/DA. O

1.5 The Conjugation Action

Let G be a profinite group, H C G a closed subgroup and A a discrete G-module. For
0,7 € G we write 7° = 0 70 and °H = cHo'. Every ¢ € G induces a map on the
cocycle groups

ZYWH,A) 25 7Y H, A)
T [owx T = ox(77)].
Indeed 0,2 : “H — A is a 1-cocycle since for 7, p € H we have
o.a(tp) = ox(77p7)
= o(a(r") + 772(p"))
=ox(77) + oz (p?)
= 0,2(7) + To.x(p).

It is easily checked that 1, = 1 and (07). = 047, S0 0, is an isomorphism with inverse
(071),. Moreover, the upper square in the following exact diagram commutes

14



since for a € A and 7 € “H we have

(0oo)(a)(T) =700 — 00,

(0x00)(a)(T) =0(m°a —a) = Toa — oa,
inducing the dashed isomorphism between the cohomology groups, which we also denote
by o,.

Now consider the case that o normalises H (e.g. this is the case if 0 € H or H is
normal). Then “H = H and G acts on H'(H, A) via

G x H'\(H,A) — H'(H, A)
(0,2)

We say, G acts on H'(H, A) by conjugation.

—> 042

Proposition 1.18. In the above situation, the action of H on H'(H, A) by conjugation
18 trivial.

Proof. Let x : H — A be a 1-cocycle. For 0,7 € H we have
0.2(7) = ox(0c'r0) = ox(07!) + z(70)
=2(00 ) — (o) + 2(1) + 72(0)
= x(7) + 12(0) — 2(0)
= (1) + (92(0))(7),

hence o,z is equal to x up to a coboundary. O

A consequence of the proposition is that o, commutes with restrictions, i.e. the
diagram

HG, A) —= HY(H, A)

H iy

YG,A) —> H'("H, A)
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is commutative for all o € G.
Another consequence is that o,z depends only the the left coset 0 H of 0. In particular,

if H is a closed normal subgroup of G, then H'(H, A) is a G/H-module. In this case,
the compatibility of o, and res implies the following proposition.

Proposition 1.19. Let G be a profinite group, H C G a closed normal subgroup and
A a G-module. Then the restriction res : H' (G, A) — H'(H, A) maps into the fized
module H'(H, A)/H. O

2 Some Galois Cohomology

We will now see some applications of group cohomology to number-theoretic questions.
Here the group G will be the Galois group G(K|k) of a finite or infinite Galois extension
K|k, which is always a profinite group, namely G(K|k) = Jim G(L|k) where L runs
over all finite Galois extensions L|k contained in K, and the transition maps G(Ly|k) —
G(Lq|k) for Ly C Ly are given by the restriction of automorphisms of Ly to Li. The
open subgroups of G(K|k) are precisely the groups G(K|L) for L|k a finite intermediate
extension.

Let us introduce some notation. For field & we denote by k a fixed separable closure.
For our purposes k will usually be a finite extension of Q or Q,, so that separability is
automatic and k is in fact an algebraic closure of k. The absolute Galois group of k is
denoted by Gy := G(k|k). If K|k is a Galois extension and A is a G(K|k)-module we
use the abbreviation

HY(Klk, A) := HY(G(K|k), A).

In the case where K = k we just write

H'(k, A) .= H'(k|k, A) = H(G(Kk|k), A).

2.1 Galois Extensions as Homomorphisms

We start with a few remarks on how Galois extensions of a field k correspond to certain
group homomorphisms since we will use this idea at several places in this essay. Let
K|k be a Galois extension. Then, given a group homomorphism ¢ : G(K|k) — H (for
any group H), we form the field E, := K*'% the fixed field in K under the kernel
of ¢. This is a normal intermediate extension of K|k with Galois group isormorphic
to G(K|k)/ ker p = im . Every normal intermediate extension E of K|k arises in this
way from a homomorphism defined on G(K |k), namely we can take the restriction map
G(K|k) — G(E|k). Of course, different homomorphisms can give rise to the same
field extension, even if H is fixed; for example composing ¢ : G(K|k) — H with an
automorphism of H yields a ¢’ with E, = E.

The construction just described is functorial in the sense that for a commutative
diagram
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G(Kk)

we have ker ¢; C ker ¢, and thus E,, C I, .
More general, for two Galois extensions K|k and L|l with commutative embeddings

K——1TL

ke—1

one has a restriction homomorphism r : G(L|l) — G(K|k) and every commutative
square

G(L|l) —— G(K|k)
lﬁpl lﬂok
H —— H,
induces a commutative diagram of field extensions

K——1L

One interesting example of this situation is where k is a number field, [ is the com-
pletion k, at one of its primes, K = kand L = k:_p. If we fix an embedding k < k_p
(or equivalently, an extension of p to k), we get a commutative diagram as above. The
restriction homomorphism 7 from above is then the injection G(ky|k,) — G(k|k). Every
homomorphism ¢ : G}, — H induces a homomorphism ¢ o : G(ky|k,) — H and thus a
commutative diagram of field extensions

17



From the equality ker(p o) = G(ky|k,) Nker ¢ follows that E,., is the smallest subfield
of k_p containing k, and E,, i.e. E,, = E k,. This is called the localisation of £, at
the prime defined by the embedding E, < k < k, (see [Neu99], 11.§8). If E,|k is finite,
then this is the same as the completion of E, at this prime. In general, it is the union
of the completions of all finite subextensions.

2.2 Hilbert’'s Theorem 90

A Galois group G(K|k) naturally acts on the additive group (K, +) and the multiplica-
tive group (K*,-). Both are discrete G(K |k)-modules since for a € K the stabiliser

G(K k), = {0 € G(KIR) | oa = a} = G(K[k(a))

is an open subgroup of G(K|k). For the cohomology of the additive group one has
H{(K|k,K) =0 for all i > 1, but since we don’t need this and we didn’t introduce the
higher cohomology groups anyway, we will not prove this here. But it is a fundamental
fact that H'(K|k, K*) is trivial. This is known as Hilbert’s theorem 90.

Theorem 2.1 (Hilbert’s theorem 90). Let K|k be a Galois extension. Then
HY K|k, K*) = 0.

Proof. By theorem 1.15, HY(Kk, K*) = lim H'(L|k,L*) where L ranges over the
finite Galois extensions L|k inside K, so we may assume that K|k is finite. Put G =
G(K|k) and let z : G — K* be a 1-cocycle. Note that K* is a G(K|k)-module under
multiplication, whereas earlier we used an additive notation for general G-modules. Thus
the cocycle property reads

z(or) =x(0) - ox(r) forall o,7 € G.

For c € K* we put
b= ux(o)o(c).
oceG

Since the automorphisms o € G are linearly independent in the vector space of functions
K* — K (see |[Lan02|, Thm. VI.4.1), we can choose ¢ € K* such that b # 0. For 7 € G
we get

7(b) =) r(x(o))Toc =Y x(r) ‘a(ro)yroc =x(7)' Y x(o)oc = (1),

oelG oceG oceG
thus z(7) = b/7(b) for all 7 € G. Therefore, x is a coboundary. O

In the case where K |k is a finite Galois extension with cyclic Galois group, generated by
o, say, theorem 1.17 tells us that yK* = DK*. Here N(z) = [, cqxp) 7(2) = N ()
is the field-theoretic norm, and D(y) = o(y)/y. Thus every element x € K* with
Nigi(z) = 11is of the form z = o(y)/y for some y € K*. This is the classical statement of
Hilbert’s theorem 90 of which the cohomological version given above is a generalisation.
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2.3 Kummer Theory

Another application of Hilbert’s theorem 90 is Kummer theory, i.e. the study of exten-
sions of k that one obtains by adjoining mth roots.

Theorem 2.2. Let k be a field and let m € N be a natural number prime to the charac-
teristic of k. Then
HY(k, p) = B> /<™.

Under this isomorphism, an element a mod E*™ corresponds to the cohomology class
represented by the cocycle x : G(k|k) = jim, 2(0) = o( {/a)/ ¥/ where ¥/a is any fived
mth root of v in k.

Proof. Consider the exact sequence of G(k|k)-modules
1 — piy — k- Tk — 1

where the surjectivity of the right map follows from the fact that {/« is separable for
a €k’ as long as m is prime to the characteristic of k. We get an exact cohomology
sequence

s k= HY(k|k, i) — 0,

the zero on the right following from Hilbert’s theorem 90. Therefore, H'(k|k, pty,) =
k*/k*™. The given isomorphism follows from the explicit description of the connecting
homomorphism & : k% — H'(k|k, pt,,) which we get from applying the snake lemma to
the diagram

k)(

— m —Xx

o~
—_

o k
) lﬁ) 0

1 —— ZY(klk, i) — Z2(E|k, &) —2— Z (k|k, k)

H' (k|k, ptm)
O

In the case where k contains the mth roots of unity, Gy acts trivially on u,, and hence
H(k, ptn) = Homes(Gy, ftrn). The isomorphism Homey (G, pim) = k> /E*™ gives a one-
to-one correspondence between the finite subgroups of Homes(Gy, i) and the finite
subgroups of k*/k*™. One can show that the finite subgroups of Homc(Gy, ft,,) are
precisely the groups Hom(G(L|k), i) where L|k is a finite abelian extension of exponent
m. Thus one obtains classical Kummer theory, i.e. the one-to-one correspondence
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{ finite abelian extensions } _){ finite subgroups of }

L|k of exponent m - k> k™
L+— kN L™ mod k*™
E(YV/A) «+— A.

3 The Hasse Principle for mth Powers

In this section we will deal with a local-to-global principle for mth powers. Namely, we
will show that an element of a number field k£ that is an mth power in the completions
k, for almost all primes p of k, is in fact already an mth power in k£ (except in one
very special case involving the prime 2). A local-to-global principle of this kind is also
called Hasse principle after the classical theorem of Hasse-Minkowski, which says that
a quadratic polynomial equation over k& that has a solution in all completions k, of k
already has a solution in k.

Most results in this section hold for general global fields, i.e. number fields and fields
of the form (), but for simplicity we will only consider the number field case to avoid
technicalities araising from working in positive characteristic that otherwise would have
to be treated separately at some places. In some of the lemmas k is allowed to be any
field of characteristic zero, but we always have the number field case in mind.

3.1 The Localisation Homomorphism

So let k be a number field, and just as before denote by k a fixed algebraic closure of k,
and by Gj = G(k|k) the absolute Galois group of k. For every prime p of k we fix an
embedding ¢, : k— k:_p. This is equivalent to fixing an extension of | - |, to k by setting
2], := |ip(2)],, i-e. we fix a prime of k lying over p. We consider all algebraic extensions
K|k as embedded into k, so that we have a distinguished prime B of K lying over p.
We agree on the notation

Ky = iy (K) by

this is the localisation of K at the distinguished prime 3, which for finite extensions
K|k coincides with the completion of K at B (see [Neu99|, I1.§8). Similarly, if K|k
is Galois, we write G,(K|k) for the decomposition group Gy(K|k) C G(K|k). Recall
that G(K,|k,) is isomorphic to G, (K |k) via the restriction homomorphism (see [Neu99),
I1.§89). We usually identify the two groups and use Gy (K |k) and G(K,|k,) interchange-
ably. In particular we view G(K,|k,) as a subgroup of G(K|k). Thereby, we obtain for
every G(K|k)-module A a restriction homomorphism

res, : H' (K |k, A) — H'(K,|ky, A).

One might think that this definition is non-canonical due to the choice of the embed-
ding i, : k < k, and thus of the prime ‘P of K lying over p, but it is in fact independent
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of these choices up to canonical isomorphism. Indeed, any other prime of K lying over
p is of the form o'B for some o € G(K|k), and o is unique up to multiplication from the
right with an element of Gy(K|k). The decomposition groups are then conjugated by
o

Gop(Kk) = oGy (K [k)o ™
so we are in the situation treated earlier in the section on the conjugation action. Thus
we have an isomorphism

H'(Kyp|ky, A) == H'(Kqoplky, A).

This isomorphism does not depend on the choice of ¢ since the conjugation action of
Gy(K|k) on the left group is trivial. We have a commutative diagram

res;p

HY(K|k,A) —— H'(Kylky, A)

| I

HY Kk, A) —2% HY(K yop |k, A)

with a canonical isomorphism at the right, justifying the notation defined above where
we fixed a distinguished prime B of K lying above p.
Now let T be a set of primes of k. For every p € T' we have a restriction homomorphism

resp

HY K|k, A) — H'(Ky|ky, A)

and putting all of these together we obtain a localisation homomorphism
H'(K|k, A) =5 T H' (Kplky, A).
peT

The idea of a Hasse principle for the G(K|k)-module A is that if 7" is big enough, then
knowing all the local restrictions res, z € H'(K,|ky, A) for p € T is enough to recover
the the global cohomology class # € H'(K |k, A), i.e. the localisation homomorphism is
injective. We are thus interested in the vanishing of its kernel which we denote by

YKk, T, A) := ker (Hl(K|k:, A) — [ H (K, |k, A)) .
peT

We will in particular consider the case K = k where we note that (E)p = k:_p, ie.
ip(k)k, = ky. This is a consequence of Krasner’s lemma (see [NSWO08|, Prop. 8.1.5). So,
if A is a Gg-module, we have for every prime p of k a restriction map

HY(k, A) =% H'(ky, A).
As for cohomology groups we use the notation IIT'(k, T, A) := " (k|k, T, A), i.e

1Y (k, T, A) = ker (Hl(k, A) — [ H' (k. A)) .

peT
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In this section we will prove a Hasse principle for the Gy-module A = p,, where by
Kummer theory (theorem 2.2) the homomorphism in question becomes

BT — T R R
peT
The injectivity of this map (i.e. the vanishing of IIT'(k, T, u,,)) is equivalent to the
assertion that a number a € k™ which is an mth power in k; for all p € T' is already an

mth power globally. We show that this holds if 7" omits only finitely many primes and
we are not in a special case involving the prime 2. First, we need some lemmas.

Lemma 3.1. Let T be a set of primes of k, let K|k be a Galois extension and A and B
two G(K|k)-modules. Then

YKk, T,A x B) 2 II'(K|k, T, A) x II'(K |k, T, B).

Proof. Using proposition 1.16, the projections A x B — A and A x B — B induce a
commutative diagram

HY(K|k, A x B) 1, H' (K, |ky, A x B)

i |
HY(K|k,A) x HY (K |k, B) —== [, H (K |ky, A) x [1; H (K,|ky, B).
This induces an isomorphism between the kernel of the upper map, which by definition

is IIIY(K |k, T,A x B), and the kernel of the lower map, which is IIT'(K|k,T, A) x
I (K |k, T, B). 0

3.2 The Cohomology of (Z/p™7Z)*

Lemma 3.2. Let p be a prime, m a natural number and o = 1 4 p*u € U® a principal
unit in Zy, s > 1, uw € (Z,)*. If p is odd or s > 2, then v,(a™ — 1) = s + v,(m).

Proof. We have

m
am—lz(l—i-psu)m—l:mpsu—i— (2)p28u2++pm5um

and the first summand has valuation v,(mp*u) = s + v,(m). Thus it is enough to show

Up <(T£)pksuk) > s+uvy(m) for 2 <k <m.

We use the well-known fact

w5 ] <t
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which is > v,(m) +sif k> 2 and p > 2 or s > 2. O

Lemma 3.3. Let m > 2 be a natural number. Denote by U the image of 1 + 27,
in (Z/2™7)* under the projection Zo — Z/2™Z. Then the subgroups of (Z/2™Z)* =
(—1) x U? are precisely the groups

(a) G = (—1) x {(a) with a € U?,
(b) G = {a) with a € U?,
(c) G =(a) with —a € U?, —a # 1.

Proof. Let G be a subgroup of (Z/2"7Z)*. 1If G is cyclic, either G = (—1) or G is of
the form (b) or (¢). If G is non-cyclic, G is a direct sum of at least two cyclic groups
whose order is a power of 2, so GG contains at least four elements of order dividing 2.
But (Z/2m7)* = 7./27 x 7./]2™ 27 contains at most four elements of order dividing 2.
So G contains all of them, in particular —1 € G. Thus G is of the form (a). O

Lemma 3.4. Let p be a prime number, m > 1 a natural number, G C (Z/p™7Z)* a
subgroup, and let A be the G-module Z/p™Z on which G acts by multiplication. Then

HY(G,A) =0
unless p =2, m > 2 and —1 € G in which case
HY(G,A) 2 7/2Z.

Proof. The case G = 1 is trivial, so assume G # 1. First consider the case where p is
odd. In this case (Z/p™Z)* 2 Z/(p — 1)Z x Z/p™'Z is cyclic, so G = () for some
a € (Z/p™Z)*. By theorem 1.17 it suffices to show DA = yA where D = o — 1 and
N=14a+...+a"®-1 If ¢ —1is a unit, we have A = DA C yA C A, hence
DA = yA. Otherwise we can write a = 1 + p’u with v € (Z/p™7Z)* and 1 < s < m.
Then we have DA = (v — 1)A = p°A. By lemma 3.2, « has order p™~*. Writing « also
for a preimage of « in Z,, we have

v(I+a+...+a 7 =y, (a?

and therefore
NAz{&EA!pm’Sa:O} =p°’A=DA.

Now consider the case p = 2. We may assume m > 2, otherwise G = 1. By lemma 3.3
G is of the form (a), (b) or (¢) described above. In case (b) the same proof as for odd p
using lemma 3.2 applies.
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Case (¢): Write a = —1 + 2%y with v € (Z/2"Z)* and 2 < s < m. Then we have
DA = (o —1)A = (=2 — 2°u)A = 2A. Since the order of G is even, o has the same
order as —a = 1 — 2°u, which is 2™7% by lemma 3.2. Now, again using the same letter
« for a preimage in Z,

27’"78

ve(l+a+...+2" 7 = (a —1) —v(a—1)
= vo((—a)?" " = 1) —vy(a— 1)
:(5+(m—3))—1:m—1.

Hence
vA={a€A|2"'a=0} =24 =DA.

Case (a): Assume G = (—1) x (a) with @ € U?. This is the special case, so we have
to show H'(G, A) & Z/2Z. First consider the case o = 1, i.e. G = (—1). Then D = —2
and N =0, s0 DA =2A and yA = A, hence H (G, A) = A/2A 2 7/27.

Now suppose G = (—1) x (a) with o € U?, a # 1. There is an inflation-restriction
sequence

0 — H'((—1), A 2 HY(G, 4) =% H' (o), A)

where the right cohomology group is trivial by case (b). Thus H(G, A) = H'({—1), A%)).
Writing o = 1 + 2%u as above, 2 < s < m, we have A = {a € A|(a—1)a=0} =
2m=$ A 2 7,/2°7 and are reduced to the case & = 1 which we treated above. ]

3.3 The Special Case

For a field k£ and a natural number m which is prime to char(k) the cyclotomic extension
k(um)|k is a finite Galois extension generated by any primitive mth root of unity (.
For every automorphism o € G(k(pm)|k), the conjugate o(¢) of ¢ is of the form ¢
with ged(m, i) = 1, and o is completely determined by i. Thus we have an injective
homomorphism

Xeyel © G(k(pm)|k) — (Z/mZ)"
o+ i such that o(¢) = (',

which is called the cyclotomic character.

Definition 3.5. Let k& be a field with chark = 0 and m = 2"m’/, m'odd, a natural
number. We say that we are in the special case (k,m) if r > 2 and —1 is in the image
of the cyclotomic character Xcya : G(k(per)|k) = (Z/27Z)*.

Example 3.6. If £ = Q, we are in the special case (Q,2") for all » > 2. In this case
the cyclotomic character is an isomorphism G(Q(uer)|Q) = (Z/2"Z)*, depending on a
choice of a primitive root of unity ¢. The automorphism defined by ¢ ~ ¢! is complex
conjugation.

An immediate consequence of lemma 3.4 is the following proposition.
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Proposition 3.7. Let k be a field with char k = 0, let p be a prime number and r € N.
Then

H1<k<ru’p") k, ppr) =0,

unless p = 2 and we are in the special case (k,2"). In this case

H(k(pgr )|k, por) = 7./ 277.
O

Let us describe the special case more explicitly. For a field £ with chark = 0 and
r € N, the extension k(uor)|k is a translation of Q(u9r)|Q as shown in the following
diagram:

We have a restriction homomorphism G(k(por)|k) — G(Q(per)|Q) which is injective
since an automorphism o € G(k(uar)|k) is completely determined by what it does on
or. The image of this homomorphism corresponds to a subfield E of Q(uor), namely E
is the fixed field

E= {x € Q(par) ’ U}Q(MT)(x) =z forall o € G(k(/,@r)‘k’)}

= {z € Quz) | o(2) = for all 0 € G(k(pr)[1)}
= Q(p2r) Nk.

So we have an isomorphism

G (K (par)|k) = G(Q(par) [k N Q(ptar))-

The cyclotomic character xcya @ G(k(p2r)|k) — (Z/27Z)* is the composite homomor-
phism

G(K (pgr)|k) — G(Q(par) |k N Q(p2r)) = G(Q(uer)|Q) — (Z/27Z)*.

If r > 2, the element —1 € (Z/2"Z)* corresponds to complex conjugation in G(Q(u2r)|Q)
and fixes kN Q(uer) if and only if this field is real. This proves the following proposition:

Proposition 3.8. Let k be a field with chark = 0 and m = 2"m/, m' odd, a natural
number. Then we are in the special case (k,m) if and only if r > 2 and k N Q(uar) is
real. ]
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Let us look at the subfields of Q(usr). They correspond bijectively to the subgroups
of G(Q(p2r)|Q) = (Z/27Z)* which we already listed in lemma 3.3. Writing (Z/2"Z2)* =
(—1) x (a) (one can choose o = 5), the subgroup lattice looks like this (note that
inclusions are reversed to correspond with the field diagram):

a?™) /

- _ or— 3>

(%)~

{
<@>/// //<_

@) (=1) x (@)

< -
/ S

) % (@)

The corresponding subfield lattice of Q(ugr) is the following, denoting by ¢, a primitive
nth root of unity and setting 1, = ¢, + ¢, *:

Q(¢2r)

)

772*“

@ “727
0 // /
Q(\/—_Q) Q(ngr-1)

Note that the real fields are the ones in the bottom row, corresponding to the sub-
groups of (Z/2"Z)* containing —1. For a field & with chark = 0, the isomorphism
G(k(uar)|k) = G(Q(per )|k N Q(uer)) implies that the intermediate fields of k(uor)|k
correspond bijectively to the intermediate fields of Q(puor )|k N Q(u2r). The bijection is
given by intersecting with Q(uor) in one direction, and taking the composite with & in
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the other:

intermediate fields _ intermediate fields
Q(u2r) Nk C E C Q(puar) k C K Ck(par)

E+— Fk
K NQ(ugr) +— K

We will need this later in a proof.
Without proof we state the following theorem which is a consequence of Chebotarev’s
density theorem (see [Neu99|, Cor. VII.13.7).

Theorem 3.9. Let K|k be a finite extension of number fields. If almost all primes of k
split completely in K|k, then in fact K = k.

Definition 3.10. Let k& be a number field, m = 2"m/, m’ odd, a natural number, and T’
a set of primes of k. We say that we are in the special case (k,m,T) if we are in the
special case (k,m) and all primes p € T' decompose in k(puzr)|k.

Lemma 3.11. Let k be a number field and T a set of primes of k, containing all but
finitely many primes. If k(uar)|k is cyclic, then we are not in the special case (k,2",T).

Proof. Consider G = G(k(uqr)|k) as a subgroup of (Z/2"Z)* via the cyclotomic character
Xeyal @ G — (Z/2"Z)*. If we are in the special case (k,2"), then —1 € G, and since G is
cyclic, we have G = {£1} and thus [k(usr) : k] = 2. In view of theorem 3.9 there must
be a prime p € T' that is not completely split in k(uor)|k. Then p does not decompose,
so we are not in the special case (k,2",T). H

Proposition 3.12. Let k be a number field, T' a set of primes of k containing all but
finitely many primes, and m € N a natural number. Then we are in the special case

(k,m,T) if and only if
e m =2"m’ with m’ odd and r > 3,
o k(uor)|k is not cyclic, and
o all primes p € T dividing 2 decompose in k(por)|k

Proof. Suppose we are in the special case (k,m,T). Writing m = 2"m’ with m’ odd, all
primes p € T decompose in k(por )|k and lemma 3.11 implies that k(uor)|k is not cyclic,
in particular r > 3.

Now suppose that r» > 3, k(ugr)|k is not cyclic and all primes p € T dividing 2
decompose in k(usr)|k. A subgroup of (Z/2"Z)* = {£1} x Z/2"27Z which does not
contain —1 is cyclic, so we must have —1 € G. A finite prime p € T not dividing 2 is
unramified in k(uor )|k, so has a cyclic decomposition group which then must be a proper
subgroup of G. So p is decomposed in k(pzor)|k. The same holds for archimedean primes
in T'. Therefore, all primes in 7" decompose and we are in the special case (k,m,T). O
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Example 3.13. Let £ = Q and let T" be the set of all prime numbers except 2. Then
we are in the special case (Q,2",T') for all » > 3. This follows from proposition 3.12.
Alternatively, we can argue as follows:

To show that all odd primes decompose in Q(uor) it suffices to show this for r = 3.
The minimal polynomial of (g is the cyclotomic polynomial ®s = X* + 1. It has the
factorisations

X' 4+1=(X?-V-1D)(X*+V-1)
= (X2 +V2X +1)(X2 = V2X +1)
= (X2 +V=2X - 1) (X2 —V/=2X —1).
The multiplicativity of the Legendre symbol implies that for every odd prime p at least
one of —1,2, -2 is a square mod p. Therefore, by Hensel’s lemma Q, contains at least

one of v/—1,v/2,v/—=2 for every odd prime p. So X* + 1 splits over all Q, and thus all
odd primes decompose in Q((g).

3.4 The Hasse Principle for mth Powers

Lemma 3.14. Let k be a number field, T' a set of primes of k containing all but finitely
many primes and let A be a trivial Gp-module. Then

I (k, T, A) = 0.
Proof. We have to show that the homomorphism

Homys (G, A) — H Homes (G, , A)

peT

is injective. Let ¢ : G}, — A be in the kernel, and let K be the fixed field K of ker(¢p).
Then K|k is a Galois extension with Galois group G/ ker(y) which is finite since ker(yp)
is open. The composite maps Gy, < Gy — A for p € T are all zero, so G(Ky|k,) = 1
for all p € T. Therefore, K|k is completely decomposed at T. Now theorem 3.9 implies
K =k, hence ¢ = 0. O]

Theorem 3.15. Let k be a number field, T a set of primes of k containing all but finitely
many primes, and m € N a natural number. Then

I (k, T, fty) = 0
except we are in the special case (k,m,T) where
I (k, T, ) = 7/ 27.

Proof. By lemma 3.1 we may assume m = p". Let K = k(ppr), so that p,- is a trivial
G(k|K)-module. The set T'(K) of all primes of K lying over a prime p € T contains all
but finitely many primes of K. We have a commutative and exact diagram
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0 —— W' (k| K, T(K), pyr) —— H'" (K| K, ) —— [y H (K, p1yr)

res res res

0 ——— I (K[k, T, py) —— H(lk, pyr) —— [T H' (k. pyr)

inf inf inf

0 ——— IIN(KIK, T, pyr) —— HU Kk, ) — T H' (Kl Ky, p1pr)

N AN

0 0 0
By lemma 3.14 the group HI'(k|K, T, ) is trivial, hence
T (k|k, T, p1yr) =2 T (K |, T, pipr )

If we are not in the special case (k, p") then by proposition 3.7 we have H' (K |k, pi,-) = 0
and thus MY (K|k,T,A) = 0. If p = 2 and there is a prime p € T that does not
decompose in K = k(ug-) then G(Kk) = G(K,|k,) and therefore HI' (K |k, T, par) = 0
as well.

So assume we are in the special case (k,2") and all primes p € T decompose in K. We
have to show I (K |k, per) = Z/27. Since H' (K |k, por) = Z /27 by proposition 3.7, this
is equivalent to showing that the restriction maps res, : H*(K|k, por) — H' (K, |ky, por)
are the zero map for all p € T'. So let p € T, then the decomposition group G(K,|k;) is
a proper subgroup of G(K|k) and we denote its fixed field by &’. The exact sequence

inf resp

0 — H'(K'|k, por NK') == H' (K|k, ptor) —> H (K|K', ptor) = H' (K,|ky, p1or)

shows ker(res,) = H'(K'|k, uar N k'), so we have to prove that this is & Z/2Z. Recall
that k" corresponds to an intermediate field of Q(par)|k N Q(por) and that kN Q(ugr) is
real since we are in the special case (k,2"). Looking at the subfield lattice of Q(ugr) we
see that either &' N por = {£1} or k' = k(pg) for some t > 2. In the former case

HY(K'|k, por N k') = Hom(G (K'|k), {#£1}) # 0

since k' # k, and in the latter case k N Q(u2t) € kN Q(ugr) is real, so we are in the
special case (k,2") and

HY(K\k, por N E) = H (k(pgr), piot) = 727

using proposition 3.7 again. In either case H'(K'|k, uor NK') =2 Z /27, so we are finished.
O]

Lemma 3.16. Let k be a field, and let a and b be coprime integers. Then

X — gt A et
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Proof. The inclusion "C" is trivial. For "D" write am + bn = 1 with integers m and n.
If ¢ = 2% = 28 € k*“ N k*°, then

ab
r = xamxbn — x;bmxtlzbn c kx )

Now we are able two prove our Hasse principle for mth powers.

Theorem 3.17. Let k be a number field, m a natural number and T a set of primes of
k containing all but finitely many primes. Then the localisation homomorphism

e | YL
peT
15 1njective except in the special case
e m =2"m’ with m’ odd and r > 3,
o k(ugr)|k is not cyclic, and
e all primes p € T dividing 2 decompose in k(jar)|k

where the kernel is of order 2. In any case, if « € k™ is a 2m-th power in k; for all
p €T, then o 1s an mth power in k*.

Proof. By Kummer theory (theorem 2.2), the localisation homomorphism above is

H'(k, ptm) — HHl(kpaMm)

peT

and its kernel is IIT' (k, T j1,,,). Therefore, the first statement follows from theorem 3.15
together with the characterisation of the special case we proved in proposition 3.12.

Now assume that o € £* is a 2m-th power in k, for all p € 7. We want to show that
a is an mth power in k. By lemma 3.16 we may assume that m is a power of 2, say
m = 2". If we are not in the special case (k,2",T) then this is clear from what we proved
above, so assume otherwise. By proposition 3.8 the field £ N Q(puor) is real, in particular
V—1¢& k. Let K = k(ugm) = k(pior+1). Then, since K (g, )| K is trivially cyclic, we are
not in the special case (K, 2m,T(K)) and the homomorphism

2m 2m
KK — [ KBS
T(K)

is injective. Now « is a 2m-th power in K, for all p € T'(K), hence it is already a 2m-th
power in K. This means that « is in the kernel of the homomorphism

X — KX K
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But in view of the Kummer isomorphism (theorem 2.2), this is the restriction homomor-
phism in the exact sequence

inf res

0— Hl(K’kaUZm) — Hl(E’kaMQm) — Hl(ElKa H2m)

and its kernel H'(K|k, yia,,) has order two by proposition 3.7. Therefore, a* = 3*™ for
some 5 € k™. Hence a = £™. Suppose o = —f™. Since a is an mth power in k,
for all p € T, the same is true for —1. In particular /=1 € k, for all p € T as m is
even. The decomposition groups Gy(k(v/—1)|k) = G(ky(v/—1)|k,) are thus trivial for
all p € T, which means that the extension k(y/—1)|k is completely decomposed at all
p € T. By lemma 3.9, this implies k(v/—1) = k, contradicting v/—1 ¢ k. Thus we must
have a = +8™ € k<™. O]

Remark. The result is still true if we loosen the hypothesis that 7' contains all but
finitely many primes by only requiring that is has Dirichlet density (7)) = 1 (see
[NSWO08], 9.1.2, for the definition of the Dirichlet density of a set of primes).

Example 3.18. Let £ = Q and let 7" be the set of all odd primes. Since we are in
the special case (Q,8,T"), the theorem predicts that there should be a number o € Q*
that is an eighth power in R and in @, for all odd primes p, but not in Q (it must be a
rational fourth power, however). The number 16 is such a number. Indeed, we have the
following polynomial factorisation:

X816 = (X —4)(X*+4)
= (X% —2)(X?+2)(X? —2X +2)(X? +2X 4 2)

In example 3.13 we saw that for every odd prime p at least one of /—1, v/2, /=2 is
contained in Q,, thus 16 is an eight power in all Q, (the third and fourth factor have
discriminant —4 = (—1) - 22). However, v/16 = v/2 ¢ Q*.

Example 3.19. Here is an example where an element is an mth power in all completions,
but not globally: Consider k = Q(v/7), m = 8 and T = P(k) = {all primes of k}. Since
7 = 3 mod 4, the discriminant of k£ is 28 =4 -7, so 2 and 7 are ramified in k. However,
7 is unramified in Q(us) and therefore £ N Q(us) = Q. So we have globally the field
diagram
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Locally, however, Q,(1/7) coincides with Qy(y/—1) since v/—7 € Q,, as can be seen by
an application of Hensel’s lemma together with the fact that —7 = 1 mod 8 (see [Eis95],
Thm. 7.3 for the suitable variant of Hensel’s lemma). Writing p for the unique prime ideal
of k lying over 2, we have k, = Qq(v/7) and ky(ug) = ky(v/2) and thus [ka(us) : k] = 2.
This implies that p decomposes into 2 different prime ideals in k(uz), thus we are in
the special case (k,8,P(k)). Indeed, 16 is an eighth power in Qo(y/—7) since this field
contains /—1 (see the factorisation of X®—16 in the previous example). Moreover, 16 is
in eighth power in all completions of k£ at archimedean primes and at prime ideals lying
over an odd prime p since this is already true in QQ,. However, the global field Q(ﬁ )
contains none of +1/2, £1/—2, so 16 is not an eighth power globally.

4 Local Class Field Theory

Our aim is to derive from the Hasse principle for mth powers the Grunwald-Wang
theorem. To this end we need some local and global class field theory whose main
results are summaried in this and the next section. For the proofs the reader is referred
to [Neul3| and Chapter V in [Neu99.

4.1 The Maximal Abelian Extension

Recall that a Galois extension K|k inside k is abelian if and only if the quotient
G(k|k)/G(k|K) is abelian, i.e. if and only if the first derived subgroup G(k|k)" (the
closed subgroup generated by all commutators) is contained in G(k|K). Thus, there is
a largest abelian extension of k, namely the fixed field of G(k|k)’. It is denoted by
k2" and its Galois group is the abelianised absolute Galois group

G(k™|k) = G(k|k)/G(k|k) = G(k|k)™.

4.2 The Maximal Unramified Extension

For a Galois extension K|k of non-archimedean local fields (i.e. finite extensions of Q,
for some prime number p) there is a surjective homomorphism

G(K[k) — G(K(B)[k(p))

where B denotes the prime of K, p the prime of k, and K (3) and k(p) are the respective
residue fields. Its kernel is the inertia subgroup I(K|k) C G(K|k). The extension K|k
is unramified if the inertia subgroup I(K|k) is trivial, i.e. if G(K|k) — G(K(B)|k(p))
is an isomorphism. For a normal intermediate extension £ C K’ C K with prime ideal
P’ there is a commutative and exact diagram
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where the exactness of the first column follows from the nine lemma. This implies
that K’|k is unramified if and only if it is fixed under the action of the inertia group
I(K|k). Therefore, the fixed field of I(K|k) is the largest unramified intermediate
extension of K|k. In the case K = k it is denoted by k™.

If F, is the residue field of k, then the residue field of ™ is its algebraic closure F,,.
The finite extensions of I, are the fields F» for n € N, and the Galois group G(F|F,) is
cyclic of order n, generated by the Frobenius automorphism x + z¢. Thus, the absolute
Galois group G(F,|F,) is

G(F,[F,) = imZ/nZ = Z.

Here, the projective system is indexed by the natural numbers and ordered by divisibility;
the transition maps are the natural projections Z/nZ —» Z/mZ for m|n. The group
Z is called the profinite completion of the integers. It contains Z as a dense
subgroup. In fact, it is the completion of Z with respect to the profinite topology,
in which the arithmetic progressions nZ (n € N) form a neighbourhood basis of 0.
Under the isomorphism G(F,|F,) = Z, the element 1 € Z corresponds to the Frobenius
automorphism x ~ 9. The isomorphism G(k™|k) = G(F,|F,) shows that there is a
unique automorphism ¢, € G(k™|k) that satisfies

op(x) =27 (mod pgnr)  for all 2 € Opar.

This automorphism ¢y is called the Frobenius automorphism of k™|k. Note that
k™ C k*P since G(k™|k) = Z is abelian.

4.3 The Local Norm Residue Symbol

The main theorem of local class field theory asserts that for every finite abelian extension
K|k of non-archimedean local fields there is a surjective homomorphism of topological

groups
(KR
—

k G(K]k),
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called the (local) norm residue symbol. Its kernel is the norm group Ny, K* C k*,
so the norm residue symbol induces an isomorphism

G(K|k) =2 k™ /NgpK™.
If K'|k is a normal intermediate extension of K|k, there is a commutative diagram

X (L Klk)

k.X

G(Kk)

|

G(K'|k).

(L K'lk)
—>

If K|k is an arbitrary abelian extension (not necessarily finite), we have G(K|k) =
Hm G(K'|k) where K’ runs over the finite Galois extensions K'|k contained in K. For
a € k* the elements (a, K’|k) form a compatible set with respect to this projective
system, i.e. they define an element in G(K|k). Thus, the norm residue symbol extends
to infinite abelian extensions K|k by setting (a, K |k) = l'glK/(a, K'|k), and its kernel is
Ny Nxrip K. In particular, for K = kP there is an absolute norm residue symbol

< LR Gk,

(a, k*|k) = lim(a, K'[k).
K/

We will see later that £*™ is the norm group of the maximal abelian extension of
exponent m, and since (), o, k<™ = {1}, it follows that the absolute norm residue
symbol (,k*|k) is injective. However, it cannot be an isomorphism since G(k*°|k) is
a profinite group, whereas k* is not even compact. One can show that the cokernel is
isomorphic to Z/Z.

There is an explicit description for the norm residue symbol of the maximal unramified
extension k™. Namely, for z € k*, we have

(2, K [k) = ;™ € G(k™ k)
where v : kX — Z is the normalised discrete valuation on k. In particular, the kernel of

(,k"™|k) is the unit group U, = O}

4.4 The Existence Theorem of Local Class Field Theory

For every finite abelian extension K|k there is an associated subgroup of £, the norm
group Ny, L*. The following proposition shows that L is completely determined by
NpjpL*. We use the notation

N L = N L|kLX .
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Proposition 4.1. Let Ly and Ly be two finite abelian extensions of k. Then we have
NLlLQZNleNLzu NL1ﬂL2 :NLl 'NL2~

In other words, the association L — Ny, from finite abelian extensions of k to subgroups
of k™ 1s an order-reversing lattice homomorphism and in particular injective.

Proof. Since the Galois group G(LyLs|k) embeds into G(L1|k) x G(Lsy|k), the extension
Ly Ls|k is also finite and abelian. The inclusion Ny, € Np, N Ny, follows from

Niiroe = Nk o Npypoin,,  (0=1,2).

For the reverse inclusion, let a € N, N Np,. Then (a, L1L2|k:)‘L_ = (a, L;|k) = 1 for
1= 1,2, hence (a, LlLl‘k’) =1,1e a€ NL1L2~ This shows NL1L2 = NL1 N NL2~
Now we have

Ly CLy<— LiLy= 1L,y
< NL1 ﬁ]\[L2 = NL2
< NL1 D NLQ,

so the association L +— Np, is an order-reversing embedding of partially ordered sets, in
particular injective. Since L; N Ly is the largest field contained in both L; and Lo, it
follows that Np,~r, is the smallest subgroup of k* containing both N, and Ni,, i.e.
NiynL, = Ni, - Ni,. L

This shows that the structure of the finite abelian extensions of k is reflected in the
subgroup structure of £*. It is now natural to ask which subgroups of £* occur as norm
groups Ny of an extension L|k. The norm group Ny is the kernel of the norm residue
symbol k* — G(L|k), which is continuous, thus Ny, is always a closed subgroup of
finite index in £*. The existence theorem of local class field theory states that in fact
every closed subgroup of finite index in £ is the norm group N of some finite abelian
extension L|k.

Theorem 4.2 (Existence theorem of local class field theory). The association L — Ny,
s an order-reversing lattice isomorphism between the finite abelian extensions of k and
the closed subgroups of finite index in k™. O]

For a closed subgroup N of finite index in k&%, the abelian extension L|k with N =
N is called the class field of N. Note that every closed subgroup of finite index is
automatically open as its complement is a finite union of closed cosets.

4.5 The Structure of the Multiplicative Group

Let k be a finite extension of Q,. By the existence theorem, the finite abelian extensions
of k are reflected in the subgroup structure of k*, so we are naturally led to the question
what it looks like. The exposition given here roughly follows chapter 11.§5 in [Neu99|.
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Let m be a uniformiser of k. Then every element a € £* can be uniquely written as
a = m"u with n € Z and u € Uy, so we have

kX§ZXUk,

algebraically and topologically (the valuation v : k* — Z is locally constant, thus
continuous for the discrete topology on Z). Let f = [k(p) : F,] be the residue field
degree, so the residue field of k is k(p) = F, where ¢ = p/. The group [y is the full
group of (¢ — 1)-th roots of unity. By Hensel’s lemma, the (¢ — 1)-th roots of unity are
already present in £, so the exact sequence

1—>U,§1)—>Uk—>IFqX—>1

splits, i.e. Uy = pg—1 X U,gl). We are thus reduced to the study of the group U,gl) of
principal units. It is a profinite group since it is isomorphic to the projective limit

0 = U U

The isomorphism

U U 5 k().

n+1)

1 4+ 7"a mod U,g — a mod p

implies (U,gl) : U,E,”H)) = ¢", so the quotient U,il)/U,E,”H) is a module over Z/q"Z. Passing
to the projective limits

o U O, 2,

U, ,51) becomes naturally a Z,-module. The module operation can be seen as the usual
operation of Z extended to Z, by continuity, i.e. for x € p, a = lim; ,ca; € Zy, a; € Z
we have

(14 2)* = lim (1 + x)*.

1— 00

The higher unit groups U ,in) are closed subgroups of U. ,il), hence Z,-submodules.

Thgorem 4.3. Let e = vg(p) be the ramification index of k|Q,. Forn > -5, the power
series

X X3
exp(X):1+X+7+?+... and
Y2 y: vt
log(l-i—Y):Y—?—f-?—z—i—...

define mutually inverse isomorphisms
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" exp "
U e

of topological Z,-modules. ]

The equalities exp(log(1+Y)) = 1+ Y and log(exp(X)) = X hold already in the ring
of power series, so the only thing that needs to be checked is that the series converge
on the given domains and map to the right set. The details can be found in [Neu99|,
Thm. IL1.5.5.

So by the theorem we have

Ulgn) = p” =71"0, = Oy
for large n. The valuation ring Oy is also the ring of integers of k£ and has therefore an
integral basis over Z,, i.e. Oy = Z% where d := [k : Q,]. So U ,5") is a free Z,-module of
rank d. Since it has finite index in U, ,gl), the structure theorem for modules over principal

ideal domains implies that U, ,51) is also a finitely generated Z,-module of rank d. More

precisely, U,gl) is the direct sum of its torsion subgroup and a subgroup isomorphic to
Zg. The torsion part is the group of roots of unity of p-power order in k™, say fi,.. Let
V be the free part and let 1,...,g4 be a free generating set. Then V is the image of
the continuous map

d (1) a
Ly —U,”, (a1,...,aq) — €' -,

hence compact and thus closed (as U,El) is Hausdorff). So the decomposition Uél) =
tpe X V' is topological.
Putting everything together, we have proved

E*=272&Z/)(q—1)ZDZL/pZ & Zg,
topologically and algebraically.

Corollary 4.4. Let m be a natural number and let L|k be the maximal abelian extension
of exponent m. Then L|k is finite and its norm group is Ny = k*™.

Proof. A finite abelian extension K|k has exponent m if and only if G(K|k) = k*/Ng
has exponent m, i.e. if kX" C Ng. By our description of the multiplicative group k*,
the subgroup k*™ is closed and has finite index, so it has a class field L', i.e. a finite
abelian extension with Ny, = kX™. Now £*™ is smallest closed finite-index subgroup

containing k%™, so L' is the largest finite abelian extension of exponent m. Thus we
have L' = L. O

5 Global Class Field Theory

Global class field theory is concerned with abelian extensions of number fields. There is
a norm residue symbol analogous to the local case, however the role of the multiplicative
group of the ground field is now taken by the idele class group which we will define now.
In this section, k is always a number field.
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5.1 The Idele Class Group

Definition 5.1. Let (X;);c; be a family of Hausdorff abelian topological groups, and
(Y:)ier a family of open subgroups Y; C X;. The restricted product

]](Xi, Y;)

is the subgroup of [[,.; X; consisting of all (z;);c; such that x; € Y; for almost all i. It
carries a topology with a neighbourhood basis of the identity given by the subsets

[To;x 1] v
jeJ iel\J
where J runs over the finite subsets of I and U; runs over the open subsets of Xj.
If it is clear from the context what the Y; are we will drop them from the notation
and simply write [],., X;. If all X; are locally compact and almost all Y; are compact,
then the restricted product [, ,(X;,Y;) is again locally compact.

Definition 5.2. Let £ be a number field. The idele group of k is
L= [I*
p

where p runs over all primes of k£ and the restricted product is taken with respect to
the unit groups Uy, for the non-archimedean primes. (There is no restriction at the
archimedean primes since there is only a finite number of them anyway).

The multiplicative group £* is embedded diagonally into the idele group

kS — 1T k
ar— (...,a,a,a,...).
The image of £* in I is a discrete and thus closed subgroup of I,. The quotient
Cy = Ix/k* is called the idele class group of k. It is an abelian locally compact
topological group.
If L|k is a finite extension and B is a non-archimedean prime of L lying over p, the

norm Npj, : L* — k* maps units to units, thus it induces a norm map on the idele
groups

NL|k I, — I,

(a‘ﬁ> — (H NL‘BV’“:: (am>)p

Blp

This norm on ideles commutes with the inclusions k* — I, and L* — I}, and therefore
induces a norm map between the idele class groups

NL|k : CL — Ck
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5.2 The Global Norm Residue Symbol

The main theorem of global class field theory states that for every finite abelian Galois
extension L|k of number fields there is a surjective homomorphism of topological groups

(LK)
e

Ci G(L[F)

whose kernel is the norm group Np;Cr. This map is called the (global) norm residue
symbol. It induces an isomorphism

G(L|k) = Cy/NpCy.

As in the local case, we have for every normal intermediate extension F|k of L|k a
commutative square

( LIK)

Ch G(L|k)
G =5 G(EIR).

so the norm residue symbol extends to infinite abelian Galois extensions L|k via

O M k)

(. LIK) = Jim (o, E[F)

F running over the finite Galois extensions E|k inside L. Unlike the local norm residue
symbol, it is also surjective for infinite extensions. Its kernel is the intersection

ker [ck L, G(Lyk)] = (" NeiC.
E

The global norm residue symbol can be explicitly expressed in terms of the local norm
residue symbols. Namely, for a = (a,) € I;; we have

(a, L|k) = H(apaLp|kp)

p

where L, denotes the localisation of L at any prime lying over p, and the local Galois
group G(Ly|k,) is embedded into G(L|k) as the decomposition group of that prime. The
product on the right side is finite since for almost all primes p the component a, is a unit
and Ly|k, is unramified, and we have (ay, Ly|k,) = 1 for those primes. This describes
the norm residue symbol as a map [, — G(L|k), but the fact that it factors over I /k*
implies that we have the product formula

H(aaLp|kp) =1

P
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for all a € k*.

Now consider the maximal abelian extension k*" of k. It can be shown that the kernel
Dy, of the norm residue symbol (, k2|k) is the connected component of 1 in Cj, and that
it is uniquely divisible (see [NSWO08|,VIII.§2). This implies, by looking at the cokernels
of the vertical maps in commutative exact diagram

( 7kab‘k) ab

1 » Dy, O » G(kk) —— 1
\ l l kIR b

1 » Dy Ch y Gk (k) —— 1

that for the maximal abelian extension L|k of exponent m we have

G(LIk) = Cy /O™

5.3 The Existence Theorem of Global Class Field Theory

Just as in the local case a finite abelian extension L|k is completely determined by its
norm group Ny := Np;Cp and there is an existence theorem which states that every
closed subgroup of finite index in C}, is the norm group of some finite abelian extension.

Theorem 5.3 (Existence theorem of global class field theory). The association L — Ny,
1s an order-reversing lattice isomorphism between the finite abelian extensions of k and
the closed subgroups of finite index in Cl. ]

6 The Grunwald-Wang Theorem

As before, let k be a number field and let S be a set of primes of k. The set of all primes
of k is denoted by P(k). For a Gy-module A we have a localisation homomorphism

H'(k, A) — [ [ H' (ky, A)
pes

which enables us to study the interplay between global and local cohomology. In sec-
tion 3 we dealt (for A = p,,,) with the question whether global cohomology classes are
completely determined by their local restrictions if S is "big enough" in some sense.
One can also ask a dual question: If S is "small enough" (finite, for example), can we,
given a local cohomology class for each p € S, always find a global cohomology class
with the given local restrictions? While the former question is about the injectivity of
the localisation map, the latter is about its surjectivity. Our aim is to derive for a finite
set of primes S the surjectivity of

H'(k,Z/mZ) — [ [ H' (ky, Z/mZ)
pes
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from the injectivity of
H1<k>:um) — HHl(kphum)
pes

that we proved in section 3, provided that we are not in the special case (k, m, P (k) \
S). Recalling that elements of H'(k,Z/mZ) = Home(G(k|k),Z/mZ) correspond to
Galois extensions of k of exponent m, this will help us to prove the Grunwald-Wang
theorem which states that under suitable conditions one can, for finitely many given
local extensions K|k, find a global extension K|k with the given completions. One
way to translate injectivity statements to surjectivity statements is Pontryagin duality,
and this is what we will use here, together with the class field theory from the previous
sections. It should however be remarked that there are also arithmetic duality theorems
such as Poitou-Tate duality which are much deeper and provide a more general context
for the kind of questions we are treating here. Our approach is essentially a special
case of them, but it might give some idea of how the more general duality theorems are
proved. The crucial step where class field theory comes into play is the following lemma.

Lemma 6.1. Let m be a natural number and S a finite set of primes of k. Let L|k be
the mazimal abelian extension of exponent m and for p € S let My|k, be the mazimal
abelian extension of exponent m for ky. If we are not in the special case (k, m,P(k)\S),
then the natural homomorphism

H G(M,|ky) — G(L|k)

1s injective. In the special case, the kernel is of order 1 or 2.
Proof. The homomorphism above is induced by the restrictions
G(My|ky) = G(Ly|ky) — G(LIk).
By local and global class field theory, they fit into a commutative diagram

(

My k)
ki — G(M,|ky)

by A Ly k)

l LK)

o, 0,

N7

G(Lk)
where the second vertical map on the left is given by

kg—>ck,
ap—(...,1,1,a,,1,1...) mod k™.

We have seen in section 4 and 5 that the norm residue symbols induce isomorphisms
Ry k™ = G(My|k,) and Cy/C* = G(L|K), so we get a commutative diagram
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[Is k'l ™ —— 115 G(My|ky)

| |

O /O —— 5 G(LIk).

Thus, in order to prove the lemma, we can equivalently show that the left vertical map
is injective if we are not in the special case, and has a kernel of order 1 or 2 otherwise.
First, from the commutative exact diagram

1 k> >[k )Ck 1
1 k> )Ik )Ok 1

we get the exact cokernel sequence
EX )" — L) I — Cp /O — 1.
Now from the diagram

B s I ———— GO ——— 1

| | j

1 —— [k /e — [k /" ——1
pES p&s

we get an exact sequence of kernels (the first half of the snake lemma)

1 — T (k, P(k), ) — T (K, P(R)\ S, i) — [ B/l — Ci/C
S
In section 3 we proved that the group

T (k, P(k) \ S, ) = ker | B /6™ — Tk /B
pES

is trivial if we are not in the special case (k, m, P(k)\ S), and of order 2 otherwise. This
proves the lemma. m

Remark 6.2. From the proof we see that even in the special case (k,m,P(k) \ S) the
map

H G(My|ky) — G(L|k)
S

may still be injective, and this is the case if and only if

T (k, P(k) \ S, i) = T (k, P k), ).
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i.e. if every element of k* that is an mth power in k, for all p ¢ S is in fact an mth
power in all completions k.

Looking at the lemma, one might wonder whether M,, the maximal abelian extension
of exponent m over k,, is the same as the localisation L, ( = Lk,) of the maximal abelian
extension L of exponent m over k. One might then make some unsuccessful attempts
to prove this (at least the author did), until one realizes that this fails to hold in a very
special case. Indeed, noting that G(M,|Ly) is the kernel of G(M,|k,) — G(L|k), we can
take S = {p} in lemma 6.1, and get an isomorphism

T (k, P(k) \ {p}, ptm)
LI (, P (), pim)

12

G(MP‘LP)

This shows the following proposition.

Proposition 6.3. Let m be a natural number and p and prime of k. Let L|k and M,|k,
be the global and local mazimal abelian extensions of exponent m. Then L, = M,, except
in the special case

e m =2"m’ with m' odd and r > 3,

o k(uor)|k is not cyclic,

e all primes q # p dividing 2 decompose in k(por)|k, and

e there exists a € k™ such that a is an mth power in kq for all q # p, but not in ky,
in which case we have [M, : L,| = 2. O

In example 3.18 we have seen that £k = Q, m = 8 and p = 2 satisfies all conditions
of this special case. Here, a = 16 is an 8-th power in R and Q, for all p # 2, but not
in Qo. So the localisation of the maximal abelian extension of exponent 8 over Q at a
prime dividing 2 is not equal to the maximal abelian extension of exponent 8 over Q.
In contrast, it is always true that (k**), = (k,)*" (this is V1.§5, Ex. 2 in [Neu99)).

Now in order to prove the Grunwald-Wang theorem, we would like to show that every
homomorphism [[4 G(M,|k,) — R/Z can be extended to a continuous homomorphism
G(L|k) — R/Z. This follows from a general theorem related to Pontryagin duality.

Definition 6.4. The group
T:=R/Z

is called the circle group. With the quotient topology from R it is a Hausdorff and
locally compact abelian topological group.
For any Hausdorff locally compact abelian topological group G,

G" = Hom (G, T)

is called the Pontryagin dual of G.
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Theorem 6.5. Let G be a Hausdorff locally compact abelian topological group and H C
G a compact subgroup. Then every continuous homomorphism f : H — T can be
extended to a continuous homomorphism f: G — T with f|g = f. ]

The theorem can also be expressed by saying that the restriction homomorphism
GV — HV is surjective. It is not difficult to show that every homomorphism H — T
can be extended to a homomorphism G — T (the proof uses Zorn’s lemma and the fact
that T is divisible), but it is not obvious that this can be done in such a way that the
extension is still continuous. A proof can be found for example in [Mor77].

Corollary 6.6. Let k be a number field, S a finite set of primes of k and A a finite
abelian group. If we are not in the special case (k,exp(A), P(k)\ S), then the map

Homes (G (k|k), A) — | [ Home(G(Fy|ky), A)

18 surjective.

Proof. Writing A as a product of cyclic groups, A =[], A;, and noting that

Hom(G, H A;) = H Hom (G, 4;)

for every topological group GG, we may assume that A is cyclic, say A = Z/mZ. Let L|k
and M,|k, be the global and local maximal abelian extension of exponent m. By Galois
correspondence, G (k|L) is the smallest closed subgroup of G(k|k) containing all commu-
tators and G(k|k)™, therefore G(k|L) is annihilated by every continuous homomorphism
G(k|k) — Z/mZ. Thus

Home (G (k|k), Z/mZ) = Homes(G(L|k), Z/mZ)
> Homes(G(L|K), 7/ 7)
= G(L[k)"
and similarly Hom, (G (ky|ky ), Z/mZ) = G(M,|k,)V. Thus we have to show that

G(L|k)" — H G (Mylk,)"
S

is surjective. But this follows directly from theorem 6.5 and lemma 6.1 (note that
[ G(M,l|k,) is compact since it is finite). O

Theorem 6.7 (Grunwald-Wang). Let k be a number field, S a finite set of primes of k
and A a finite abelian group. Assume further that for every prime p € S we are given
a finite abelian extension Ky|k, such that G(K,|k,) may be embedded into A. If we are
not in the special case (k,exp(A),P(k)\ S), then there exists a finite abelian extension
K|k with Galois group A such that K has the given local completions K, .
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Proof. Let qq,...,qs be primes not contained in S and not dividing 2, and let

2 G<k_qi

km) — A

be continuous homomorphisms whose images together generate A (this can be done
for example by writing A as a product of cyclic groups, and using that for every n €
N there is a unique unramified extension of k,;, of degree n, which has Galois group
isomorphic to Z/nZ). Put S = SU{qi,...,qs}. Since we are not in the special case
(k,exp(A),P(k) \ S) and the q; do not divide 2, we are also not in the special case
(k,exp(A),P(k) \ S’), thus by proposition 6.6 the homomorphism

Homes(G(k[k), A) — [ Homews(G (Ryl k), A)
pes’

is surjective. The given extensions K, |k, with embeddings G(K;|k,) — A define con-
tinuous homomorphisms ¢, : G(ky|k,) — G(K,|k,) — A with kernel G(k,|K,), and
together with the ; we get an element of the right hand side. Let ¢ € Homs(Gy, A)
be a preimage, i.e. ¢ : G) — A is a continuous homomorphism such that the diagrams

G (ky| k) —— G( G(ky,|kq,) — G(

E|k) E|k)
l@p lso l‘ﬁi lso
A A

A =—— A =——=

commute for all p € S and i = 1,...,s. Let K|k be the extension corresponding to ¢,
ie. K =% The right squares together with the choice of the ¢; imply that ¢ is

surjective, hence G(K |k) = A. Recalling our remarks in section 2.1, the commutativity
of the left squares implies that K has the given completions K, for p € S. n
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