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Abstract

For a topological space X one defines the stable homotopy groups 7%(X) as the direct
limit hﬂ 741 (3FX). Tt is hard to compute those groups. In fact for general spaces it is
k

still unknown what 7(X) is. Even for X = S° the stable homotopy groups of spheres
= hﬂ 7,41 (S*) are more or less known up to r = 90 and still unknown for higher r.
k

In the paper [Ada66] from 1966, Adams characterized certain subgroups of 7# calculating
the image of the J-homomorphism J: 7,.(SO) — 7§ where SO is the direct limit of the
special orthogonal groups SO(n). His result can be divided into three parts.

For r = 0,1 mod 8 the image of J is a direct Z/2 summand of ).

For r = 4s — 1 = 3 mod 8 the image of J is a direct Z/m(2s) summand of 7.

For r = 4s — 1 = 7 mod 8 the image of J is either Z/m(2s) or Z/2m(2s) and in the first
case it is a direct summand.

Here m(2s) is the denominator of £+ and B, is the s-th Bernoulli number.

Adams conjectured that in the third case the first option is always the case. This
was known as the Adams conjecture and open for the next five years until Quillen proved
the Adams conjecture to be true in 1971 ([Qui71]).

The main tool Adams used to prove his results is topological K-theory. In this thesis
we will tackle the proof of the first case. Therefore we will introduce the necessary
background to understand Adams proof namely vector bundles, topological K-theory
and lots of tools arising from K-theory. We will then present Adams original proof of
the case r = 0,1 mod 8. We will not present the other cases but their proofs use the
techniques developed in this thesis (see [Ada66]).
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Conventions

By ‘space’” we mean topological space and ‘map’ between topological spaces means

continuous map.
All vector bundles are either real or complex. Sometimes we just say ‘vector bundle’

instead of ‘real’ or ‘complex vector bundle’ if the statements are true in both cases.



1 Introduction

In algebraic topology one is interested in topological spaces up to homotopy. In general
it is very hard to decide whether two spaces are homotopy equivalent or not. A common
approach is to define invariants for a certain class of spaces which are preserved by homo-
topy equivalences. A naive choice would for example be the number of path components.
Some more prominent examples are the Euler characteristic, singular homology and the
fundamental group.

One then tries to calculate those invariants. If the results differ then the spaces cannot
be homotopy equivalent. If the invariants agree one can generally not conclude, that the
spaces are homotopy equivalent. Therefore one defines several invariants in the hope of
being able to distinguish more spaces.

Another example for a homotopy invariant are the homotopy groups m,.(X) for r € N
which are a generalization of the above mentioned fundamental group m; (X).

The r-th homotopy group of X is defined as all homotopy classes of basepoint preserving
maps S” — X. It turns out that for » > 2 this is an abelian group.

Even though their definition is quite simple in practice these groups are very hard to
determine. Even for rather easy spaces such as spheres the groups m,.(S™) are still
unknown in general. This is very different compared to the situation in singular homology
where the homology groups of spheres follow directly from the axioms.

In 1937 Freudenthal proved that for any pointed space X the homotopy groups 7,4 (3%X)
stabilize which means that there is a number ng € N such that for all n > ng the groups
Tr1n (X" X)) are isomorphic. This theorem is known as the Freudenthal suspension theorem.
The resulting group may also be directly defined as the direct limit

(X)) = limy Tk (BFX).
k

and is called the r-th stable homotopy group of X.

The Freudenthal suspension theorem was one of the starting points of an area of algebraic
topology known as stable homotopy theory. This area is concerned with statements about
spaces that are true if one applies the suspension functor (or rather reduced suspension
functor) often enough.

A very fundamental problem in this area is to calculate the stable homotopy groups
for interesting spaces e.g. spheres. As for the ordinary homotopy groups this is quite
challenging. It is best reflected by a quote from one of the main contributors to homotopy
theory Frank Adams.

‘With all due respect to anyone interested in them, the stable homotopy groups of spheres
are a mess.” ([Ada95], p.202)

For the case of spheres the stable homotopy group 7 = hg 741 (S*) is called the
k

r-stem. They have been calculated up to dimension 7 < 90 (see [[WX23]).
In 1966 Adams found cyclic subgroups of the r-stem which are direct summands (see



[Ada66]). These arise as the image of the so called J-homomorphism which is a map
J: m.(SO) — 7. Adams results can be divided into three parts.

For r = 0,1 mod 8 the image of J is a direct Z/2 summand of 7.

For r = 4s — 1 = 3 mod 8 the image of J is a direct Z/m(2s) summand of 7.

For r = 4s — 1 = 7 mod 8 the image of J is either a Z/m(2s) or Z/2m(2s) and in the
first case it is a direct summand.

Here m(2s) is the denominator of % and By is the s-th Bernoulli number.

Adams conjectured, that in the third case the first option is always the case. This
was known as the Adams conjecture and open for the next five years until in 1971 Quillen
proved the Adams conjecture to be true ([Qui71]).

The proofs by Adams use topological K-theory which is a generalized cohomology
theory that arises from vector bundles. Further it provides lots of extra structure and
tools.

Historically K-theory was introduced by Grothendieck studying projective algebraic
varieties. Atiyah and Hirzebruch [AHAS72| then constructed a topological analogue using
vector bundles. Besides the application to stable homotopy theory topological K-theory
can also be used to solve various other problems. For example it can be used to solve
the Hopf invariant one problem. Which then implies that the only spheres that admit
a H-space structure are SY, S S3 S7 (see [Hat03] Section 3.2). Further topological
K-theory gives a fundamentally different proof of Bott-periodicity than the original proof
by Bott (see [Bot56]).

The goal of this thesis is to introduce vector bundles and topological K-theory and then
present a proof of the case r = 0,1 mod 8 of Adams results on the J-homomorphism
mentioned above.

We begin our journey towards this proof in Chapter 2 by defining vector bundles and
prove useful properties about them. We will further see constructions and structures
related to vector bundles that are not only interesting on their own, but also become
important when dealing with topological K-theory in Chapter 3.

Besides defining topological K-theory, Chapter 3 further explores the tools and structures
that arise from topological K-theory such as the Adams operations, the Chern character
and the Thom isomorphism. We will also see the famous Bott periodicity theorem which
says that the K-groups are periodic.

Finally in Chapter 4 we start tackling the proof of the theorem about the image of
the J-homomorphism by first defining the stable homotopy groups of spheres and the
J-homomorphism. We then use the tools from Chapter 3 to define invariants d and e.
By developing techniques to calculate those invariants we will then be able to prove the
theorem.



2 Vector bundles

The goal of this chapter is to first introduce vector bundles and then prove useful
properties about them. We will only treat the case of complex or real vector bundles
which we will later use to define complex and real K-theory. Most of this chapter is a
collection of results and proofs from [Kar09] and [Hat03].

2.1 Vector bundle basics

In this section we define vector bundles and build a category where the objects are vector
bundles over a fixed base space.

Definition 2.1 (Vector bundle)

Let B be a topological space. A real vector bundle over B is a topological space F
together with a continuous map p: E — B, such that the following two conditions are
satisfied

1. By == p~(b) is a finite dimensional R-vector space for all b € B.

2. pis locally trivial, that means for every point b € B there exists an open neighbour-
hood U and n € N (n does not need to be the same for all U) and a homeomorphism
0: p1(U) — U x R" making the following diagram commute

pW(U) —F— U xR”

N S

where 7y is the projection onto the first component. Furthermore for every b € U the
restriction ¢|g, : Ep — {b} X R™ of ¢ to the each fibre is a vector space isomorphism.

If we replace R by C we get the definition of a complex vector bundle over B.

We call B base space, E total space and Ej, the fibre of b (under p). The maps ¢ are
called local trivialisations.

We will often just write E for a vector bundle if the map p: E — B is clear.

Remark 2.2
Since F, is a vector space and thus non empty, p is surjective.
As a set, F is the disjoint union | | B, = || p~1(b).
beB beB
Definition 2.3 (Vector subbundle)
Let p: E — B be a vector bundle over B. A vector subbundle of F is a subspace £y C E
such that the restriction p|g,: Ey — B is a vector bundle. Since the fibres of vector
bundles are non-empty (Ey), is a vector subspace of Ej,.

Proposition 2.4
Let p: E'— B be a vector bundle. The map r: B — N, b+ dimg(E,) is locally constant.



Proof. Let b € B. Choose an open neighbourhood U C B of b and a local trivialisa-
tion ¢: p~H(U) — U x R™. Since R™ is homeomorphic to R™ iff n = m and ¢ is a
homeomorphism dim(Ey ) = n for all b’ € U. O

Remark 2.5

Locally constant functions on a connected space are (globally) constant. Thus the map r
is constant on every connected component of B. So one can view r as a function from
the set of connected components of B to N.

Definition 2.6 (Rank)

Let B be a space and p: F — B a vector bundle over B. We define the rank of p to be
the map r: B — N, b +— dim(E}).

If (b) = n for all b € B, we call p a vector bundle of rank n. Vector bundles of rank one
are also called line bundles.

Lets see some examples of vector bundles. In the next section we will introduce a method
to produce more vector bundles.

Example 2.7

(a) The trivial bundle of rank n is F := B x R" together with the projection p to the
first component. We write £ for the trivial bundle of rank n.

(b) The Mobius bundle is obtained as the quotient space E of [0, 1] x R by glueing (0, ¢)
to (1, —t). The projection [0,1] x R — [0, 1] induces a map p: E — S! which turns
E into a line bundle over S'. The total space E is homeomorphic to a Mdbius strip
hence the name.

(c¢) Let M be a n-dimensional differentiable manifold. For every point x € M we have
a tangent space T, M. Using methods we will see later one can endow the disjoint

union TM = || T, M with a topology such that together with the obvious map
zeM
TM — M this becomes a vector bundle of rank n over M.

Manifolds which have a trivial tangent bundle are called parallelizable. It is a
classical application of K-theory that S™ is parallelizable if and only if n € {0, 1,3, 7}
(see [Hat03] Section 2.3).

(d) Consider the real projective space RP". We view RP" as the space of lines through
the origin in R™*!. The total space of the canonical line bundle is given by

E = {(l,v) € RP" xR"! | v € [} C RP" xR"*1.

The map p is the projection to the first component.

To construct local trivialisations we now view RP™ as the quotient space of S™
where antipodal points are identified.

For x € RP" let L be the hyperplane through the origin orthogonal to x. Choose
a representative in S™ named z again. Further let U, be the open hemisphere
containing x and bounded by L.
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Local trivialisations can be obtained by orthogonally projecting down to L.
If 7, denotes the orthogonal projection onto L the trivialisations are explicitly
given as

he: p~ (Us) = Uz X R™, (y,0) = (y, 7 (v)).

In the same way one obtains a complex line bundle over CP"™ which we also call
canonical line bundle. The canonical line bundle H over CP! 2 S? plays an
important role in K-theory.

Next we want to construct a category where the objects are vector bundles over a fixed
base space B. Therefore we define morphisms of vector bundles over B.

Definition 2.8 (Morphism of vector bundles)
Let B be a topological space and p;: Ey — B, py: Fy — B vector bundles over B.
A morphism from p; to py is a map f: E; — F, satisfying the following two conditions

1. f maps the fibre p; ' (b) of b under p; to the fibre p;'(b) of b under p, for every
b € B i.e. we have a commutative diagram of the form

E1;>E2

N

2. For every b € B the map f, == f\p1_1(b) : pyH(b) — py () is linear.

Remark 2.9

For i =1,2,3 let p;: E; — B be vector bundles over B. Let further f: Fy — FE5 and
g: Es — E3 be morphisms of vector bundles. We immediately get that the following
maps are morphism of vector bundles

.idiE1—>E1
e gof: FEy — FEj

Thus for every space B we get a category where the objects are vector bundles over B and
the morphism are maps according to Definition 2.8. We denoted by Vect(B) (respectively
Vect"(B)) the set of isomorphism classes of vector bundles (of rank n respectively) over
B. We write Vectg(B) if we want to specify the field K = R, C.

Remark 2.10
Being locally trivial (see Definition 2.1 2.) is equivalent to being locally isomorphic to a
trivial bundle, hence the name.

Let f: Fy — E5 be an isomorphism in Vect(B). Then we get from the definition of a
morphism that f is a homeomorphism and f takes each fibre (1), to (Es2) @) by a vector
space isomorphism. We now show that the converse is also true.

11



Lemma 2.11

Let pi1: E1 — B, py: E5 — B be vector bundles over B and h: E; — E5 a morphism
of vector bundles. If A, is a vector space isomorphism for each b € B, then h is an
isomorphism of vector bundles.

Proof. Since h is an isomorphism on each fibre we immediately get that A is bijective by
Remark 2.2.

It remains to show that h~! is a morphism of vector bundles. Since h preserves fibres
h~! also does. So only the continuity of h~! is left to show.

Let b € B. Since continuity is a local property we may choose an open set U C B such
that both p; and p, are trivial over U. Thus we may assume that h is given by

h:U xR" — U x R™, (b,v) — (b, gs(v)),

where g, € GL,(R), since h; is a linear isomorphism. Therefore h™' is given by
(b,v) = (b, g, *(v)). The continuity of h implies that g, depends continuously on b.
Viewing g, and g, ! as matrices we get that every entry of gy ! depends polynomially

on the entries of g, (one sees this by using the formula A~™! = ﬁ(A) adj(A), where
adj(A) is the adjunct matrix of A). So g, ! also depends continuously on b and thus & is
continuous. O

2.2 Operations on vector bundles

This section is dedicated to the construction of new bundles out of old ones. We will also
generalize constructions known for vector spaces such as direct sums and tensor products
to the case of vector bundles.

Definition 2.12 (Restriction of vector bundles)
Let p: E — B be a vector bundle over B and U C B. We call p|,-1yy: p"'(U) — U the
restriction of F over U and denote it by Ey.

Remark 2.13

Ey; is again a vector bundle. Indeed the fibres of Ey are fibres of E. To obtain local
trivialisations for Fyy one may restrict local trivialisations of E to p~!(U).

Mapping E to Ey induces a functor from the category of vector bundles over B to the
category of vector bundles over U.

Definition 2.14 (Pullback bundle)
Let p: E — B be a vector bundle over B and f: A — B a map of spaces. We define the
pullback bundle (of E along f) as

f(E)=A{(a,e) e AXE| f(a) =ple)} CAXE

together with the map f*(E) — A, (a,e) — a.
For a map h: Ey — E5 between vector bundles E; and E5 over the same base B we
further define f*(h): f*(E1) — f*(E2), (a,e1) — (a, h(er)).

12



Proposition 2.15 (Properties of the pullback)
Let p: E — B be a vector bundle over B and f: A — B, g: C — A maps of spaces.
then we have

(i
(ii

*(E) is a vector bundle over A
idz(E) =2 E
9" (E) = g"(f*(E))

) f

)

(i) (fo

(iv) Vect(B) depends contravariantly on B
) f
) f
) f

(v) fr(id) =id
(vi) f*(h1ohg) = f*(h1) o f*(ha)

f induces a contravariant functor from the category of vector bundles over B to
the category of vector bundles over A

(vii

Proof. (i) By definition we have f*(E), = Ej(4). Thus the fibres of f*(E) are finite
dimensional vector spaces. To see that f*(FE) is locally trivial let a € A and U C B
be an open neighbourhood of f(a) such that Ey = ", Then U’ := f~1(U) is an
open neighbourhood of a. Since the pullback of a trivial bundle is again trivial we

get [*(E)or = (flo)*(Bu) = (flor)*(e") = e
(ii) Clear from the definition.

(iii) Let p': f*(A) — A, (a,e) — a be the map turning f*(E) into a vector bundle. We
have

"({(a,e) € A E| f(a) =ple)})

g p(

{(c,(a,e)) € C x (AX E) | g(c) =p'(a
={(c,g9(c)e) e C x AX E| f(g(c)) =

{(c;e) € Cx E[(fog)(c)=ple)
= (fog)(E).

ve) =a, f(a) = ple)}
p(e)}

}

(iv) This is a combination of (ii) and (iii)

(v) Clear from the definition.

)
)

(vi) f*(h1oha)(a,er) = (a, (hi(ha(er)) = f*(h1)(a, haler)) = (f*(h1) o f*(h2))(a, e1)
)

(vii) This is a combination of (i), (v) and (vi)

Remark 2.16
The restriction Fy is the pullback of £ — B along the inclusion U — B.

13



Let Vectg denote the category of finite dimensional R-vector spaces. On the set of vector
spaces over R we have operations like the direct sum or the tensor product. We want to
generalize those to vector bundles. For example given two vector bundles £ and E’ we
want to construct a vector bundle £ & E’ with fibres (£ @& E'), = E, ® Ej. In particular
if the base space is a single point we recover the original operation on vector spaces.

Definition 2.17
A functor ¢: Vectg — Vectg is called continuous if for all vector spaces M, N the
induced map ¢y n: Hom(M, N) — Hom(p(M),¢(N)) is continuous.

Functors F' that preserve limits are sometimes called continuous due to the equation
lim(F (D)) = F(lim(D)), but this notion is different from the one we just defined.

Construction 2.18
Let ¢: Vectg — Vectg be a continuous functor and F a vector bundle over B. We define

¢'(B) = L ¢(Ep).

beB

¢'(E) comes with a canonical projection ¢'(E) — B induced by the projections
©(Ep) — B for each b € B and we have ¢'(E), = ¢(Ep) for each b € B.
All we now need to do is equip ¢'(E) with a suitable topology. We will start by choosing
a cover {U;} of B and local trivialisations «;: Ey, — U; x R™. These induce bijections

Bi: ¢ (E)y, = U; x p(R™).

The space on the right hand side carries a natural topology and we equip ¢'(E)y, with
the topology induced this bijection. Finally we equip ¢'(FE) with the largest topology
making the inclusions ¢'(E)y, — ¢'(E) continuous.

There are some technical details to be discussed, but let us believe for the moment that
this is well defined.

Then the resulting map ¢'(E) — B is locally trivial because ¢'(E)y, = U; x o(R™).

We can further make this construction functorial in vector bundles.

For a map f: E — F between vector bundles E and F over B let f': ¢/(F) — ¢'(F) be
the map which is defined by setting f; = ¢(f;): ¢(E,) — ¢(F}) on each fibre ¢(E,) of
¢'(E). It follows from the continuity of ¢ that f’ is continuous and therefore a morphism
of vector bundles (see [Kar09] 1.4.6 for a detailed argument).

As mentioned before we still need to check two technical details verifying the well
definedness of ¢'(E).

1. The resulting bundle is independent of the choice of the cover and local trivialisa-
tions.

2. The last step where we equipped ¢'(F) with a topology is possible.
For example the following problem might occur. Lets take two inclusions
it ¢ (E)y, = ¢'(E) and ¢;: ¢'(E)y, — ¢'(E) such that U; N U; # (). There might
exist some W C Ey, N Ey, # 0 such that ¢;'(W) is open but Lj_l(W) is not.
So ¢; being continuous requires W to be open in ¢'(FE) (since then ¢; is a homeo-
morphism onto its image) but ¢; being continuous forbids that.

14



Both points are resolved by the following lemma.

Lemma 2.19

Let ay: By, = Uy x M and as: Ey, — Us X N be local trivialisations of B, such that
Uy N Uy # (). Furthermore let f1: ¢/ (E)y, — Ur X ¢(M) and Ba: ¢'(E)y, — Us X ¢(N)
be the induced bijections. We equip ¢'(E)y,, respectively ¢'(E)y, with the topology
induced by (; respectively (5.

Then these topologies agree on ¢'(E)y,nv, = ¢'(E)u, N ¢’ (E)y, and ¢’ (E)y,nu, is open
in both ¢'(E)y, and ¢'(E)y,.

Proof. Define
s = lu,nv, © |y, 1 U NV — Hom(M, N)
and
d=punos: U NUy; — Hom(p(M),p(N)).

The map ¢, n is continuous because ¢ is a continuous functor. Therefore ¢ is continuous.
Interchanging M, N shows that ! is also continuous. ¢ induces a continuous map

0: (U NUy) x (M) — (U NUs) x o(N)
which is actually a homeomorphism since §~! induces 6~!. Furthermore we have a
commutative diagram of the form

(U NU2) x (M)

oy

SO/(E>U10U2 5

62m

(U NU2) x ¢(N)

Thus the topologies on ¢'(E)y, and ¢'(E)y, agree. The projection p;: ¢'(E)y, — U, is
continuous so we further get that ¢'(E)y,~v, = p; (U1 NUy) is open in ¢'(E)y,. Similarly
¢ (E)v,nu, is open in ¢ (E)y,. O

For Construction 2.18 we have so far only considered functors taking a single real vector
space and also returning only a single real vector space in a covariantly manner. The
construction works the same for several generalisations. The first is that we can allow
complex vector spaces. These may be mixed, meaning that the input is a real vector
space and the output is a complex vector space. Resulting in a construction that has as
input a real vector bundle and as output a complex vector bundle.

Furthermore we can input more than one vector bundle (one might also allow more than
one output (See [Kar09] 1.4.7), but we do not need that here).

The last generalisation is that we allow the output to depend contravariantly on the
input.

The final construction takes the following form. Define C to be the category

15



C = [] Vectg x [] Vectec x [] Vecty x [ Vectd

1€l i2€l2 13€l3 i4€14
where I;, j = 1,...,4 are finite sets. We consider functors
¢: C — Vectg,

where K = R, C and (—)° denotes the opposite category. We also require that for all
objects M, N € C the map

pau v Hom(M, N) — Hom((M), p(N))
is continuous. Running through the construction we end up with a functor
&: C — Vectg(B)
where C == [] Vectg(B) x [] Vecte(B) x [] Vect?(B) x ] VectZ(B).

1€l ig€l i3€l3 14€14
We can now apply the construction to produce various examples of vector bundles.

Example 2.20

(a) Let ¢: Vectg x Vectx — Vectx be the functor given by (M,N)— M & N. We
obtain a functor ¢: Vectg(B) x Vectg(B) — Vectg(B). For vector bundles E, F'
we call ¢(F, F') Whitney sum (or direct sum) of £ and F' and denote it by E & F.

(b) Taking ¢: Vectg x Vectx — Vectkx to be the tensor product functor given by
(M,N) — M ®g N we obtain the tensor product ¢(E, F) = E® F of F and F.

(c) We also have the i-th exterior power A (F) induced by the functor given by
M — AY(M).

(d) Let ¢: Vectg — Vecte, M — M ®g C be the complexification functor. We get a
functor ¢: Vectg(B) — Vecte(B) turning real vector bundles into complex vector
bundles.

Since every complex vector space is also a real vector space we get a functor turning
a complex vector bundle into a real vector bundle induced by the forgetful functor
Vecte — Vectg.

(e) If M is a complex vector space then its conjugate vector space M has the same
underlying set but the scalar multiplication is defined by A % v := Av, where on the
right hand side we use the scalarmultiplication in M.

The functor ¢: Vecte — Vecte, M +— M induces a functor Vecte(B) — Vecte(B)
called the conjugation of vector bundles.

(f) From the functor ¢: Vecty’ x Vectx — Vectx induced by (M, N) — Hom(M, N)
we get the Hom bundle Hom(E, F)

(g) The dual space functor Vecty’ — Vectgx, M — M* induces a functor
Vectk (B) — Vectg(B). We call E* the dual bundle of E.

16



The Whitney sum and the tensor product are of particular importance in K-theory since,
as we will see later, they induce a ring structure on the K-groups. The exterior power is
used to construct the Adams operation.

Remark 2.21 (Alternative definitions of the direct sum)
There are two alternative definitions of the Whitney sum which are more explicit.

1. El ) E2 = {(61,62) € El X Eg ]pl(el) :p2(€2)}

2. By ® By = A*(FEy x E;). Where we view E; x Ey as a vector bundle over
B x B via the mapping (e1,es) — (p(e1),p(ez)) and A is the diagonal map
A: B— Bx B,b+— (b,b).

The next propositions record some useful properties for later use. The proof strategy will
be the same for all of these. Namely one writes down a fibre preserving continuous map
that is a vector space isomorphism on each fibre and then uses Lemma 2.11 to conclude
that this map is an isomorphism of vector bundles. Most of the properties are obtained
by using the corresponding isomorphism of vector spaces on each fibre. We will illustrate
this procedure once and omit the other proofs.

Proposition 2.22 (Properties of the direct sum)
Let F; — B be vector bundles over B for i = 1,2,3 and f: A — B be a map of spaces.
We have the following properties

(i) E1® (Ey ® Es) = (B, @ E,) ® Es
(ii) By ® By = Ey @ Ey
(iii) f*(E) @ Ey) = f*(E1) @ f*(Es)

Proof. We illustrate the procedure for (iii).

For (a,eq,e3) € f*(E1 & Ey) we define h((a,e1,e3)) = ((a,e1), (a,e3)) € f*(E1) ® f*(Es).
h is continuous, fibre preserving and linear on each fibre thus a morphism of vector
bundles. It is clear that the induced map on the fibres is an vector space isomorphism. [J

Proposition 2.23 (Properties of the tensor product)
Let E; — B be vector bundles over B for i =1,2,3 and f: A — B be a map of spaces.
We have the following properties

(i) B1® (B2 ® E3) = (Ey ® Ey) @ By
(i) B1 ® By =2 B, ® By
(iii) By @t > Fy
)

(iv) f*(E1® Ey) = f*(Ey) ® f*(E2)
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Proposition 2.24 (Tensor product and direct sum)
Let E; — B be vector bundles over B for i = 1,2,3. Then we have

(El D EQ) ® E3 = (El ® Eg) ©® (E2 X Eg)

Proof. We again use the idea from the proof of Proposition 2.22. The continuous fibre
preserving map is given by (e1,€3) ® ez — (€1 ® e3, 65 ® e3). O

Proposition 2.25 (Properties of the exterior power)
Let E, F — B be vector bundles over B and f: A — B be a map of spaces. We have
the following properties

(i) \(E) =¢&t

(i) \(E)=FE
(iii) \*(E) = 0 for k larger then the highest dimension of a fibre of F
(v) M(EeF)= @ (X(E)® N(F))

(v) fr N (E)) = M(f*(E))

To finish off this section, we are going to introduce two more operations on vector bundles.
At first they might look like Example 2.20 (a) and (b) we have already seen but they
differ in that they allow as input vector bundles over different base spaces B and B’ and
produce a vector bundle over the cartesian product B x B’.

Definition 2.26

Let py: E — B and py: E' — B’ be vector bundles. Further let 7;: B x B’ — B and
my: B x B' — B’ be the projection to the first respectively second component. We define
the external Whitney sum as

EBE =7{(B) & ms(B).
Further we define the external tensor product as
EXE =7f(B) @ m5(B).
By definition those are vector bundles over B x B’
Remark 2.27
1. As aset we have FHE' = FE x E'.

2. The fibres are given by (EB E')pyy = Ep @ £y and (EX E') gy = E @ Ej, for
(b,b') € B x B'.
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2.3 Homotopical aspects of vector bundles

The goal of this short section is to show that for a map f: A — B the induced map
f*: Vect(B) — Vect(A) on vector bundles only depends on the homotopy class of f.
From this we will later deduce the homotopy invariance of K-theory.

Theorem 2.28
Let X be compact Hausdorff and p: E — X x I a vector bundle where I = [0,1]. Then
the restrictions Ex oy and Exyq1y are isomorphic.

Proof. For the vector bundle p there exists an open cover of X x I such that the restriction
of p to each open subset is trivial. We start by showing that the cover may be chosen of
a particular type. Namely of the form {U, x I} where {U,} is an open cover of X.

We fix © € X. For every point (x,t) € X x I there is an open neighbourhood such that
the restriction of p is trivial. Each of these neighbourhoods contains a subset of the
form U x (¢,t'). Those sets form an open cover of {z} x I which has a finite subcover
by compactness of I. By choosing a number in each intersection of (¢,t') with (¢,¢) we
see that there exists a partition 0 =ty < --- < ¢, = 1 of [0, 1] and open neighbourhoods
Ugiay ..., U C X of x such that p restricted to U, ; X [t;—1, ;] is trivial.

Define U, :== U, 1N---NU, . We now want to show that p is trivial over U, x I. For this
let ho: p~ 1 (X X [to, t1]) = X X [to,t1] x R and hy: p~ (X X [t1,ts]) — X X [t1,1s] x R"
be local trivialisations.

On the slice X x {t;} x R™ we have the isomorphism

¢=hooh': X x {t;} xR" = X x {t;} x R,

which is the identity in the first two component. Therefore we view ¢ as an automorphism
of X x R". We obtain an induced automorphism again called ¢

§b3 X X [tl,tg] x R" — X X [tl,tg] x R™

by using ¢ from above in every slice X x {t} x R" C X X [t1, 5] x R™.

Now ¢ o hy is a local trivialisation of p~'(X X [ti,t5]) which coincides with h; on
p (X X [to, t1]) Np~H(X X [t1,ts]). We can therefore put them together to get a local
trivialisation of p~'(X X [tg,%2]). By induction we get a local trivialisation of U, x I.
Since X is compact finitely many of the U,’s cover X x I and we call them U;, 71 =1,...,m.
Furthermore we choose a partition of unity {y;};—1 ., for the cover {U;}iz1, . In
particular ¢; has support in U;.

Let ¥y =1+ -+ fori=1,...,m and let X; :== {(z,v¢;(x)) | x € X} be the graph
of ¥;. Since {p;}i=1,.m is a partition of unity we have Xy = X x {0} and X,,, = X x {1}.
Finally let p;: E; — X; be the restriction of p to X;.

We have a map h;: X; = X;_1, (z,¥:(z)) — (,1;-1(z)). The difference between 1); and
i1 is ; and %Z is the identity outside of U; because the support of ¢; is contained in Us.
We can lift h; to a morphism of vector bundles h;: E; — E; 1 by mapping the point
(x,¢i(x),v) € p Y (U; x I) = U; x I x R™ to (z,%;_1(x),v). This is an isomorphism
because p is trivial over U; x I.

Consequently the composition hy o --- o hy,, is an isomorphism from Ex oy to Exy1y
which finishes the proof. m

1111

19



Theorem 2.29
Let X be compact Hausdorff and let fo, fi: X — Y be two homotopic maps. Further let
p: E—Y be a vector bundle. Then f;(E) and f{(E) are isomorphic.

Proof. Let F: X x I — Y be a homotopy from fy to fi. Then E = F*(E) is a
vector bundle over X x I. We further have Ex, oy = fi(E) and Ex,qy = fi(£). So
fo(E) = f{(E) by the previous theorem. O

Corollary 2.30 (Homotopy invariance of Vect(X))

Let X be compact Hausdorff. Then Vect(X) only depends on the homotopy type of X.
More explicitly if f: X — Y is a homotopy equivalence between compact spaces X and
Y, then f*: Vect(Y) — Vect(X) is a bijection.

In particular every vector bundle over a contractible space is trivial.

Proof. Let g: Y — X be a homotopy inverse of f. Using the previous Theorem and
Proposition 2.15 (i), (iii) we get f*og* = (go f)* =id" =id and g* o f* = (fog)* =
id* =id. So g* is the inverse of f*. ]

Remark 2.31
Since the pullback preserves the rank (or rather the rank of every connected component
has the rank of its image) the corollary is also true for Vect”(X) instead of Vect(X).

2.4 Clutching construction and vector bundles on spheres

In this section we want to introduce the clutching construction. This is will allow us to
classify vector bundles over spheres.

The clutching construction allows us to clutch bundles on subspaces together to get a bun-
dle on the whole space. To motivate the construction we take a vector bundle p: £ — B
and choose an open cover {U,} with local trivialisations h,: p~'(U,) — U, x R". Using
the h, we can reconstruct p in the following way.

Start with the disjoint union | (U, x R™) and let € U, N Ug for U, N Us # 0.

Every point y € p~'(x) can be identified with both h,(y) = (z,v;) € U, x R" and
hs(y) = (z,v9) € Ug x R™. To reconstruct £ we need to glue (z,v1) and (x,v2) together.
Therefore to obtain the bundle E from | |(U, x R™) we repeat this procedure for every

point in F.
This may be rephrased as glueing (z,v) € U, x R™ to hgh,'(z,v) € Us x R" whenever
x € U,NUg # 0. The resulting quotient space of | |(U, x R™) is the bundle E we started

with.
The functions hgh,! are called transition functions and can be seen as maps

(Ua N Us) x R* = (U N Uj) x R™

which are the identity on the first component. Since h, and hg are local trivialisations,
they induce isomorphism on each fibre. So one might view the hgh,! as continuous maps
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9Ba: Ua M Ug — GLH(R)

further satisfying the so called cocycle condition ¢, © gga = gya o0 Uy, N Uz N U, # 0.

The following theorem says that the opposite is also true. This means given vector
bundles p, on each U, of the cover {U,} together with functions gg,: U, NUs — GL,(R)
satisfying the cocycle condition one can construct a bundle p: E — B such that p|y, = pa.

Theorem 2.32 (Clutching of bundles)

Let {U,} be an open cover of B and py: Eo — U, be vector bundles. Furthermore let
9ga: Ua NUg — GL,(R) be continuous maps such that g..(z) = id for all x € U, and
they satisfy the cocycle condition g,s 0 gsa = Gra 0N Uy MUz N U, # 0. Such a family of
maps s called a cocycle.

Then there exists a vector bundle p: E — B and isomorphisms g : po — plu, making
the following diagram commute

9pa

Ealv.nus » Eslu.nus

Elv.nus

(950 induces an isomorphism Ea|UamUﬁ — E5|UanU6. To simplify the notation we name
it again gg, ). Furthermore p is unique up to isomorphism.

Proof. Every gs, induces an isomorphism F,|v,nv, —+ Eslv.v, again called ggo by
mapping a point (b,v) € (U, NUz) x R™ to (b, gza(b)v).

These also satisfy the cocycle condition g,3 0 gga = gyo on Uy, NUg N U,,.

Consider the disjoint union | | E,. For e € Eu|v,nv, and eg € Egly,nu, we define the

relation e, ~ eg if and only if gz,(en) = €.

This is indeed an equivalence relation. Transitivity is just the cocycle condition. Re-
flexivity follows from g,.(z) = id for all € U,. Using the cocycle condition we get
Gap © 98a(T) = gaa(z) = z for all z € U, N Us showing symmetry.

We define E to be the quotient space (| | E,)/ ~. The p, induce a continuous map

p: E— B. We now show that this is a VgCtOI“ bundle having the desired properties.
For b € U, we have F, = p~(b) = p;'(b) = (E,), and therefore E} carries a vector space
structure. If b is also in Ug then (E,), = (E3), and the vector space structures coincide
since ga, is linear on each fibre.

Let go: Eo — p~'(Uy,) be the map that sends a point to its equivalence class in E. This
map is a homeomorphism inducing a vector space isomorphism on each fibre. Since being
locally trivial is a local condition and F,, is locally trivial we get that E is locally trivial
and thus a vector bundle. By Lemma 2.11 g, is an isomorphism from p, to p|y, . O]

21



We now come back to the special case of spheres.

Construction 2.33 (Clutching function)

Consider the upper and lower hemisphere Di, DF < S¥ of the k dimensional sphere and
their intersection Di N D¥ = S*=1. Lets choose vector bundles on Dﬁ, DF . Because
of Corollary 2.30 we can up to isomorphism only choose the trivial bundles Dﬁ x R™,
D* x R" for some n € N.

Let f: S*! — GL,(R) be a continuous map. Since our cover only consists of two subsets
the cocycle condition is trivially fulfilled. Such a f is called clutching function.

Now we are ready to apply the above construction. We take Di x R" LU D* x R" and
glue together (z,v) € D% x R™ and (z, f(z)(v)) € D* x R™ obtaining a vector bundle
E f S k.

There is a small technical detail to resolve.

The construction requires a cover by open sets which Dﬁ and D¥ are not. This is not a
problem since we can just enlarge both hemispheres by a small € over the equator. The
intersection is then homeomorphic to S*~! x (—¢,¢) and in every slice S¥~! x {t} as a
map we take f.

In this construction we never used that our vector bundles are real thus everything above
works the same in the complex case.

Example 2.34 (Clutching function of the canonical line bundle H over S?)

The space CP' 2 S? may be written as the quotient of C?\ {0} modulo the equivalence
relation (zg, 21) ~ A(20, 21) for all A € C\ {0}. We write [z, z1] for the equivalence class
of (20, 21) and identify [z, z1] with 2 € CU {oo} = 5*.

The equatorial circle in S? are then exactly the points [z, 1] where |z| = 1. The points in
the lower hemisphere D? are exactly the points [z, 1] where |z| < 1. A local trivialisation
of the canonical line bundle H over D? is given by [z, 1] +— z.

Similarly the points on the upper hemisphere D? are the points [1, 2] for |z| < 1. A local
trivialisation is given by [1, z] — 2.

For these local trivialisations the transition function S? — GL;(C) is given by z + 2.

Proposition 2.35
The isomorphism class of E; only depends on the homotopy class of f: ¥ — GL,(C).

Proof. Given a homotopy F: S*! x I — GL,(C) from f to g we use the clutching
construction to obtain the vector bundle Er — S* x I. Then Ef restricted to S* x {0} is
E and restricted to S* x {1} it is E,. Now we use Theorem 2.28 to conclude E; = E,. [

Example 2.36 (An equation for H)

We can now show that the canonical line bundle H over S? satisfies the equation
H*®e! @ He H.

Using Example 2.34 we see that the clutching function for the left hand side is given

2
0 1 and for the right hand side it is z — (g 2) Since GLy(C) is path
connected these two clutching functions lie in the same homotopy class and therefore

define isomorphic bundles by the previous proposition.

by z —
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Theorem 2.37
The map ¢: m—1(GL,(C)) — Vectg(S*), f = E} is a bijection for k > 1.

Proof. By Proposition 2.35 the map in the theorem is well defined. We construct a
inverse of ¢.

Let £ — S* be a n-dimensional vector bundle. Then EDi and Epr are trivial since D%
are contractible (see Corollary 2.30). Let hy: Epy — D x C" be local trivialisations.
The transition function h;h~" induces a map ¥ (E): S*~! — GL,(C).

Since D is contractible and GL,(C) is path-connected the maps hi are unique up to
homotopy. Thus h,h~" is unique up to homotopy.

Since GL,(C) is path-connected every map is homotopic to a basepoint preserving map.
Indeed let f: S*~! — GL,(C) be a map with f(e) = a € GL,(C), where e is the
basepoint in S¥~1. Choose a path ~v: [0,1] — GL,(C) from the identity to a~! and define

g: S — GL,(C),x — f(x)a L.

Then ¢ is continuous and basepoint preserving since g(e¢) = f(e)a™! = aa™ =id.
We further define H: S¥~1x[0,1] — GL,(C), (z,t) — f(z)y(t). The map H is continuous
and for all z € S*~! we have

H(z,0) = f(x)7(0) = f(=),

Thus H is a homotopy between f and g.
Putting all the above together we obtain a well defined map

¥: Vectg(S*) — m,_1(GL,(C)), E — ¢(E).
which is the inverse of ¢ by construction. 0

The unitary group U(n) is a deformation retract of GL,,(C). Thus we get the following

Corollary 2.38
Let k > 1. Then we have Vectg(S*) 2 1,1 (U(n)).

Corollary 2.39
Every complex vector bundle over S! is isomorphic to a trivial bundle.

Proof. This is a consequence of the path-connectedness of GL,,(C) respectively U(n) for
all n > 1 and the previous theorem. O

The proof of Theorem 2.37 does not carries over to the real case, since GL,(R) is not
path-connected. But there is a similar result.

Let a: S° — GL,(R) be a representative of an element in mo(GL,(R)). Since a is
basepoint preserving and S is the disjoint union of two points a is determined by the
image of the non basepoint. Therefore we view a just as an matrix in GL,(R).

Let f: S*! — GL,(R) be a representative of an element in 7;_;(GL,(R)). The map

fa: SF 1 — GL,(R), 2+ af(z)a™!
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defines an element in m,_1(GL,(R)) and
7o(GLL(R)) X mp—1(GL,(R)) = 71 (GLL(R)), (a, f) = fa

defines a group action of 7y(GL,(R)) on 71 (GL,(R)).

The next Proposition says that there is a bijection between the quotient by this action
and the set of isomorphism classes of real rank n vector bundles over S*. A proof can be
found in [Kar09] Theorem 1.7.6.

Theorem 2.40
The map 7—1(GL,(R))/mo(GL,(R)) — Vecti (S*), f — Ey is a bijection for all k > 1.

Corollary 2.41
If n is odd then we have Vectp(S*) = m,_1(O(n)) for all k > 1.
If k > 2 we additionally have Vect}(S*) & 7,1 (SO(n)).

Proof. GL,(R) has two connected components. One connected component consists of all
matrices with positive determinant and the other are all matrices of negative determinant.
If n is odd then —id and id lie in different path components, since the determinant of
—id is (—1)" = —1. So we can always choose either id or —id as a representative for
the action of mo(GL,(R)). But both id and —id act trivially and thus the hole action of
mo(GL,(R)) is trivial.

Using the previous Theorem we have shown the first isomorphism.

Similarly to GL,(R) also O(n) has two connected components one of them being SO(n).
Let k > 2 then elements in m,_1(O(n)) are equivalence classes of basepoint-preserving
maps thus attain at least one value (namely id) in SO(n). Since S* is connected for k > 1
their image is completely contained in SO(n) and we obtain the second isomorphism. [J

2.5 Inner products and Spin-structures on vector bundles

In this section we generalize inner products on vector spaces to vector bundles. We show
that if the base space is compact Hausdorff then on every vector bundle we can always
find a unique inner product. Further we will use this inner product to show that every
vector bundle is a direct summand of a trivial vector bundle. This will later yield a
convenient description of the reduced K-group.

We also introduce Spin structures of real vector bundles. We need them later for the real
Thom isomorphism.

Definition 2.42 (Inner product on a vector bundle)
Let p: E— B be a vector bundle over B. A continuous map

() E®E—K

is called inner product on E if for every b € B the restricted map (-, -)y: Ep ® Ep — K is
a inner product on the K-vector space Ej.

We call two inner products (-, -)1, (-, )2 on E isomorphic if there is an automorphism f
of E such that (e,e’); = (f(e), f(€))a.
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The following proposition is proven in [Kar09] Theorem 1.8.8.

Proposition 2.43 (Uniqueness of inner products)
Any two inner products on a vector bundle p: E — B are isomorphic.

Proposition 2.44 (Existence of an inner product)
Let p: F — B be a vector bundle over a compact Hausdorff space. Then there exists an
inner product on F.

Proof. Let {U,} be a cover of B with local trivialisations hy: p~*(U,) — U, x R™. On
each U, x R™ we have an inner product which on each fibre {b} x R™ is just the standard
inner product on R™. Let {-,-), be the inner product on p~'(U,) induced via h, by the
inner product on U, x R™. We choose a partition of unity {¢,} for the cover {U,} and
obtain an inner product on E by setting (z,y) = > va(p(x)){x,y)s. The complex case

is analogous. O

Proposition 2.45 (Every subbundle is a direct summand)
Let p: E — B be a vector bundle over a compact Hausdorff space and Fy be a vector
subbundle of E. Then there exists a vector subbundle Ej of F such that Fy & Ey =~ F.

Proof. We choose an inner product on E (which exists by the previous Proposition) and
let E3- be the subspace of E which in each fibre consists of all the vectors orthogonal to
the corresponding fibre of Ej.

We now show that the map p| B Ey — B is a vector bundle.

The map is continuous and the fibres are vector spaces, thus it remains to show that
plgs is locally trivial.

Let by € B and U be a neighbourhood over which FE is trivial. Let m be the rank of
Ey and n the rank of Ei. For each b € U we choose a basis s;(b) of the fibre (Ejp)p.
Since FEj is locally trivial over U we can choose them in such a way that the map
si: B — Eg,b— s;(b) is continuous for ¢ = 1,...,m. Such a function is called a section
of Ey over U.

Using the Gram-Schmidt process we may assume that the s;(b) are a orthogonal basis of
(Eo)p for each b € U. We complement s1(b), ..., $,,(b) by vectors s,11(b), ..., Smin(b) in
(Ep)it to an basis of Fj, for each b € U. Again since E is locally trivial we may choose them
in such a way that the map s;: U — Ej}, b+ s;(b) is continuous for i = 1,...,m+n. Once
again using Gram-Schmidt we obtain continuous maps s; such that s;(b),. .., Spmin(b)
form an orthogonal basis of Ej for all b € U.

The maps s; induce a local trivialisation h: p~}(U) — U x R" of E by sending (b, s;(b))
to (b, e;) where e; is the i-th standard basis vector of R”. By construction h identifies Fy
with U x R™ and Fy with U x R"™™ and therefore h| gt defines a local trivialisation of
Bt

Since we have (Ey ® E )y = (Eo)y @ (Ey ), = Ep the obvious map Fy & Ej- — F is an
isomorphism on each fibre and thus an isomorphism of vector bundles by Lemma 2.11. [

Proposition 2.46 (Every bundle is a direct summand of a trivial bundle)
Let p: E — B be a vector bundle over a compact Hausdorff space. Then there exists a
vector bundle p’: B/ — B such that £ ® E' = " for some n € N.
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Proof. The idea is to show that the vector bundle E can be realized as a vector subbundle
of a trivial bundle €™ and then use the previous Proposition to obtain the vector bundle
E' with E@ E' = e,

For b € B let U, be an open neighbourhood and hy: p~*(U,) — U, x R™ a local
trivialization. By Urysohn’s lemma there is a map ¢,: B — [0, 1] that is non-zero at b
and has support contained in U,. The open sets {; *((0, 1]) }sep form and open cover of
B which by compactness of B has a finite subcover {p; ' ((0,1])}iz1...m-

Let m;: U; x R® — R" be the projection to the second component. We define maps

gi: E = R" v ¢;(p(v))m;h;(v).

If v ¢ p~1(U;) then h;(v) is not defined, but ;(p(v)) = 0, since p(v) ¢ U; and ¢; has
support in U;. Therefore we interpret o;(p(v))m;h;(v) as 0.
Every g; is linear and injective if restricted to a fibre B, for b € ; (0, 1]. We now define

g: E—=R" v (g1(v),...,gm(v)).
This is an injection on each fibre and we get a map
frE—= BxR" v (p(v),g(v)).

The image of f is a subbundle since for the i-th copy of R™ in R™™ one can use the
local trivializations h; to obtain a local trivialization of the image of f. The image of
f is isomorphic to E and thus F is isomorphic to a subbundle of the trivial bundle
B x R™™, [

At the beginning of Section 2.4 we have seen that every vector bundle can be constructed
using trivial vector bundles and gluing them together using transition functions. We now
impose more condition on the regularity of those transition functions.

Definition 2.47 (Orientation)
Let p: E — B be a real vector bundle. An orientation on E is a cocycle

{ggai Ua N Ug — SLn(R)}a,g

such that if we apply the clutching construction (Theorem 2.32) to the trivial bundles
over each U, we obtain F.
A vector bundle that admits an orientation is called orientable.

Remark 2.48

If the base is compact Hausdorff then every vector bundle admits an inner product. One
can ensure that the local trivialisations p~'(U,) — U, x R" are compatible with the
inner product on U, x R™. Thus every real vector bundle of rank n over a compact space
can be constructed from a O(n)-cocycle (see also [Kar09] IV.4.21).

Nevertheless there are real vector bundles which cannot be constructed from a SO(n)-
cocycle.

If we are in the case of spheres then Corollary 2.41 shows that every real vector bundle
over a sphere S* for k > 2 can be constructed from a SO(n)-cocycle and thus is orientable.
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Definition 2.49 (Spin-group)

For n > 3 we define Spin(n) to be the universal cover of SO(n). This is a covering
of degree two since the fundamental group of SO(n) is Z/2Z (see for example [HH13]
Proposition 13.10).

If n = 2 the special orthogonal group SO(2) is homeomorphic to S'. Thus the fundamental
group of SO(2) is Z and there is a unique covering of degree two of SO(2). We define
Spin(2) to be this covering.

We generalize Definition 2.47 to the case of Spin groups.

Definition 2.50 (Spinorial structure)
Let p: E — B be a real vector bundle. A spinorial structure (or short Spin(n) structure)
on F is a cocycle

{98a: Us NUs — Spin(n) } s

such that the corresponding cocycle
{98a: Ua N U — SO(n)}4 p obtained by using the covering map Spin(n) — SO(n) is an
orientation on F.

We next show that every real vector bundle over a sphere of dimension larger than 2 may
be equipped with a Spin(n)-structure.

Proposition 2.51
Every real vector bundle of rank n over a sphere S* for k > 3 can be equipped with a
Spin(n)-structure.

Proof. From Remark 2.48 we get that every real vector bundle of rank n over S* for
k > 2 can be constructed from a clutching function f: S*~* — SO(n). We now obtain
a Spin(n)-structure by choosing a preimage of the identity under the covering map
Spin(n) — SO(n) and lifting f to a map S*~! — Spin(n). This is possible since m; (S*~1)
is trivial for £ > 3. O
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3 Topological K-Theory

In this chapter we introduce topological K-theory. Most of this chapter is based on
[Hat03] and [Kar09]. We first define the K-group Kx(X) and the reduced K-group
[?K(X ) for compact spaces X and a field K € {R,C}. We also define the higher K-
groups Kg(X) for every n € Z. It turns out that these groups depend functorially on
the space and constitute a generalized cohomology theory. We will not focus on the
cohomological aspects but many results and definitions will be familiar if one knows
cohomology. B

The first section deals with the definition of Kx(X) and Kk (X) and some rather simple
calculations of K-groups. In the second section we will discuss Bott-periodicity which
says that the reduced K-groups are periodic with period 2 if we are in the complex case
and period 8 in the real case. After that we will also discuss several extra structures and
tools related to the K-groups such as the Adams operations, the Chern character and
the Thom isomorphism.

3.1 The functors K(X) and K(X)

Here we define the K-theory functor and the reduced K-theory functor. Furthermore we
show that the groups K(X) and K(X) can be equipped with a ring structure. We also
define the stable orthogonal group and its analogues and express their homotopy groups
conveniently in terms of the reduced K-theory of spheres. At the end we will introduce
the cofibre sequence and see that it induces an exact sequence in K-theory which will be
the starting point of the e-invariant in Chapter 4.

Definition 3.1 (Grothendieck group)

Let M be an abelian monoid. The Grothendieck group of M is the unique abelian
group G(M) together with a monoid homomorphism 0: M — G(M) which satisfies the
following universal property.

For every abelian group H and monoid homomorphism f: M — H there exists a unique
group homomorphism f: G(M) — H making the diagram

M — s a(M)

N

commute.

As usually when dealing with universal properties it is not clear whether such a universal
objects exists, but if there is one then it is unique up to unique isomorphism. We now
explicitly construct G(M) making the above definition valid.
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Construction 3.2

G(M) can be seen as adding inverses for every m € M. We achieve this by considering
the product M x M. An element (m,n) € M x M should be seen as m — n and we
embed M into M x M as the first component.

From this viewpoint the inverse of (m, 0) should be (0, m) and we should have the relation
(m,n) = (m’,n’) whenever m +n' =m’ +n.

G(M) will now be defined as the quotient space where we force this relation to be true.
Therefore we consider the equivalence relation

(m,n) ~(m',n') <= Jp € M such that m +n'+p=m'+n+p.

The element p is needed to ensure that this is always an equivalence relation on M x M.
G(M) is now defined as the quotient (M x M)/ ~.

We define 6: M — G(M) by setting d(m) = (m,0). This map will in general not be
injective. It is clear that G(M) is an abelian group where the inverse of (m,n) is (n,m).
Note that from this description we get that every element of G(M) can be written as
d(m) — §(n) for some m,n € M.

We now show that G(M) satisfies the universal property.

Let f: M — H be a monoid homomorphism. For (m,n) € G(M) we want to define
f (m n). Since f should be a group homomorphism it must satisfy the equations

f(m7n> = f~(m70> +f<07n)
= f(m70) - ]?(n,O)
= (fo8)(m) - (fod)(n).

But for the last terms we do not have a choice since the commutative diagram says that
fod = f. Therefore the only possible definition of f is f(m,n) = f(m) — f(n) € H for

(m,n) € G(M).

One can check that this gives a well defined group homomorphism G(M) — H which
makes the diagram commute. Thus G(M) is the Grothendieck group of M.

Example 3.3
1. G(N) =

2. G(Z\A0},-) = (@\ {0}, )

Remark 3.4

Let f: M — N be a monoid homomorphism. Using the universal property of G(M) for
the monoid homomorphism dy o f: M — G(N) we get a unique group homomorphism
f: G(M) — G(N). This induces a functor from the category of abelian monoids to the
category of abelian groups which is left adjoint to the forgetful functor G from abelian
groups to abelian monoids.
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Vectg (X) together with the Whitney sum is an abelian monoid (Proposition 2.22). The
K-group of X is the Grothendieck group of Vecty(X).

Definition 3.5 (K-theory)
Let X be a compact Hausdorff space. We define the K-theory of X to be the abelian

group
Ky (X) = G(Vectg (X), ®).

Elements of Kk (X) are called virtual bundles.
We omit the K when the statements are true for both R and C.

The following proposition gives a normal form of elements in K (X) and describes when
(F)=0(F) for E, F € Vect(X). Recall that €™ denotes the trivial bundle of rank n.

Proposition 3.6

Let X be compact Hausdorff. Then all elements of K (X) are of the form §(F) — 6(eP)
for some p € N and 0(E) — §(e?) = §(F) — 0(¢9) if and only if there exists n € N such
that E @ eP Qe = FPel P

In particular for F, F' € Vect(X) we have 0(E) = §(F) if and only if there exists n € N
such that E @ e" = F @ ™.

Proof. Every element in K(X) can be written as 6(E;) — §(E2) for Ey, Ey € Vect(X).
By Proposition 2.46 there exists a vector bundle F' such that Fy & F = €P for some p € N.
Now

S(Ey) — 8(Bs) = 8(Ey) — 8(Ey) — 8(F) + 6(F)
= §(Ey) + 6(F) — 6(e?)
= §(E) — §(<P)

where F is the vector bundle £ := E; @ F.
Furthermore we have 6(E) — §(eP) = §(F) — §(e?) if and only if there exists n € N such
that EQ el @e" = F PP pe™ O

Remark 3.7 (Functoriality of K)

Let Vect be the functor induced by X + Vect(X). Then K can be understood as the
composition G o Vect, hence is itself a contravariant functor.

Since Vect is homotopy invariant (see Corollary 2.30) we get that K is also homotopy
invariant.

Lets calculate our first K-groups.

Example 3.8

Since vector bundles over a point P are just vector spaces we have Vect(P) = N
and therefore K(P) = Z. The first isomorphism is given by mapping a vector space
to its dimension and the second isomorphism is then given by mapping V' — W to
dim (V') — dim(W).

By homotopy invariance we get K (X ) = Z whenever X is contractible.

In Corollary 2.39 we have seen that every complex vector bundle over S! is isomorphic
to a trivial bundle. The same argument as above shows that Kc(S') & Z.

30



Proposition 3.9 (K-theory of a direct sums)
Let X = X U---U X, be a compact Hausdorff that is the disjoint union of compact
Hausdorff spaces X;. Then we have

KX)2K(X)® & K(X,)
where the isomorphism is induced by the inclusions X; — X.

Proof. A vector bundle over X is determined by its restrictions to each X;. Conversely a
collection of vector bundles {p; };—1,., where p; is a vector bundle over X; determines a
vector bundle over X. In other words we have Vect(X) = Vect(X;) x --- x Vect(X,,).
Applying the Grothendieck group functor yields K (X) = K(X;) & --- & K(X,). ]

Remark 3.10 (Ring structure)

1. For By — Fi, Ey — F;, € K(X) we define
(By —F)(Ey—F) =E1QE,—E\@F,—E,Q Fy + F ® .

Proposition 2.23 shows that this gives an associative and commutative product on
K(X) with unit element §(¢'). Proposition 2.24 also shows that (K (X),®,®) is a
commutative ring with unit §(¢'). We will now write 1 := d(e)

2. Let f: X — Y be continuous. Then Proposition 2.23 (iv) shows that the induced
map f*: K(Y) — K(X) is a ring homomorphism.

We now define reduced K-theory.

Definition 3.11 (Reduced K-theory)

Let X be a pointed compact Hausdorff space with basepoint zy5. Then the inclusion
t: {zo} — X induces a homomorphism t*: K(X) — K({x¢}) = Z. We define the
reduced K-theory of X to be

K(X) = ker(c*).

Proposition 3.12
Let X be a non-empty compact Hausdorff space with basepoint xq. From the definition
of K(X) we immediately get a short exact sequence

*

0 — K(X) — K(X) ~“—Z > 0 .

This sequence splits and therefore gives an isomorphism K (X) = K(X) & Z which is
given by 6(E) — §(e") = (3(E) — 6(c4mE=0)) dim(E,,) — n).

Proof. The projection X — {xo} induces a map Z — K (X) which is a right split. The
map ¢ is given by 0(FE)—46(¢") — dim(FE,,) —n. It is clear that the map in the Proposition
is well defined and is an isomorphism. O
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Proposition 3.13 (Reduced K-theory of a wedge) N N N
Let A, B be compact Hausdorff pointed space. Then we have K(AV B) = K(A) & K(B).

Proof. By [Kar09] Theorem 11.2.42 we get an exact sequence
K(A) -2 K(Av B) —“— K(B)

where ¢ is the inclusion of B into AV B and j: AV B — A is the map that collapses B
to a point.

Let ¢;: AV B — B be the map that collapses A to a point. Then we have ¢; o7 = idp
and therefore idz ) = (g1 04)* =i* o ¢f. This means i* has a right inverse and thus is
surjective.

Analogously for the inclusion ¢g2: A — AV B of A the induced map ¢3 is a left inverse of
7% and therefore j* is injective.

Together this means we get a short exact sequence

0 —— K(A) —2» K(AVB) —“» K(B) —— 0 .
Since ¢j is a right split (and g; is a left split) the splitting lemma shows the proposition. [
The next proposition gives an alternative description of the reduced K-group.

Proposition 3.14
K(X) is the quotient of Vect(X) by the equivalence relation

E ~ F'if and only if there exists n,q € N such that £ ¢ " = F ¢ 9.
Such E and F' are also called stably isomorphic.

Proof. Consider the homomorphism ~ given by the composition
Vect(X) —— K(X) —2— K(X)

where p is the projection. Every element of K (X) can be written as 6(E) — 6(¢"™). Since
the class of " is zero in K (X) we have p(6(E) — 6(™)) = p(8(E)) — 0 = v(E). Because
p is surjective v is also surjective.

Let v(F) = «(F) this means (po §)(E — F) = 0 which is equivalent to

5(B) — 5(F) = 8(=") — 6(<7)

where n = dim(F,,) and ¢ = dim(F},) (see Proposition 3.12). By Proposition 3.6 there
exists a m € N such that E ®e? @™ = F @™ @ ™. This finishes the proof. O

Remark 3.15
Let (X, x0) and (Y, yo) be a compact Hausdorff pointed spaces and let f: X — Y be a
basepoint preserving map.

1. By mapping X to K (X) we get a contravariant functor from the category of
compact Hausdorff pointed spaces to the category of abelian groups.
Indeed we have the commutative diagram
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K(X) — K(X) =% K({zo})

A

R(Y) — K(V) =25 K({no})

and we want to define a homomorphism from K (Y) to K(X). We do a diagram
chase to show that the restriction of f*: K(Y) — K(X) to K(Y) has image in
K(X).

Let y € K(Y) C K(Y). Then by definition of K(Y) we get Ly (y) = 0 and thus
(e, (y)) = 0. By commutativity we have ¢ (f*(y)) = 0 and therefore

Y0

f*(y) € ker(s,) = K(X).

2. Since K is homotopy invariant we immediately get that K is also homotopy
invariant.

3. K(X) is the kernel of the ring homomorphism ¢ and thus an ideal in K(X). In
particular K (X) is closed under the multiplication induced by the tensor product.
Therefore K (X) is also a commutative ring. But since 1 ¢ ker(¢*) the ring K (X)
does not have a unit.

There is another interpretation of K (X) which will allow us to relate the reduced K-
groups of spheres with certain homotopy groups.

Recall that Vecty (X) is the set which consists of all isomorphism classes of vector bundles
of rank n.

The Whitney sum with ¢! gives a map Vectj(X) — Vecti'(X) and these assemble a
directed system. We define

Oy (X) = limy Vectg (X)

to be the direct limit of this system. The Whitney sum of vector bundles also induces
maps Vectj(X) x Vectg (X) — Vect" (X)), thus providing ®x(X) with an abelian
monoid structure. It turns out that ®x(X) is an abelian group that is isomorphic to

Kx(X).

Proposition 3.16
Let X be a compact Hausdorff pointed space. Then &g (X) is an abelian group which is
isomorphic to Kk (X).

Proof. We will prove this by defining a monoid morphism ®g(X) — Kx(X) and show
that it is bijective. B
Let E' € Vecty(X) be a representative of an element £ € ®x(X). Then §(£) —d(e") is

an element of Kx(X) which is independent of the choice of representative of E. We now
define

fi (X)) — Kx(X),E — 6(E) — 6(e)
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where E € Vect”(X) is a representative of E. Clearly this is a monoid homomorphism.
Every element of Kx(X) C Kx(X) can be written in the form §(E) — d(e™) (see Proposi-
tion 3.6). Thus f is surjective.

Let E, F € ®x(X) such that f(E) = f(F). This means if £ € Vect”(X) is a representa-
tive of E and F € Vect"(X) is a representative of F' we have §(E) — " = §(F) — ™ in
Ky (X) C Kx(X).

By Proposition 3.6 there exists p € N such that (E &™) @ e? & (F @ e™) © eP. But this
tells us that E, F define the same element in ®x(X), therefore E = F and thus f is
injective. O

To relate the above result to homotopy theory we need to define the infinite orthogonal
groups and two analogues.

Definition 3.17 (The groups O, SO, U)
We define the infinite orthogonal group O to be the direct limit

0= hgn O(n)

0

M

where the maps O(n) — O(n+1), M — are given by expanding a matrix

with a one on the last diagonal entry and by zero elsewhere.
Analogously we have maps SO(n) — SO(n + 1), U(n) — U(n+ 1) and define the infinite
special orthogonal group to be

SO = h%q SO(n)

and the infinite unitary group to be

U = lim U(n).

n

Lemma 3.18
In the cases of the groups above taking direct limit commutes with the homotopy functor.
This means we have

m1(0) = mi(lim O(n)) = liny 7, (O(n))

and the corresponding statements for SO and U.

Proof. We are going to define homomorphisms in both directions that are inverses of
each other.
Let g € m(O(n)) be a representative of an element in limg 7:(O(n)) and let g: S* — O(n)

n
be a representative map of g. Consider to the composition
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S¥ —— O(n) — lim O(n)

where the second map is the natural map into the direct limit. Its equivalence class in
Wk(@ O(n)) is independent of the choice of g and sending g to this element defines a

homomorphism 7, (O(n)) — Wk(hg O(n)).

This is compatible with the map 7,(O(n)) — 7, (O(n + 1)) and thus defines a homomor-
phism lim m(0(n)) — Wk(hgl O(n)).

Conversely let f: 5" — lim O(n) be an representative of an element in m(lim O(n)).

For every n the space O(n) is Hausdorff and closed in O(n + 1).

Since S" is compact and f is continuous the image of f is compact. Therefore Propo-
sition 1.4.5 from [TDO08] implies that the image of f is contained in O(n) for some n.
Thus f € m(O(n)) and we get a homomorphism Wk(hg O(n)) — lim m(O(n)) that is

obviously the inverse if the map defined above. O

Remark 3.19
Let k > 1. Then we have m;(O(n)) = m(SO(n)) for all n € N (see proof of Corollary 2.41)
and the Lemma above shows

() = m(lim O(n)) = me(limg SO(n)) = m(SO).

Corollary 3.20 B N
Let k > 1, then we have Kc(S*) = 7,1 (U) and Kg(S*) 2 m,_1(0). If k > 2 then we
additionally have Kg(S*) 2 m_1(SO).

Proof. We have
Kc(S") 2 ¢(8%) = lim Vecte(S*)
~ hin e (U(n)
= . (lig Ur)
)

The first isomorphism is due to Proposition 3.16. The second isomorphism uses Corol-
lary 2.38 and for the last isomorphism we use Lemma 3.18.

To prove the real case we use the following fact about direct limits. If {A;};¢; is a directed
system and J C [ is a subset with the property that for every i € I there is a 7 € J such
that ¢+ < j then hg A = hgl Aj. Such a subset J is called cofinal.

el jeJ
The subset of odd number]s in N is cofinal and thus we get
2j+1

lim Vectf (S*) = lim Vecty (SF).
n j
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The same argument also yields

liy O(n) 2 lig O(2j + 1).

n J

Further Corollary 2.41 gives us an isomorphism Vect? *' (%) 2 m,_,(0(2j + 1)).
Combining all those isomorphisms we get

g (S*) = lim Vectf(S*) = ling Vectz/ T (S%)
n = hgj m—1(0(25 + 1))
o @j o1 (0(n))
= 1ty O(n)
— i (0).

To obtain the last isomorphism we again used Lemma 3.18.
The last statement of the Corollary is now a direct consequence of Remark 3.19. O

Next we introduce the cofibre sequence of a map. This is a sequence of maps of spaces
which induces an exact sequence in K-theory. Besides being a generally useful tool to
calculate the K-theory of a space this is also the starting point of the definition of the
e-invariant we will define later (see Section 4.2).

To construct the cofibre sequence we need to define the reduced cone and the reduced
suspension. Those are analogues for pointed spaces of the cone of X and the suspension.
We will denote the cone of X by C'X and the suspension of X by SX.

Definition 3.21 (Reduced cone, reduced suspension)
Let (X, x0) be a pointed topological space. We define the reduced cone of X to be the
quotient space

C'X =CX/({xo} xI) =X x I/(X x{0}U{zo} x I).

As a basepoint we choose the equivalence class of (xg, 1).
Similarly we define the reduced suspension of X to be the quotient space

YX =5X/{xo} x ) =X xI/(X x{0}UX x {1} U{zo} x I).
As the basepoint we again choose the equivalence class of (xg, 1).
Since {zo} x I C CX is closed and contractible C’X is homotopy equivalent to C'X.

Similarly ¥ X and SX are homotopy equivalent.
The last ingredient for the cofibre sequence is the mapping cone.
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Definition 3.22 (Mapping cone)

Let X and Y be two spaces and f: X — Y be a map. We define the mapping cone of f
to be the quotient space of CX LY by the equivalence relation (z,1) ~ f(x) for z € X.
We will denoted it by CX Uy Y or Cf.

There is a analogue for pointed spaces using the reduced cone.

Let f: (X,2z9) = (Y, yo) be a map of pointed spaces. We define the reduced cone denoted
by C'X Uy Y or C} to be the quotient space of "X LI'Y by the equivalence relation
(x,1) ~ f(x) for z € X.

The basepoint of C is the equivalence class of (z, 1).

Construction 3.23
We get a sequence

X f

yY —— CX Uy Y
where i: Y — CX Uy Y is the inclusion. We can iterate the mapping cone construction

by now considering the mapping cone of ¢ obtaining the sequence

X f

~

Y — XU Y —15 OY U (CX U Y)
Taking this even one step further we get

f

xtsy sz tycvuz—ts czu(CYu2)

where we set Z = CX U; Y.

The space W = CY U; (CX U; Y) is homotopy equivalent to the suspension SX. To see
this first note that we have the cone C'X inside W. To obtain SX we need to collapse
the slice X x {1} in C'X which is glued together with Y. Since CY is contractible we
can collapse it to a point. This also collapsing Y and hence X x {1} to a point.
Similarly CZ U; (C'Y U; Z) is homotopy equivalent to SY. Identifying these spaces the
map k: CY U, Z — CZ U; (CY U; Z) corresponds to the map —Sf: SX — SY which is
defined by —Sf(x,s) = (f(z),1 — s) and we obtain the sequence

X f

v Y — OX U Y —L sx 2 gy

We call this sequence the cofibre sequence or Puppe sequence of f.
Essentially the same argument also gives a reduced version for which we use the reduced
cone and the reduced suspension to obtain the sequence

f . -/

x 2oy 2y oxuy ZLosx —Losy .

We call this the reduced cofibre sequence of reduced Puppe sequence.

The next proposition says the reduced cofibre sequence induces an exact sequence in
reduced K-theory. It is proven in [Kar(09] Theorem I1.3.29.
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Proposition 3.24
Let X,Y be pointed compact spaces and f: X — Y be a basepoint preserving map.
Then the reduced Puppe sequence of f induces an exact sequence
% (=3f)" =~ G @) N>
(XY) —> KXEX) —— K(('XU;Y) — K(Y) — K(X)
To later prove properties about the e-invariant we will record two diagrams related to
the reduced cofibre sequence of maps. They are proven in [Pup58] Section 2.

Lemma 3.25
Let X, Y bespacesand f,g: X — Y be homotopic. Then there is a homotopy equivalence
 making the diagram

~

x 1y s oxuy —“Lssxy —=howy

N !

X2y L, oxy,y s nx =y

2\

~
2\

commute up to homotopy.

Lemma 3.26
Let r € N. Then there exists a homotopy equivalence ¢ such that the diagram

oY —E L YN(CX Uy Y) — s SrHX

lid lso l(id)r

Y —L s O'(S7X) Ugry STY —L s SrHlX

is commutative up to homotopy.

Lemma 3.27

Let
x L,y
b
x Ly

be a commutative diagram in spaces. Then there is a map ¢ making the diagram

x -ty s oxuy s vxy =hosy

R

x Ly 4 oxupy s sx 2 vy

~

~

commute.
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3.2 Bott Periodicity

The goal of this section is to establish an isomorphism Ki(X) — Kx (X7 X) where r = 2
it K=Candr=8ift K=R.

We start with a computation of K¢(52).

Recall the canonical line bundle H over S? from Example 2.7 (d). In Example 2.36 we
have seen that H satisfies the equation H* @& =2 H® H. This means in K¢(S?) we have
the relation (H—1)? = 0 and therefore we have a well defined homomorphism

ZIH]/(H —1)* = Kc(5%).

The external tensor product for vector bundles from Definition 2.26 induces a homomor-
phism

Ke(X) ® Ke(S?) — Ke(X x S?).
We obtain a homomorphism
Ke(X)®Z[H]/(H —1)? — Kco(X x §2).
The fundamental product theorem says that this is an isomorphism.

Theorem 3.28 (Fundamental product theorem)
Let X be compact Hausdorff. Then the map

K((;(X) (%9 Z[H]/(H — 1)2 — K(C(X X S2)
defined above is a ring-isomorphism.

This theorem is proven in [Hat03] Section 2.1. The proof of this theorem takes a lot of
effort. In [Hat03] there is an entire section devoted to the proof. For the proof there
considers generalized clutching function that allows to clue two vector bundles over
X x D? together to vector bundle over X x S?. One then gradually reduces to simpler
clutching functions.

Corollary 3.29
If we take X to be a point the above Theorem shows that the map

Z[H]/(H —1)* = Kc(5?)
is a ring isomorphism. Choosing a basepoint in S? we get a group isomorphism
Kc(S?) =2 (H —1) < Z[H]/(H —1)*.

Thus as a group K¢(S2) is isomorphic to Z generated by H — 1. Since (H — 1) = 0 the
multiplication in K¢ (S?) is trivial.
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It can be shown (see [Hat03] Section 2.2) that the external tensor product
Ke(X) @ Ke(Y) = Ke(X x Y)

induces a map
Ke(X)® Ke(Y) = Ke(X AY)

where X AY = (X xY)/(X x{yo} U{zo} x Y) is the smash product of X and Y. We
call this the reduced external tensor product. Furthermore the external tensor product is
natural, i.e. if f: X — X' and f': Y — Y are basepoint preserving maps then we have
a commutative diagram

Ke(X) @ Ke(Y') —— Ke(X'AY)

|y Junry

Ke(X)® Ke(Y) —— Ke(X AY)
where the horizontal maps are the reduced external tensor product and
fAf XAY — X'AY' is the map induced by X XY — X' %Y’ (z,2") — (f(x), f(2)).

The fundamental product theorem generalizes to the reduced case, in the sense that the
map

Kc(X) @ Ke(S%) = Ke(X A S2)

is an isomorphism.
The smash product with a n-sphere S™ A X is the reduced n-th suspension X" X so we
obtain an isomorphism

Ke(X) @ Ke(5%) = Ke(32X).

The group [N(C(SQ) is isomorphic to Z generated by H —1. Therefore the multiplication
with H —1 induces an isomorphism

Re(x) U4 Bo(x) @ Ke(S?) .

Here multiplication means taking the reduced external tensor product. Using the
isomorphism above we obtain the following theorem.

Theorem 3.30 (Bott-periodicity - complex case)
Let X be a compact Hausdorff pointed space. Then multiplication with H — 1 induces a
ring isomorphism

B: Ke(X) = Ke(2X).
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Example 3.31 _

If X = S! the above theorem yields K¢ (S***1) =0 for n € N.

For X = 5% we get K¢(S?") & Z generated by the n-times multiplication of H — 1 with
itself.

Corollary 3.32
The reduced complex K-theory of spheres is given by

~ Z, n even
Kc(S™) = ’ :
c(5") {O, n odd }
In the real case we also have a natural external tensor product
Kr(X)® Kp(Y) = Ke(X AY).

Bott periodicity in the real case takes a similar form. A proof can be found in [Kar09]
Chapter III Section 3 and Section 4. As in the complex case the proof takes a lot of
effort. The proof in [Kar09] uses real Clifford algebras.

Theorem 3.33 (Bott-periodicity - real case)
Let X be a compact Hausdor{f pointed space. Then K(S®) = Z and multiplication with a
generator of K(S®) induces an isomorphism

Kr(X) — Kg(28X).

Remark 3.34 B
Choosing a basepoint in X and using Kx(X) = Kg(X) & Z (Proposition 3.12) one also
obtains the periodicity Kgr(X) = Kg(X®X) in the unreduced case.

Theorem 3.35 (Real K-theory of spheres)
The reduced real K-theory of spheres is given by

7, n = 0,4 mod 8
Kgr(S™) = (Z/2Z, n=1,2mod8
0, n=3,56,7mod 8

Proof. This is Theorem II1.5.19. in [Kar09]. Since the group K" ({*}) is isomorphic to
Kg™(S%) = Kg(S™). See below for the definition of the higher K-groups. O

Now that we have determined the K-theory of spheres we also know the homotopy groups

of U, 0, SO (see Corollary 3.20).

Corollary 3.36 (Homotopy groups of U, O, SO)
We have
Z dd
ma(U) 2 { e }
0, n even
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and

Z, n = 3,7 mod 8
7,(0) =2 { Z/2Z, n=0,1mod 8
0, n=2,4,56mod 8

If n > 1 then 7,(SO) = 7,(0).
Since SO(k) is path-connected for all k& we have my(SO) = 0.

Definition 3.37 (Higher K-groups)
Let X be a pointed compact space. For n € N we define the n-th reduced K-group of X
to be

K"(X) = Kg(3"X).

With this definition Bott Periodicity says that the K-groups are 2 respectively 8-periodic,
therefore we extend this definition to the positive degrees via the formula

Ky (X) = K2(X)

where r =2 if K=C and r =8 if K=R.
Furthermore we define the higher unreduced K-groups of X to be

Kp(X) = K2(X,)

where X is the space X with a disjoint basepoint ”+” attached. If n = 0 this is consistent
with the earlier definition since K2(X) = K2(X ;) = ker(Kg(X,) — Kg(+)) = K(X).
Lastly we define

K (X) = @ Kg(X)

nez
and
Ki(X) = @ Kp(X).
nez
Remark 3.38

1. We now have IN(]E”(X) = }N(H’é(X) for all n € N, where r is as above.

2. With this definition it can be shown that the functors {K"},cz (respectively
{K"},ez) constitute a generalized cohomology theory (respectively generalized
reduced cohomology theory).

3. One can use the external tensor product to equip Kj(X) with the structure of

a graded ring. This restricts to a graded ring structure on Kz (X) (see [Kar09]
Section IL.5).
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3.3 Adams Operations

For every k € Z the ring Ky (X ) admits ring homomorphisms ¢* called Adams operations.
We will show how to construct them and record further properties. These operations
provide a finer invariant of spaces. For example we will be able to distinguish the
K-groups of spheres of arbitrary dimension which is not possible with K (X) alone.

Theorem 3.39
Let X be a compact Hausdorff space. For every k € N there exists a homomorphism

wki K@(X) — K(C(X)
called Adams operation satisfying the following properties

(i) ¥° = 0, ¥ = id and ¥~ is induced by the conjugation of vector bundles (see
Ezample 2.20 (e))

(ii) VH (@ +y) = ¢ (2) + ¥ (y) for all 2,y € Kc(X)
(iii) V¥ (zy) = < YUk (y) for all x,y € Kc(X)
(iv) PH(E) =
(v) w’“(L) L¥ for every line bundle L
(vi) For every compact space Y and a map f: X =Y the following diagram commutes
Kc(Y) —— Ke(X)
g |
Kc(Y) —— Ke(X)
(vii) WM (x) = (¢* o ') (x) for all z € Kc(X)
Remark 3.40

1. For negative k € Z the term L* should be interpreted as L=*, where L is the
conjugate bundle from Example 2.20 (e). This is justified by (vii) and the fact that
1~ ! is induced by the conjugation.

2. Properties (ii)-(iv) may be rephrased as 1)* being a ring homomorphism of K¢ (X).
3. Property (vi) is also called naturality of y*.

4. From Property (vii) we also get that all Adams operations commute with each
other.

5. Let (X, zo) be a compact pointed space. By applying Property (vi) to the map
Kc(X) — Ke(xo), induced by the inclusion of o, we see that ¥ restricts to a ring
homomorphism *: Kc(X) — Kc(X).
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Note that since ¢! is predetermined by property (i) it suffices to define the operations
for k > 1 and we can use property (vii) to then determine 9* for all negative k. For
k > 1 the Adams operations will be given by so called Newton polynomial which can be
written down explicitly. To show that this definition satisfies the properties we will use a
technical but very useful result that allows us to reduce arguments to the case of direct
sums of line bundles. It is proven in [Kar09] Theorem IV.2.15.

Theorem 3.41 (Splitting Principle)

Let X be compact and let p: E — X be a complex vector bundle. Then there exists a
compact space F(E) and a map p: F(E) — X such that p*: K& (X) — KE(F(E)) is
injective and p*(E) splits as the direct sum of line bundles.

Proof of Theorem 3.39. Let n € N be a natural number. For j € {1,...,n} let
oi(X1, . Xn) =) Xy Xy,

1<k1<-<kj<n
be the j-th elementary symmetric polynomial. These polynomials satisfy

H (1+Xl):1—|—0'1(X1,,Xn)++O'n(X1,,Xn)
i=1

and
Uj<X1Y, NP 7XnY) = O'j(Xl, NN ,Xn)Y]

Consider the power series
M(E) =3 N(BE)t.
i=0

By Proposition 2.25 (iii) this is a finite series and by Proposition 2.25 (iv) we get
)\t(El EB EQ) — /\t(El)At(EQ)

for vector bundles E;, Es.
If L is a line bundle Proposition 2.25 (ii), (iv) yield

M(L) =1+ N(E)t=1+ Et.

Now let F:= L1 & --- @ L,, € Vectc(X) be a sum of line bundles L;. Putting all of the
above together we get

ST NEN = n(E) = [[ ML) = [[(+ L)
Y W (L)t A L))

— 14 i oA (L), . A (La))E.

Comparing the coefficients of the first and the last polynomial in this equation yields
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N(E)=0i(Ly,...,Ly,).

We need a last definition before we can define the Adams operations. For this we use
the fundamental theorem of symmetric polynomials that says that every symmetric

polynomial of degree k can uniquely be written as a polynomial in o4, ..., 0 (see [Lan12]
Theorem 6.1).

Let s; be this polynomial for the symmetric polynomial ¢ + .- + & i.e.
sp(o1(ty, oy tn)y ey ou(ty, oo tn)) =88+ + ER

The si are called Newton polynomials (not to be confused with the Newton polynomials
from interpolation theory).
For k € N and E € Vectc(X) we define

VR(E) = si,(AY(E), ..., \*(E)) € Vecte(X).
If ' is the sum of line bundles £ = L{ & --- & L,, we have
VHE) = si(A(E), ..., \(E))
= Sk(al(Lla e 7Ln)7 ce 7Uk(L17 e 7Ln))
=Li® - aLl
We now show that these ¥ satisfy the properties from the theorem.
(i) ¥° and ¢! are the correct maps by definition. Since s; = o1 we get ¥ = id.

(ii) For Ey, Fy € Vect(X) we can use the splitting principle to first pull back Fy & Fs
such that Fy splits as Ly - - - & L, and then do another pullback such that Fy splits
as L1®- - -®Ly,. Then wk(Ll@ ®L,®L®--®L,) = Lke---oLraolre- oLk
and thus we get Y*(E; @ Ey) = ¢Y*(E)) @ ¢*(E,). Therefore using the universal
property of the Grothendieck group we obtain an additive operation on K¢(X) by

setting YF(E — F) = Y*(E) — *(F).

(#1i) For the multiplicativity of 1% we again use the splitting principle to reduce to the

case where Ky = L1 @ -+ ® L, and Ey = L1 DD L . Then by Proposition 2.24
we have By @ By =) L; ® L Note that L; ® L is also a line bundle. Therefore

irj
by the equation for the sum of line bundles above we have

V(B ® By) = ¢ ZL-@E :Z<Li®ij>’“

= ¢k(E1)¢k(E2)-

(iv) This is a special case of (v).
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(v) This is a special case of the equation ¢¥*(L; @ -+ @® L,) = LY @ --- & L* we have
already seen above.

(vi) This follows directly from the naturality of the exterior power (see Proposition 2.25

(v))-

(vii) The splitting principle reduces this to the case of a direct sum of line bundles. From
the equation Y*(L; @ - - @ L,) = L¥ & --- @ LF, additivity and multiplicativity we
get the claim.

[]

Let us compute the Adams operations in the case of spheres. If the dimension is odd
then the Adams operations are zero since the reduced K-group is zero. If the dimension
is even then the reduced K-group is Z. As a ring homomorphism of Z the map ¥ is the
multiplication with an integer.

Proposition 3.42 (Adams operation on even dimensional spheres)
If X = 5?" then we have ¢*(z) = k"x for all x € K¢(X).

Proof. Let H be the canonical line bundle over S2. Then H — 1 is a generator of K¢(52)
and (H —1)? = 0. We get

YRH - 1) =y9*H) —¢*(1)=H —1=(1+(H-1)f~1=k(H - 1).

This means ¢* is multiplication by k.
By Bott periodicity K¢(S™) is generated by (H —1)* = (H —1)--- (H — 1) and thus "
is multiplication by ™. O

In the real case one might also define operations * for & > 1 on Kg(X) by setting
PR(E) = sp(A(E),...,\*(E)) for E € Vectg(X). Here we define 1~! := id and use
property (vii) from Theorem 3.39 to obtain Adams operations for all integers k € Z.
As in the complex case ¥* is additive and induces a homomorphism on Kg(X). These
operations also satisfy (i)-(vii) from Theorem 3.39, but since one does not have the
Splitting principle their proofs take a different form which can be found in [Kar09] IV.7.25
and IV.7.40.

Proposition 3.43 (Compatibility of real and complex Adams Operations)
Let X, Y be compact Hausdorff spaces. The real and complex Adams operations are
compatible which means we have commutative diagrams

Ke(Y) —— Kg(X) Ka(Y) — K¢(X)
% I % I
Ke(Y) —— Kg(X) Ka(Y) — K¢(X)

where r is the realification and ¢ the complexification. This also extends to the re-
duced case.
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Proposition 3.44
The composition

Kgr(X) —— K¢(X) —— Kg(X)
is multiplication by 2. This is also true in the reduced case.

Proof. This is a consequence of the fact that we have an isomorphism of R-vector spaces

VerCZVaV. ]

Remark 3.45 B

Let n = 0,4 mod 8. Then Kg(S™) = Z and the previous proposition implies that the
complexification ¢: Kg(S™) — Kc(S™) is injective.

One can further show that in the case ¢ = 0 mod 8 the image of ¢ is Z and in the case
q =4 mod 8 it is 2Z (see proof of Corollary 5.2 in [Ada62]).

For spheres where the real K-theory is Z we have the same formula for the real Adams
operations as in the complex case.

Proposition 3.46 B
Let n € N be even and X = 5?". Then we have *(z) = k"z for all x € Kg(X).

Proof. We have Kp(S2") = Z = Kp(S?") and therefore the complexification

Kr(52") — Kc(S?) is injective by Proposition 3.44. The Proposition now follows from
the compatibility of the real and the complex Adams operations (see Proposition 3.43)
using the formula for the complex Adams operations (see Proposition 3.42). ]

By Bott periodicity we have Kx (X7 X) 2 Kg(X) (r = 2if K = C and r = 8 if K = R), but
the Adams operations are not necessarily preserved under this isomorphism. Fortunately
they are still related. The next Proposition makes the relation precise by calculating the
Adams operations on Kk (X"X) in terms of the Adams operations on Kk (X). A proof
can be found in [Ada62] Corollary 5.3.

Proposition 3.47 (Adams operations and suspension)
Let X be a compact Hausdorff space, K € {R,C} and r =2if K=Corr=8if K=R.

Further let fx: I?K(X ) — I?K(ZTX ) be the isomorphism given by Bott periodicity.
Let iﬂk denote the Adams operations on Kx(X) and let ¥* denote the Adams operations
on Kg(X"X). For x € Kx(X) we have

VE(Br(x)) = k2" B (F (@),

Using this Proposition we can complete the calculation of the Adams operations on
spheres of even dimension.
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Proposition 3.48 N
Let n = 2 mod 8. The Adams operation * on Kg(S™) = Z/2Z is given by

W = x, kodd '
0, k even
Proof. We first calculate the Adams operations on S2.

We have Kg(S?) 2 71(SO) 2 Z/27 and a generator is given by the clement

cos(f) —sin(d) 0

sin(f) cos(f) 0
Sl_>SO79'_>A9:: 0 O 1

The matrix Ay is the image of cos(f) + i sin(d) under the map U — SO which is induced
by U(n) — SO(2n). Therefore the complexification

¢ Kr(S?) = 1 (S0) = m(U) = K¢(S?)

is surjective. B

Now let z € Kg(S?) and let 2/ € Kc(S?) be a preimage of x under ¢. Using the
compatibility of the real and complex Adams operations (see Proposition 3.43) and
our previous calculation of the Adams operations on complex K-theory of spheres (see
Proposition 3.42) we obtain g (z) = g (c(z')) = c(YE(2")) = c(ka’) = kx. Since this is

an equation in Z/2Z we have
P = x, kodd
B 0, k even
for all z € Kp(S?).

The general case now follows from Proposition 3.47 since k* = k mod 2. O]

In preparation for the next section we record the following technical result. A proof can
be found in [Ada62] Theorem 5.1.

Proposition 3.49
Let K=R,C. For z € Kg(X) and m € Z the value of ¥*(z) in Kg(X)/mKg(X) only
depends on the residue class of £k modulo m® for some e € N.
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3.4 The category o/

By definition the functor Ky takes values in the category of abelian groups. It turns out
that this invariant is to ‘coarse’ for our purposes. B

For example for every sphere of even dimension the Kc¢-group is Z. It is therefore not
possible to distinguish them by just knowing the reduced K-group.

The idea is to additionally consider the Adams operations. We then can distinguish
even dimensional spheres since the corresponding Adams operations on Z depend on the
dimension of the sphere by Proposition 3.42.

The purpose of this section is to follow Adams approach in [Ada66] Section 6 and intro-
duce a suitable category <7 where the pairs (I?K(X), {4*}1ez) live in as objects. As it
turns out the category &7 is abelian which is crucial, since we later want to study short
exact sequences in this category.

We start by defining the category 7. The category actually depends on K = R, C but
we omit the K in the notation.

Definition 3.50 (The category <)

We define the category .7 to be the category with objects (M, {¢*}icz), where M is a
finitely generated abelian group and *: M — M is an endomorphism of &/ for every
k € Z. We also require that the endomorphisms ¥ satisfy the following axioms

(i) ¥° = 0,0 =id (and ¢! = id if K = R)
(i) ¥ opt = Yl o p* = M for all k,l € Z

(iii) For every z € M and ¢ € Z the value of ¢*(x) in M/qM only depends on the
residue class of k modulo ¢° for some e = e(z, q).

The morphisms between in (M, {¢¥ }rez), (N, {t% }rez) € & are group homomorphisms
0: M — N commuting with the operations *. This means we have the following
commutative diagram

M —23 N

ot | I

M —*+ N
for every k € Z.

Remark 3.51

The functor Kx takes values in /. As operations we take the Adams operations 1.
The axioms are satisfied due to Theorem 3.39 and Proposition 3.49.

Bott periodicity induces an isomorphism of groups Ky (X) = Kg(X"X), where r = 2

if K=C and r = 8 if K = R. The Adams operations on Kg(X7X) are k2" times the

Adams operations on Kg(X) (see Proposition 3.47).
Motivated by this we define an endofunctor 7' on 7, which maps an object (M, ¢*) € o
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to (M, k‘%’”wk). The operations k%”wk satisfy the axiom so this is indeed an object in .o7.
For amap f: M — N € Hom(M, N) we define T'f := f. This map obviously commutes
with k27,

If we view Kk (X) as an object in 7 the functor T" gives an isomorphism

Kx(S7X) 2 TKg(X)

in .o/ realizing Bott Periodicity. B B

If we use the original definition of the groups Kk (X"X) and Kk (X), then for every map
of spaces f: X — Y we have T'f* = (X7 f)*.

Furthermore we have KxX" = TKx as functors from the category of compact Hausdorff
pointed spaces to o7

Proposition 3.52
The category o7 is abelian.

We will not prove the Proposition (it is proven in [Ada66] Proposition 6.5.) but instead
illustrate what quotients, images and kernels look like in o7

The idea is to use the forgetful functor from .o to abelian groups that forgets the
operations. We can then first take the corresponding object in the category of abelian
groups and then figure out what the operations should be.

We start with quotients.

Let (M,4*) be an object in /. A subobject is a subgroup N that is closed under the
operations 1*. The operations on N are the restrictions of ¥* to N.

Now we want to define operations on the quotients M/N. Let x + N € M/N be an
equivalence class. Then we have ¢*(x + N) = o*(z) + ¢*(N) C ¥*(x) + N. Therefore
the value of ¥*(x + N) modulo N does not depend on the choice of representative and
we get well defined operations on the quotient M/N.

Let (M, %) and (N, %) be objects in & and let ¢: (M, %,) — (N, %) be a morphism.
The image im(¢) of the group homomorphism ¢ is closed under %, since if z = ¢(y) € N
is in the image of ¢ then ¥%(z) = ¥§(o(y)) = o(¥%(y)) € im(p). Therefore the
operations restrict to operations on im(¢p).

This is indeed the image of ¢ in the category <.

Similarly the kernel ker(¢) is closed under %, since ¢(z) = 0 implies

el (@) = i (p(x)) = ¥} (0) = 0.

Remark 3.53
From the above description of kernel and images and the fact that 7" is the identity on
the underlying groups we get that the functor 7" is exact. That means if

0 > N > B > M > 0
is a short exact sequence in .o/ then the sequence

0 > TN s TH s TM —— 0

is also exact.
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To finish this section we show how to add short exact sequences. We introduce the
abelian group Ext"(A, B) for objects A, B € o/. The notation is justified by the fact
that if &7 has enough projectives or enough injectives then this definition coincides with
the definition of the Ext-groups as the right derivative of the covariant Hom-functor.
Proofs can be found for example in [Wei94].

Definition 3.54
Let o7 be an abelian category, n > 0 and A, B be objects in «7. Exact sequences of the
form

0 y B > X, > X > A

)

2\

are called n-extensions.
We call two such extensions isomorphic if there are homomorphisms ¢;, ¢ =0,...,n+ 1
such that we have the commutative diagram

0 > B > X, > o > X4 > A > 0
Ln+1idl lbn lLl lm:id
0 > B > X, o > X1 > A > 0

We define Ext™(A, B) to be the set of isomorphism classes of n-extensions of </ by B
and Ext’(A, B) := Hom(A, B).

Let f: A’ = A be a morphism in /. For n > 0 consider the diagram

A
|1
» A

0 » B > X,

2\
~
—_

Let E be the pullback of the diagram X, s A« A" . Then the universal

property of E gives a map from X5 to E (the map from X5 to A’ is just the zero map).
One checks that the sequence

0 > B > X, > Xo s F s A

o

is exact and thus an element of Ext"(A, B).
There is the dual case. Let g: B — B’ be a morphism in .« and let E be the pushout of

the diagram B’ <—— B > X, .
Then

0 > B

2\
2\

anl

2\
2\

Ja
~
~
=}
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is an element of Ext"(A, B).

The above means that Ext"(—, —) is contravariant in the first component and covariantly
in the second component.
Since Ext’(—, —) is just Hom(—, —) we can also interpret the first case as a pairing

Ext"(A, B) x Ext’(A4’, A) — Ext"(A’, B)
and the second case as a pairing

Ext’(B, B') x Ext"(A, B) — Ext"(A, B').
Next we introduce the group structure on Ext"(A, B).

Construction 3.55 (Baer sum)
Let

B

BN
2\
e}

~

2\

2\
N

§=0 Xn > X1

&=0 > B > X/ > X1 > A

2\
o

be two n-extensions. We first take their direct sum & & &, to be

0 —— B®B — X, X, > X1 X — ApA—— 0.

This is a n-extension of A® A by B&® B.
To again obtain a n-extension of A by B we use the diagonal map

A:A— AxAa— (a,a)
and the addition map
V:Bx B — B,(b,by) — by + by
to define
G+&E=V(EaaH)A
using the pairing from above. The n-extension &; + & is called Baer sum of & and &.

The Baer sum turns Ext"(A, B) into an abelian group. If the category </ has enough
projectives or enough injectives then we obtain the same group structure when using the
definition as a left derivative of the Hom-functor (see [Wei94] Section 3.4).

The next proposition is a result which turns a short exact sequence in &7 into an exact
sequence of the corresponding Ext-groups. If one uses the definition of Ext as a left
derivative then this is a part of the usual long exact sequence. One can formulate the
proof in terms of extensions and see that it still works in the general case.

Proposition 3.56

Let Ac Aandlet 0 s B’ > B > B > 0 be a short exact sequence
in /. Then the following sequence of Ext-groups

Ext'(A, B') —— Ext'(A, B) —— Ext'(A, B")

18 exact.
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3.5 Chern character

The next tool from K-theory, we will need, is the Chern character. It relates the K-theory
of a space X to the singular cohomology of X. The definition of the Chern character
makes use of the Chern classes.

As for the Adams operations we define the Chern classes by imposing axioms which
uniquely determine the desired object. A proof of the theorem can be found in [Hat03]
Theorem 3.2.

Theorem 3.57 (Chern classes)

Let X be a compact space and E a complex vector bundle over X. For every i € N
there exist unique classes ¢;(E) € H*(X;Z) called Chern classes satisfying the following
properties

(i) For every map f:Y — X we have ¢;(f*(E)) = f*(c;(E)).
(it) co(E1®Es) = Y. ci(Ey) — ¢j(Es), where — denotes the cup-product in H*(X; Z)

i+j=n
(i1i) ¢;(E) =0 for i > dim(F)

(iv) Let E — CP> be the canonical line bundle. Then ¢, (E) is a fived generator of
H2(CP>®. 7).

Remark 3.58
1. (i) is called naturality and (iv) normalization

2. (i) might also be formulated in terms of the so called total Chern class
c=14c+--€ H(X;Z) as c(E1 ® Ey) = c(Ey) — c(E2).

Recall the Newton polynomial s from the proof of the existence of the Adams operations
(see Theorem 3.39). We will use the polynomials s, to define the Chern character.

Definition 3.59 (Chern character)
Let X be a compact space and £ — X a complex vector bundle over X. We define

sk(E) = sg(c1, .., ¢n)

for k > 0 and sq is defined to be the rank of E.
We define the Chern character of E to be

h(E) = ki_'jo Loy(E) € HY)(X;Q) = é H%(X; Q).

This is actually a finite sum because of axiom (7) in Theorem 3.57. Note that since
the Chern classes are elements of cohomology groups of even degree the Chern character
only takes value in even degrees.

The next Proposition shows that ch is a homomorphism. A proof can be found in [Hat03]
Proposition 4.2.

23



Proposition 3.60 (Properties of the Chern character)
Let X be a compact Hausdorff space and F;, E5 be complex vector bundles over X.
Then we have

Ch(El D EQ) = Ch<E1> + Ch(EQ),
ch(E; ® Ey) = ch(E)) — ch(Es).

For line bundles L we have ch(L) = e“(5).

Remark 3.61 (Chern character — K-theory version)

By the previous proposition we obtain a ring homomorphism ch: K¢(X) — H*"(X; Q).
We also call this map the Chern character.

The reduced groups K¢(X) and H**"(X; Q) are the kernel of the respective restriction to
a point. Thus by the naturality of the Chern classes we get an induces ring homomorphism

ch: Ko(X) — HY(X; Q).

In the special case of spheres we get that the Chern character is injective. A proof can
be found in [Hat03] Proposition 4.3.

ProEosition 3.62 B _
ch: K¢(S?") — He®(S*"; Q) is injective and its image is H*"(S*";Z) C H*"(5**; Q).

Remark 3.63 B
Let £ be a generator of K¢(S?"). Then the preceding Proposition implies that ch() is a
generator of H*"(S*";7Z).

We define an algebra homomorphism Pk H ven(X; Q) — H ven(X: Q) by setting
Y (x) = k"x for v € H*(X; Q).

Proposition 3.64 (Chern character and Adams operations)
We have

ch(¢*(x)) = o (x)
for all 2 € K¢(X).

Definition 3.65 (Real Chern character)
We define the real Chern character chg: Kr(X) — H*(X;Q) to be the composition

Kp(X) — Ke(X) —5 H*(X;Q)

where ¢: Kp(X) — Kc(X) is the complexification.

Remark 3.66 B B

For even n the complexification ¢: Kg(S?") — K¢(S5?") is injective (see Remark 3.45).
Combining this with Proposition 3.62 we get that the real Chern character

chg: Kg(S*") — H?"(S?";Z) is injective for n even. Furthermore Proposition 3.64
generalizes to the real case.
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3.6 Thom isomorphism

In this section we will introduce the Thom space T'(E) of a vector bundle p: E — X.
Multiplication with a certain element Uy € Kx(T(E)), called the Thom class, gives an
isomorphism from Kx(X) to Kx(T(E)). We omit the proofs and redirect the interested
reader to [Kar09] Section IV.1 and IV.5.

Definition 3.67 (Thom space)

Let X be compact Hausdorff and p: £ — X be a vector bundle over X. By Proposi-
tion 2.44 and Proposition 2.43 we have a unique inner product on E and therefore a
norm on each fibre. Let D(F) be all the vectors of length less or equal 1 of each fibre
and similarly let S(E) be all the vectors of length 1 of each fibre.

We define the Thom space of F to be

T(E) = D(E)/S(E).
D(E) is called the unit disk bundle of E and S(E) is called the sphere bundle of E.

Remark 3.68
One might view T'(E) as the one-point compactification of E.

Let f: E— X be a map of compact Hausdorff spaces, then Kx(F) is a Kk(X)-module.
The module structure is defined as follows. Let G € Kx(X) and F' € Kg(F). We first
pullback G along f and then use the ring structure in Kx(FE) to multiply F' with f*(QG)
obtaining an element in Kk (F).

We want to apply this to the case where p: £ — X is a vector bundle. But we cannot
apply this directly since if the rank of E is not zero then E contains several copies of R
and thus is not compact.

To resolve this issue we use a generalization of the theory we did for compact space.
Namely we want to also allow locally compact spaces (see [Kar09] for a detailed treatment).
A space is called locally compact if every point has a compact neighbourhood.

Let Z be locally compact, Z~ be its one-point compactification and let oo be the new
point. We define Kg(Z) := Kg(Z) where we view Z as a pointed space with basepoint
00.

If Z is compact then Z is just Z with the disjoint point co therefore this definition agrees
with the definition for compact spaces.

The module structure explained above generalizes to the case of locally compact spaces. If
we now apply this to a vector bundle p: £ — X then we get that K(E) is a K (X )-module.
Since the Thom space is the one-point compactification of E we get that Kx(T(E)) is a
K(X)-module.

Theorem 3.69 (Thom isomorphism - complex case)
Let X be compact and p: E — X be a complex vector bundle over X. Then Kc(T(E)) is

a one-dimensional K¢(X)-module generated by the so called Thom class Uy € Kc(T(E)).
Reformulated this means that multiplication with the Thom class induces an isomorphism

or: Ke(X) = Ke(T(E)),z — x - Ug.
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Remark 3.70 (Property of the Thom class)
The Thom class Ug has the property that its restriction to a fibre of E' is a generator.

Concretely this means for every point x € X the image of the Thom class under the map
Kc(T(E)) — Kc(S™) induced by the inclusion E, = S™ — E of the fibre is a generator

of K(C(Sn)

The corresponding statements of Theorem 3.69 are also true (but harder to prove) in
the real case if we require the vector bundle to carry a Spin(n)-structure where n is a
multiple of 8.

Theorem 3.71 (Thom isomorphism - real case)
Let X be compact and p: E— X be a real vector bundle over X with a Spin(n) structure

where n is divisible by 8. As in the complex case there exists a Thom class Ug € Kp(T(E))

such that Kg(T(E)) is a one-dimensional Kg(X)-module generated by Ug.
The Thom class also has the corresponding property from the remark.
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4 The image of the J-homomorphism

In the first section we introduce the stable homotopy groups of spheres and the
J-homomorphism. The rest of this chapter deals with the proof of following main
theorem.

Theorem
Let r = 0,1 mod 8 and r > 1. Then the J-homomorphism J: 7.(SO) — 7% is injective
and its image is a direct summand in w which is isomorphic to Z/27.

We will follow the approach by Adams from the paper [Ada66]. The paper also deals
with the other cases mentioned in the introduction but we will only treat the results
needed for the case r = 0,1 mod 8. We also give arguments in greater detail and fill in
pieces left out by Adams.

We start the preparation of the proof of the above theorem in Section 4.2 by defining
for maps f: X — Y invariants d(f) and e(f). We will show some properties of these
invariants and see how to obtain their ‘stable’ version. In Section 4.3 we will see that
in the special case of spheres of suitable dimension the e-invariant possess a description
using the Chen character. This will enable us to do calculations and proof the main
theorem in the last section.

4.1 The stable homotopy groups of spheres and the
J-homomorphism

This section introduces the stable homotopy groups of spheres and the J-homomorphism.

Definition 4.1 (Stable homotopy groups)
Let X be a pointed topological space and r > 0. The reduced suspension ¥ induces a
sequence

(X)) —== T (BX) —2 man(32X) —=— .
We define the r-th stable homotopy groups to be the limit of this sequence
m(X) = lim Trn (27 X).
For X = S we get the stable homotopy group of spheres
e = hg T (S™).

7, is also called r-stem.
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The next theorem will lead to an alternative definition of the stable homotopy group. A
space X is called n-connected if m;(X) = 0 for all i < n.

Theorem 4.2 (Freudenthal suspension theorem)
Let n € N and let X be a n-connected pointed CW complex. Then the map

T (X) = 1 (BX)
induced by the reduced suspension is an isomorphism for all r < 2n.

Remark 4.3

Let X be a n-connected C'W-complex. For r < n the Freudenthal suspension theorem
implies that ¥X is (n + 1)-connected. Since the suspension ¥Y of any C'W-complex Y
is path-connected, i.e. 0-connected we get by induction that X"*1Y" is n-connected.

If n is large enough then r +n < 2(n — 1) and we can apply the Freudenthal suspension
theorem to the (n — 1)-connected space ¥"X and get 7,4, (X"X) & 7 (X"T1X).
Therefore we get that the sequence from the definition of the stable homotopy group
stabilises for large n which means that all later maps are isomorphisms. So we have

TH(X) & T (X7 X)
for large enough n.

Construction 4.4 (J-homomorphism)

The J-homomorphism is a map 7,.(SO) — 7. Recall from Corollary 3.36 that for
r =2,4,5,6 mod 8 the homotopy group m,.(SO) is zero so the J-homomorphism is not
very interesting in these cases.

The strategy to defining the J-homomorphism is to first define a homomorphism
7-(SO(n)) — 7,4, (S™) for every natural number n and then show that they induce a
homomorphism between the direct limits on both sides.

Let H(n) denote the homotopy equivalences from S™ to S™ that preserve the basepoint
which we call co. We further define the n-th loopspace 2" X of a pointed space X to be
the set of all continuous base-preserving maps S™ — X. H(n) is naturally a subspace of
Qrsm.

We view S™ as the one-point-compactification of R"™ where the new point is co. Every
element of SO(n) may now be seen as a homeomorphism of S™ fixing co. Thus there is a
natural map SO(n) — H(n) and consequently a map SO(n) — Q"S™.

Applying the r-th homotopy functor we get a map ,(SO(n)) — m,.(2"S™). The reduced
suspension functor is left adjoint to the loop space functor  (see [Hat02] Section 4.3), so
we get an isomorphism 7, (Q2"S™) = 7,4, (S™) and therefore the maps from above induce
maps

7-(SO(n)) = 710 (S™).
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These maps fit into the commutative diagram

T (SO(n)) —L— Tpin(S™)

| &

7Tr(so(n + 1)) L) 7Tr+n+1(sn+1)

where the map on the left is induced by the inclusion

SO(n) — SO(n + 1), M +

Using the Lemma below and lim m-(SO(n)) = 7,.(SO) (see Lemma 3.18) we obtain the
stable J-homomorphism J: 7,.(SO) — 2.

Lemma 4.5

Let {X;}ien, {Yi}ien be groups and ¢;: X; — X1 and ¢;: Y; — Y;1 be group homo-
morphisms for all ¢+ € N. Let further f;: X; — Y; be a group homomorphism for all ¢ € I
such that the diagram

X — Xit1

lfl lfH»l

Y, —2 Yin
commutes.

Then the maps {f;}icr induce a ’stable’ homomorphism f: hg X; — hﬂ Y;.

Proof. Let f, X, — lgrl Y; be the composition of f; with the natural map Y; — 1‘13 Y;.

Using the diagram from the assumption we get that the diagram

X “ > Xit1
7. /fi-ﬂ
lim Y;
7

commutes. Using the universal property of the direct limit we obtain the desired
homomorphism f: hﬂ X; — hgl Y. O

There is also a more explicit description of the J-homomorphism. For this we introduce
the join and the Hopf construction.
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Definition 4.6 (Join)

Let X, Y be topological spaces. The join X xY is the quotient space of X xY x I by the
equivalence relation (x,y;,0) ~ (z,y2,0) and (z1,y,1) ~ (x9,y,1) for all z,z1,29 € X
and y,y1,y2 €Y.

Remark 4.7

(a) In short the join is obtained from X x Y x I by identifying the slice X x Y x {0}
to X and the slice X x Y x {1} to Y.

(b) The join of X with a single point is isomorphic to the cone C'X of X.

(c) The join of X with the O-sphere S° is homeomorphic to the reduced suspension
X of X.

(d) The join of two spheres is again a sphere. Concretely S™ x S™ = Sntm+l,

Definition 4.8 (Hopf construction)
Let f: X XY — Z be a map of spaces. The Hopf construction of f is the map

He: X xY = X7, (,y,t) — (f(x,y),1).

Remark 4.9 (J-homomorphism via the Hopf construction)

Let ¢ € m.(SO(n)). Since we view elements in SO(n) as maps S™ — S™ the map ¢
corresponds to a map f: S” x S™ — S™ by currying.

Explicitly we have f(z,y) = ¢(z)y € S™ where on the right ¢(z)y means matrix vector
multiplication. Applying the Hopf construction to f we precisely get J¢.

4.2 The invariants d and e

In this section we introduce the invariants d and e and prove some useful properties
about them. The theory developed in this section works for general half exact functors
k: CWe — A, where CWZT s the category of finite C'W-complexes and o7 is any abelian
category. Here half exact means that for every finite C'W-complex W and subcomplex
V C W the sequence k(W/V) —— k(W) —— k(V) is an exact sequence in 7.
But we only formulate it for the case of the reduced K-theory functor. The abelian
category we will use is the category <7 defined in Section 3.4. To simplify the notation K
means either Kr or K¢. Unless stated otherwise space means finite pointed CW-complex.
We begin with the definition of the d-invariant.

Definition 4.10 (d-invariant - unstable version)
Let f: X = Y be a map of spaces. We define the d-invariant to be

d(f) = f* € Hom(K(Y), K(X)).
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From the definition we immediately get that the d-invariant is homotopy invariant and

d(fg) = d(g)d(f)-

We apply the reduced K-theory functor to the reduced cofibre sequence of f (see
Construction 3.23)

Xty s oxuy s ux Loy
and obtain the sequence

af)

ExY) L0 Box) L5 ROX U Y) —2 K(Y) R(X)

which is exact by Proposition 3.24.
If we now assume that d(f) = 0 and d(Xf) = 0, then we obtain the short exact sequence

0 —— K(2X) —L 5 K(C'X U, V) —“ K(Y) —— 0 .
This short exact sequence is the e-invariant.

Definition 4.11 (e-invariant - unstable version)
Let f: X — Y be a map of spaces such that d(f) = 0 and d(Xf) = 0. We define
e(f) € Ext'(K(Y), K(XX)) to be the short exact sequence

0 —— K(2X) L5 K(C'X Uy V) —“ K(Y) —— 0 .
We say the e-invariant is defined if d(f) =0 and d(Sf) =0

Lets show some elementary properties of these invariants. We start by showing that both
invariants only depend on the homotopy class of f.

Proposition 4.12
Let f,g: X — Y be a homotopic maps of spaces. Then we have

(i) d(f) = d(g)
(ii) Let further e(f) be defined. Then e(g) is also defined and e(f) = e(g).

Proof. (i) is a direct consequence of the homotopy invariance of K.
For (ii) we apply the homotopy invariant functor K to the diagram from Lemma 3.25
and obtain the commutative diagram

EEy) &% Bex) Y5 Rexu,v) 25 Riy) -2 B(X)

b b o

Exy) & Rex) L ROX U, Y) —2 K(Y) L2 R(X)
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Since e(f) is defined f* and (Xf)* are zero. By commutativity we get that ¢g* and
(Xg)* are also zero and therefore e(g) is defined. The five lemma implies that ¢* is an
isomorphism, so e(f) = e(g). O

Justified by this Proposition we view the d-invariant as a map

(X, Y], — Hom(K(Y), K(X))

where [ X, Y], denotes homotopy classes of pointed maps from X to Y. Similarly we view
the e invariant as a map

[X,Y], = Ext'(K(Y), K(2X)).
For the next proposition we need a lemma that allows us to detect pullbacks and pushout.

Lemma 4.13 (Detecting pullbacks/pushouts)
Suppose we have a diagram in the category of groups

!

B —Y s M " A > 0
I A
B

L s M — 5 A y 0

0 >

~

0 >

where the rows are exact. Then M’ is the pullback of the diagram M —Z— A «+2— A’
if and only if f is an isomorphism.

/

Dually M is the pushout of the diagram B < T g M ifand only if ¢g is an
isomorphism.

Proof. We will only show the first statement, since the second follows by duality from
the first.

The pullback of M —"— A «2— A" is M x4 A" = {(m,d’) € Mx A" | mo(m) = g(d')}
and the map to M respectively A’ is the projection onto the first respectively second

coordinate. The universal property of the pullback yields a unique homomorphism
¢: B— M x4 A.

Concretely we have ¢: B — M x4 A',b— (¢(b),0).
We now show that

O o Mxq A T A

e}
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is a short exact sequence.

o 1s surjective:

Let o’ € A’. Since 7 is surjective there exists an element m € M such that 7(m) = g(a').
Now (m,a’) € M x4 A" and ma((m,d’)) = d’.

¢ is injective:

Let (¢(b),0) = ¢(b) = (0,0). Then ¢(b) = 0 which means b is zero since ¢ is injective.

ker(my) = im(¢):

Elements in ker(my) are precisely the elements (m,0) € M x 4 A’. Since this is an element
in M x4 A" we have w(m) = ¢g(0) = 0. This means m € ker(r) = im(¢). Consequently
ker(ms) consists of all elements (m,0) € M x4 A" such that m € im(:). But these are
exactly the elements in im(¢).

Similar to before the universal property of the pullback yields a unique homomorphism
Q- M — M x A A

We now have the diagram

0 s B’ Y M T A » 0
b
0 s B —" s Mx, A —™5 A > 0

where the rows are exact.

To prove the Lemma we now show that f is an isomorphism if and only if ¢ is an
isomorphism.

If f is an isomorphism then the 5-Lemma directly shows that ¢ is also an isomorphism.
Now assume ¢ is an isomorphism.

f is injective:

Let v/ € B" with f(0') = 0. We have 0 = ®(f(V')) = ¢(/(V')). But since both ¢ and ¢ are
injective ' must be zero.

f is surjective:

Let b € B. The surjectivity of ¢ yields an element m’ € M’ such that p(m’) = ¢(b).
Then we have 7'(m') = m2(¢(b)) = 0. This means there exists an element b’ € B’ such
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that /(') = m’. Now we have ¢(b) = p(m') = (/' (b)) = ¢(f(V')). Since ¢ is injective
we get b= f(V). O

The next proposition describes the behaviour of the invariants under composition. The
multiplications on the right hand side are the pairing defined in Section 3.4.

Proposition 4.14 (d, e and composition)
Let f: X =Y and g: Y — Z be maps of spaces. Then we have

(i) d(gf) = d(f)d(g)
(ii) Let further e(f) be defined. Then e(gf) is defined and e(gf) = e(f)d(g).
(iii) Let further e(g) be defined. Then e(gf) is defined and e(gf) = d(Sf)e(g).
Proof. (i) is the functoriality of K
For (ii) we apply K to the diagram obtained from applying Lemma 3.27 to

x 1,y

b

x4,z

We end up with the commutative diagram

K22 Bex) Y Reox u, 2) - Bz) Y25 Rx)

l(Eg)* lid leo* lg* lid
Exy) & Rex) L ROX U Y) —5s K(Y) L K(X)

The top row belongs to e(gf) and the bottom row to e(f). By commutativity we see
that if e( fl is defined then e(gf) is also defined.

Since id: K(XX) — K(XX) is an isomorphism

Re'x v, z) % K(2)
bk
K(C'X U Y) —— K(Y)

is a pullback square by Lemma 4.13. This means e(gf) = e(f)g*.
We obtain (iii) by the same procedure applied to the diagram

x Y,z

lf lid
y 45 2

and using the dual statement of Lemma 4.13. O
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We now want to say that our invariants are homomorphisms. For this to make sense we
need to endow [X, Y], with a monoid structure. Therefore we impose further conditions
on the spaces X and Y. We will assume X and Y are suspensions, which is not very
restrictive since we are interested in the case of spheres. One can generalize this to the
case where X is a so called co-H-space (see [Ada66] Proposition 3.3).

Now let X = XZ with basepoint Z x {1} and Y = XW with basepoint W x {1}. Consider
the space X that we obtain from X by collapsing Z x {%} to a point. Furthermore
consider Xy :=Z x [0,3]/(Z x{0}UZ x {3}) and X, .= Z x [},1]/(Z x {3} U Z x {1}).
For both X,; and X, we take the point Z X {%} as the basepoint. Then X is the wedge
sum Xy V X,.

We can identify X, with X via the map iy: Zy — X, (2,t) — (2, 2t). We further identify
X, with X via the map i,: Z, — X, (2,t) — (2,2 — 2t). We needed to reverse the
direction in the second component since in X the north pole is the basepoint but in Z,
the south pole is the basepoint. The composition

X — s X=2,vZ, " XvX

gives a map A: X — X VvV X.

Let j,: Y =YW =Y, (w,t) — (w,1 —t) be the map that reverses the direction in the
second component of Y. We also define the map V =1idy Vj,: Y VY — Y to be the
identity in the first part and j, in the second part of the wedge sum.

Now if f,g: X — Y are basepoint preserving maps then we define f 4+ g € [X, Y], to be
the composition

X2, xvx Moyvy Yy

With this definition we get a well defined monoid structure on [X,Y],. In the case where
X = 8" is a sphere of dimension r > 1 this is the same structure as the usual group
structure on ,.(Y).

Proposition 4.15 (d and e are homomorphisms)
Let f,g: X — Y be maps of spaces. Then we have

(i) d(f +g) = d(f) + d(g)
(ii) Ife(f) and e(g) are defined then e(f+g¢) is defined and we have e(f+g) = e(f)+e(g).

In (ii) the sum on the right hand side is the Bear sum in Extl([?(Y),I?(ZX)) (see
Construction 3.55).

Proof. Let hy,hy: H — G be group homomorphisms. Then the map f + ¢ is the
composition

H— s HoH 1Y gac — G

where the first map is the diagonal map and the last map is the addition in G.
In Proposition 3.13 we have seen that K (X V X) = K(X) & K(X) for every space X.
Under this identification for the maps defined above we get
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e A* is the addition map K(X) & K(X) = K(X).
e V* is the diagonal map K(Y) — K(Y) @& K(Y).
o (fVg)isthemap f*®g*: K(Y)® K(Y) = K(X)® K(X).

Therefore we obtain

(f+9)=(Vo(fVg)oA)
=A*o(f*®g")o V"

This proves (i).

We know need the following facts about the reduced cone and the reduced suspension.
For spaces z, Y we have C'(X VY) =C'X V('Y and (X VY) = XX VY. For maps
f,9: X =Y we have 3(f Vg) =XfVEgasamap XX VX — XY VY.

The reduced cofibre sequence of fV g is

fvg

XVX D yvy — 5 O(XVX)Up, Y VY —— DX VX)) 2 niyvy)

By the above we write it in the following form

XvX L yvy — (X)) U Y)V(C(X)U,Y) — SXVEX L sy vy

Applying reduced K-theory and using that reduced K-theory turns wedges into direct
sums we obtain a sequence which is too long to be displayed in a single line. But
fortunately the map (fV ¢g)* becomes f* @ g* and (X fV 3g)* becomes (Xf)*V (Xg)* and
thus both maps are zero, since e(f) and e(g) are defined. Therefore e(f V g) is defined
by the short exact sequence

0+ K(EZX)dK(EX) » K(C'(X)Up V)@ K(C'(X)U,Y) » KY)®K(Y) » 0 .

This is precisely the direct sum of the short exact sequence e(f) with the short exact
sequence e(g). Now we use Proposition 4.14 and get

e(f+g)=e(Vo(fVg)oA)
= (ZA)%e(f Vg V"
= (ZA)e(fog)V".

As before (BA)*: K(2X) @ K(XX) — K(XX) is the addition in K (XX) and

V*: K(Y) = K(Y)@® K(Y) is the diagonal map.

Therefore the last term in the equation above is the formula for the Bear sum of e(f)
and e(g) from Construction 3.55. O
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We want to compose the stable J-homomorphism with our invariants. Since the image
of J lies in 7] we need stable versions of our invariants. Therefore we describe how they
behave under suspension.

Let ¢t = 2 in the complex case and ¢ = 8 in the real case. Recall the functor T from &7 to
itself which realizes Bott periodicity (see Remark 3.51). In Remark 3.53 we have seen
that T is exact and thus defines a homomorphism

Ext' (K(Y), K(£X)) = Ext'(TK(Y), TK(2X)).

The next proposition describes the behaviour of the invariants under the t-fold reduced
suspension.

Proposition 4.16
Let f: X — Y be a map of spaces. Then we have

(i) d(X*f) =Td(f)
(ii) Let further e(f) be defined. Then e(X'f) is defined and e(X'f) = Te(f).

Proof. (i) is the definition of the functor T (see Remark 3.51).

For (ii) observe that by (i) we have d(X'f) = Td(f) = 0 since d(f) = 0 and also
d(X'Ef) =Td(2f) = 0 since d(Xf) = 0. This means that e(3"f) is defined whenever
e(f) is. To calculate e(X!f) we apply K to the diagram from Lemma 3.26 and get the
diagram

(" @)

R(Ex) 2% RO(2X) s 2ty) -5 R(sty)
l(—id)t lso* lid
REx) -2 Resvorx o y)) 2 Risty)

The top row is the non-zero part of the short exact sequence defining e(X!f) and since

KY! = TK (see Remark 3. 51) the bottom row is the non-zero part of the short exact
sequence defining Te(f). Therefore the two short exact sequences e(X f) and Te(f) are
isomorphic. O

Definition 4.17
For spaces X,Y and objects M, N € A we define the stable track groups

Map,(X,Y) =liny [S"X, 5"V,

where the maps [ X, 2"Y], — [ZCFUIX, B+t are induced by applying the
suspension to both sides.
In the category o7 we further define the stabilised Hom groups

Hom,(M,N) = lin Hom (7™M, T"N)

and the stabilised Ext! groups
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Ext, (M, N) = lim Ext!(T"M,T"N).

In both cases the maps are induced by the functor 7.
We now show how to define the stable invariants.

Construction 4.18 (d, e-invariant - stable version)
We start with the d invariant. For every n € N we have a diagram of the form

Map(ErtX, 5my) — =5 Map(S+DtX, Sty

ld(ﬂ ld()

Hom(T"K (Y), T"K (X)) —— Hom(T™ ' K(Y), T" ™ K (X))

which is commutative because of Proposition 4.16 (i). By Lemma 4.5 we get an induced
stable map

Map,(X,Y) — Homy(K(Y), K(X)).

We define the stable d invariant to be this homomorphism.

The same argument works for the e-invariant since Proposition Proposition 4.16 (ii)
ensures that (X" f) is defined for all n € N whenever e(f) is. The e-invariant gives a
map from ker(d) N ker(dX) C Map,(X,Y) to Ext!(K(Y), K(2X)).

We will denote the stable invariants again by d(f) and e(f). It will be clear from the
context which variant we use. For K € {R, C} we will also write dx, ex for the invariants
when K = I?K.

To obtain an invariant on the stable homotopy group 7¢ we can set X = S” and Y = S°.
Then Map, (5", 5%) = lim [S"F", S™], = lim [St*r SY, = 7 since tN C N is cofinal.
n l

Using this isomorphism we view the stable d-invariant as a homomorphism
d: 7 — Hom,(K(S°), K(S7)).

Actually for every choice of [ € N setting X = S and Y = S! gives an isomorphism
Map, (S, S) = 7% and therefore an invariant d;. It is clear by Bott periodicity that if
[ =1’ mod t then the stable invariants d; and dy on 7} coincide.

But a priori it is unclear that the resulting invariants are independent of the congruence
class of [ modulo t. Before proving that it suffices to consider the case [ = 0 mod t we
illustrate why the invariants might differ.

Lets say [ = 0. Then in the original definition of the d-invariant we considered elements
in Map,(S”,5%). The maps occurring in the direct limit limy [Snitr Snt], = Map,(S™, S°)

are of the form S9™" — S? with ¢ = 0 mod t and we havend(f) = f*.

Therefore calculating the d-invariant for an element fe m> takes the following form. We
first choose an representative map f: S97" — S of f

If ¢ = 0 mod ¢ then we are in the original case of the definition of the d-invariant and
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can use the formula d(f) = f*.

But if ¢ # 0 mod ¢ then we need to choose a number s € N such that ¢ + s = 0 mod ¢.
We then consider the map S*f: S9ts+" — S Note that S'f is also a representative of
f. Since ¢ + s = 0 mod ¢ we have d(f) = d(S'f) = (S'f)*. Here we see that the formula
d(f) = f* might not hold if ¢ # 0 mod ¢.

This is a consequence of our choices of [ since the residue class of [ modulo ¢ determines
for which maps f: S97" — ¢! we are allowed to use the formula d(f) = f*.

The same discussion also carries over to the e-invariant. Since the e-invariant is essentially
determined by induced maps on reduced K-theory, proving that for d; it suffices to know
the case [ = 0 mod t shows the same for the e-invariant.

We will now prove that if we know the invariant d; for [ = 0 mod ¢ then we know the
invariant d; for every [ € N.

Proposition 4.19

Let f: S* = S?be a , basepoint-preserving map and let ¢ € Ny such that ¢ +b = 0 mod ¢.
Then f*: K(SY) — K(S%) is determined by (S¢f)*: K(5°t) — K(S¢te).

In particular if there exists a k € Ny such that k +a = 0 mod ¢ and (S*f)* = 0 then
(S'f)* =0 for all [ € Ny.

Proof. We choose a number e such that e + ¢ = 0 mod . This means knowing f is
the same as knowing YX7¢f by Bott periodicity. We also choose a number e such that
c+b=0modt.

From the naturality of the reduced external tensor product (see Section 3.2) we get a
commutative diagram

K(5°) @ K(S¢A S —— K(S°AS¢A S
idI}(Se) ®(idge /\f)*]\ T(idse Aidge Af)*

K(5%) @ K(S¢ A SY) —— K(S°AS¢A S
where the horizontal maps are the reduced external product.
Recall that the smash product with a S™ is the n-th reduced suspension ¥". Therefore
the map on the right is X¢"¢f. By the choice of ¢ the bottom map is precisely Bott
periodicity which is induced by the reduced external tensor product with a generator u
of K(S¢A S%) = 7Z. This means knowing ¥¢"¢f is the same as knowing the composition

K(5%) @ K(5°ASY) —— K(S°AS°ASY) —— K(S°AS°AS?)
where the second map is (idge Aidge Af)*.
By commutativity of the diagram above this is the same as knowing the composition
K(59) @ K(5¢ASY) —— K(S°) @ K(S¢ASY) — K(S¢AS°A S

where the first map is id g 5.) ®(idse Af)*. But the map idg g4.) ®@(idse Af)* is completely
determined by the image of the generator u under f*.
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In particular if the image of u is zero then id 7(5¢) ®(idge Af)* is zero and thus X¢T¢f is
Z€ero. ]

Justified by this Proposition from now on we will set X = S” and Y = S° and use the
isomorphism Map,(S”, S°) = 7% to consider the d and e-invariant as invariants on ?.
This means to calculate the stable invariants of fe m, we will choose a representative
f: 89" — S% with ¢ = 0 mod ¢ and use the original definition of the unstable invariants
to calculate it.

Remark 4.20
Also note that for a map f: S — S? with ¢ = 0 mod ¢ the previous proposition says
that if d(f) = f* = 0 then (Xf)* = 0. This means that the stable e-invariant of an

element f € 7 is defined whenever the stable d-invariant d(f) is zero.
The next proposition characterizes the d-invariant in certain cases.

Proposition 4.21

Let r > 0 and K € {R,C}. If we are not in the case (K =R and r = 1,2 mod 8) then
dg is zero on 7.

In particular eg is defined in these cases.

Proof. For an element in 7¢ choose a representative f: S — S with ¢ = 0(mod 2 if
K = C and mod 8 if K = R). This means that Kg(57) = Z.
FK=Candr=1mod2or K=R and r = 3,5,6,7 mod 8 then I?K(Sq“) =0 and
thus d(f) = 0.

The only cases left to consider are K = C, r = 0 mod 2 and K = R, r = 0,4 mod 8.
In all of these cases we have Ky (S9™") = Z and the Adams operations are given by
Wk (x) = k2@t g (see Proposition 3.42 and Proposition 3.46). The Adams operations
on Ky (S9) are given by ¢*(z) = k29z. By naturality of the Adams operations (sce
Theorem 3.39 (vi)) we know that d(f) commutes with the operations. This means
d(f)(W*(z)) = ¥*(d(f)(x)) and consequently k29d(f)(z) = k2 @d(f)(z) since d(f) is a
homomorphism. If » > 0 the only possible homomorphism satisfying this equation is the
zero homomorphism. O

4.3 Elementary description of the c-invariant

Now we will treat the special case of spheres. We will construct another invariant A(f)
taking values in Q/Z and prove that A is equivalent to e (see Proposition 4.29). The
invariant A will enable us to actually compute the e-invariant.

Construction 4.22 (\-invariant)

We start by constructing A. As for the invariants d, e we have a real and a complex
version of \. For n > ¢ > 0let f: S?"~! — 524 be a map. If K = R we further assume
that n, q are even. _ _ B N

Under these assumptions Ky (S*"™1), Kk (S5%7™!) are zero and Ky (S*"), Kx(5%) are Z.
Now consider the cofibre sequence of f
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g2n—1 f G2 i, R2n Uy G2 J g2n -5f G2a+1
Applying Kg we get the short exact sequence

0 — Ki(5%) —— K(R? Uy $%) — Ki(S*) — 0
12 12
7 7

Up to this point this is just the construction of the e invariant. The idea now is to
characterize the Adams operations on Ky (R** Uy 5%4).

Since Z is free we have Ext'(Z,Z) = 0 in the category of abelian groups, thus the
underlying group of Kx (R*" Uy S%) is Z @ Z.

We fix generators (7)) = Kg($%") and (€) = Kg(5%) and choose &,7 corresponding
generators in Ky (R Uy %), that means i*(€) = € and j*(7]) = 7.

Then we have (n) @ (€) = Kx(R?" Uy 5%7) and under this identification j* can be viewed
as the inclusion into the first component and ¢* can be viewed as the projection onto the
second component.

The situation may be best memorized with the following picture in mind

0 —— Ki(S™) — Kg(R* Uy §2%) —2 Kp(S%) —— 0

nt > 1

£ » &

Note that 7 is determined by 7 since j* is injective but we have several choices of £ for
the same £. Concretely all choices are given by £ + Nn, N € Z, since i*(n) = 0.
Recall the complex Chern character

che: Ke(X) — HY(X;Q)
and its real version chg
Kn(X) —— Ke(X) =% Ho*(X;Q)

from Definition 3.65.
We have a diagram

Ki(S?) — L Kg(R¥ U, §%) — 5 [y (S%)

lchK lchK lchK

ﬁ2n(52n; Z) J* ﬁ]even (R2n Uf SQq; @) i* f_qu(SQq; Z)
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Similar to before we choose generators h2? € H2I(R2"U; S24; Z), h** € H*"(R2"U; 524, Z)
corresponding to generators in H?"(S*"; Z), H*I(5%1; Z) under the maps i*, j*.
In H**™(R*" Uy S?;7Z) we obtain the following formulas

chx (&) = agyh® + A(f)ag,h*"

chix(n) = az,h™" ()

where A(f) € Q and ay,, as, € Z. By a suitable choice of the generators h*I, h*" we may
assume that if K = R and 2r = 4 mod 8 then ay, = 2 and in all other cases a9, = 1. This
is a consequence of Remark 3.45 in combination with Remark 3.63.

If we take a different &, lets say & + N7 then A is replaced by A + IV, since

chi (& + Nn) = chg(€) + chg(n) = agh® + (A\(f) + N)ag,h*".

Therefore A(f) is well defined as an element in Q/Z.

The next Proposition calculates the Adams operations on [?K(RQ” Uy S?7) in terms of
A = A(f). This also means that if we know A we know e(f).

Proposition 4.23 B
The Adams operations on Ky (R?*" U; S?7) are given by

VF(€) = K&+ A(K" — k),
WF(n) = k",

Proof. Because of Ky (R2"U;S27) 2 K (S2")@ Ky (524) and Proposition 3.62 (respectively
Remark 3.66) the image of the Chern character

ChKi I?K(RQTL Uf SZq) — ﬁeven(RZn Uf S2q; @)
is actually contained in H2"(S2": Z) @& H?9(5%;Z) and the Chern character is given as
chic: Kie(S?") @ Kie(S%) — H* (S Z) & H*(S*Z), (w,y) = (ch(x), chy(y)).

Note that the Chern characters on the right hand side are the Chern character on [?K(S 2n)
respectively }N(K(S 24) which are injective by Proposition 3.62 and Remark 3.66. Thus the
Chern character on K (52") & Ky (5%9) is injective.

Therefore to prove the Proposition it suffices to show that the equations hold if we apply
chk to both sides.

Using (chx o ¢*)(n) = k"chx(n) (see Proposition 3.64) we directly obtain the second
equation. _

For the first equation observe that £ might have a non zero part in Kx(S*"). Let
& = & + &y Where &, is a generator in [?K(S%) and &, € I?K(S%). As above we get
chi(€24) = ag,h*@ and chx(&,) = Aag,h*". Again using Proposition 3.64 and Equation (x)
we calculate

(chz 0 *)(€) = chu (V" (E24)) + chic(¥*(E2n))
= kthK<§2q) + knChK(ggn)
= kTasgh® + \k"ag,h™"
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and
ch (K7€ + A(f) (K" — k*)n) = klchg (§) + ME" — k*)chi(n)
= klag,h® + Mk%ag, h*™ + A(k™ — k%) ag, h™"
= kqagqh2q + A" as, h".
Thus (chx (¢*))(€) = ch(k9€ + M(f)(k™ — k9)n) proving the first equation. O
Since A(k™ — k) must be an integer for all k£ € Z we get the following Corollary.

Corollary 4.24
A is of the form #, where z € Z and h is the highest common factor of the numbers
(k™ — k7) with k € Z.

We now show that the e-invariant and A-invariant are equivalent. To shorten notation
we set M = Kx(5%) € o and N = Kg(S*") € &. Recall that n > ¢ > 0 and n, q are
even if K = R.

Proposition 4.25
There exists a injective homomorphism

0: Ext'(M,N) — Q/Z
with the property that for every f: S?"~! — 527 we have
0(e(f)) = Af)-

The image of 6 is precisely the residue classes of the elements Z where 2 € Z and h as in
the previous corollary.

Proof. We start by defining the map 6. For this we adapt the construction of the A
invariant to the general case of extensions. Let
0 > N > I > M > 0

be an element of Ext'(M, N). We choose elements &, € E such that ¢ projects to the
generator in M and 7 is the image of the generator in N. Again the operations in E are
given by

V(&) = K¢ + c(k)n
WF(n) = k.

Claim 1: The ¢(k) are of the form A\(k™ — k?) for some A € Q.
By definition the operations ¥* satisfy 1*y! = ¥ for all k,l € Z. Calculating

VEN(©)) = V(1€ + e(l)n)
= 1% (&) + e(1)Y* (n)
= 19K9€ + (c(k)19 + c(D)E™)n
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we obtain c(kl) = ¢(k)l? + ¢()k"™. Doing the same calculation for ¥lyF = ' we get
c(kl) = e(D)kT + c(k)I™.
Choosing [ € Z such that [ — 7 # 0 these two equation yield

() = DUk

1"l

for all k € Z. Note that <UL is actually independent of | (whenever [ — (9 # (). Setting

i
A= c(_l%q € Q shows Claim 1.

ln

Again ¢(k) depends on the choice of £. If we choose £ + N7 as a generator the calculation

VF(E+ Nn) = k9 + c(k)n + Nk™n
= k(& + Nn) + (c(k) + N(E" — k7))

shows that c¢(k) gets replaced by ¢(k)+ N (k" — k9) and therefore A gets replaced by A+ .
Thus A is well defined as an element in Q/Z. We define the image of our extension under
0 to be \.

The same argument that we used to show Corollary 4.24 also applies here, so A is of the
desired form.

When ¢(k) is zero for all k& we get the trivial extension. This can only happen if A is zero
which means that 6 is injective.

Claim 2: 6 is a homomorphism.
Let
0 »y N —— B, —— M

2\
S

~

and

0 sy N =5 Fy ——=5 M > 0

be two elements of Ext'(M, N). Writing out the definition of the Baer sum from
Construction 3.55 we see that the sum of these extensions is the short exact sequence

0 sy N ——— D T M s 0

where the underlying group of D is the quotient of
{(e1,e2,m,n) | e; € E;,mi(e1) = maezx) =m,n € N}
by the subgroup
{(t1(n),12(n),0, —(n+n')) | n,n € N}.
The map ¢ is given by n +— (0,0,0,7n) and 7 is given by

(e1,ea,m,n) — m = mi(e1) = ma(es).
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We choose the elements (0,0,0,:7"(11)) = (0,0,0, 5" (172)) and

(&1,&,m1(£1),0) = (&1,&2,m2(&2),0) in D where n;,&; € E; are the above chosen elements.
The operations on D are given component wise since D is a quotient of a subgroup of
the product Ey @& Ey & M & N. We can now calculate the operations in D. Let ¢;(k)
determine the operations on E;. Then we get

¥*(0,0,0,6,"(m)) = (0,0,0,4" (11" (m)))
= k"(0,0,0,:7 (m))

and

(&1, €0, mi(61),0) = (@5 (&), " (&), ¥ (m(&1)), ¥*(0))
= (K961 + c1(k)n, k& + ca(k)n, kim1(&1), 0)
= k&1, 62, m1(61), 0) + (ea(k)n, c2(k)n, 0, 0)
= k&1, &2, m(&1),0) + (cr (k) 4 2(K))(0,0,0, 17 (m).

For the last equation we used that (—cy(k)n, —ca(k)n, 0, c1(k)e; (n) + ca(B)ey (1)) = 0
in D.

This shows that the operations in D are determined by ¢ (k) + co(k) and thus 0 is a
homomorphism.

To determine the image of § we prove the converse. Let 7 € Q/Z have the form
stated in the Theorem. As a group let E be M @ N. We define operations 9* on E
via the obvious formulas namely *(§) = k%€ + 7 (k™ — k%)n and Yk (n) = k™). These
operations satisfy the axioms turning E into an object in /. We get the short exact
sequence 0 > N y I > M » 0 in ./ which is by construction the
desired preimage of 7 under 6. O]

Before we treat the stable case we define the Bernoulli numbers.

Definition 4.26 (Bernoulli numbers and the function m)
- (for 2 = 0 we define f(0) = 2 to be 1). The
numbers ; are defined via the power series representation of f

flo) =G5 = kz k.
For s € Ny we define the s-th Bernoulli number B, to be
BS = (—1)175625.

We further define the function m(2s) to be the denominator of (—1)*~'£s when expressed
in its reduced form.

Remark 4.27
We chose to use the same convention for the indexing of the Bernoulli numbers as Adams
did in his paper [Ada66]. Nowadays people usually define the s-th Bernoulli number to

be f.
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Lemma 4.28

For even numbers n, ¢ we define h(n, q) to be the highest common factor of the numbers
(k™ — k1) for k € Z. If both n and ¢ tend to infinity such that they are always even and
their difference t := n — ¢ is constant then h(n, q) attains the constant value m(t).

Proof. We have (k™ — k%) = k%(k* — 1). With f(k) :=q for k € Z and t .= n — ¢ [Ada65]
Theorem 2.7 yields that for ¢ large enough we have h(n, q) = m(t). Actually the theorem
only states the existence of a function f but the last part of the proof gives a condition
on the function f which is satisfied for our f if ¢ is large. O

We now generalise Proposition 4.25 to the stable case.

Proposition 4.29
There exists a injective homomorphism

0,: Ext!(M,N) — Q/Z
with the property that for every f: S?"~1 — 524 we have

0s(e(f)) = A(f).

The image of 6, is precisely the residue classes of the elements —=

m(t)
and m is the function defined above (recall that both n and ¢ are even so ¢ is even t0o).

This means that Ext! (A, N) is the cyclic group of order mf(t).

where z € Z,t :=n—q

Proof of Proposition 4.29. Since for every object P in &/ the Adams operations on T'P
1

are k2" € 7 times the operations on P (see Remark 3.51) we have the commutative

diagram

Ext!(M, N) T > Ext'(TM, TN)

Therefore we get a injective map 6,: Extl(M, N) — Q/Z with 0,(e(f)) = A(f). The
number h from Proposition 4.25 depends on n and ¢. For the stable case both n and
q go to infinity (in steps of 4 to be precise) but their difference t = n — ¢ is constant.
Therefore Lemma 4.28 yields that the corresponding h = h(n, ¢) from Proposition 4.25
attains the constant value m(t). O

4.4 Proof of the main theorem in the case » = (0,1 mod &

In this section we use the previous results to finally prove the main theorem.

Theorem 4.30
Let r = 0,1 mod 8 and r > 1. Then the J-homomorphism J: m,.(SO) — x is injective
and its image is a direct summand in 7 which is isomorphic to Z/27.
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The main theorem is a consequence of the following theorem which will take the remaining
section to prove.

Theorem 4.31
Letr =0,1mod 8, r > 1. Then

erJ: . (SO) — Z /27
18 an isomorphism.

Before proving this theorem let us first show how to deduce the main theorem from this
result.

proof of Theorem 4.30. Since eg.J is an isomorphism J is injective and im J is isomorphic
to Z/27Z via eg. What is left to show is that im J is a direct summand in 7. We have
short exact sequence

0 — ker(eg) — ker(dp) —— Z/27 —— 0

where the first map is the inclusion. Let ¢ := egJ be the isomorphism from the previous
theorem, then J o ¢! is a right split, since eg 0 Jo ¢! = po ¢! =id. Thus we get
ker(dr) = ker(er) @ 7Z/27Z by the splitting lemma. Here Z/27 C ker(dg) is identified with
(Jo¢ ') (Z/2Z) = im J since ¢ is an isomorphism. Therefore im J is a direct summand
in ker(dg).

If » = 0 mod 8 then ker(dg) = 7 by Proposition 4.21 and we are done. In the case
r = 1 mod 8 there is a decomposition of the stable homotopy group 7¥ = (u,) @ ker dg
where p, is a certain element of order 2 in 7;. Constructing the element p, and proving
that it has the desired property uses theory and techniques like Massey products and
Toda brackets not introduced in this thesis. We point the interested reader towards the
paper by Adams [Ada66]. The result there is stated in Theorem 7.2. O

Proving Theorem 4.31 will take the remaining section. So lets break down the major
steps of this proof.

We start with Proposition 4.32 which computes the Ext group in which e(f) takes
values in. After that we will show that the e-invariant is defined on the image of the
J-homomorphism by showing that the d-invariant is zero on the image of the
J-homomorphism (see Theorem 4.35). For this we prove the technical Lemma 4.34 which
allows us to make use of the Thom isomorphism. Finally we then prove Theorem 4.31.

As mentioned above we start by calculating the Ext in which the e-invariant takes values.

We therefore consider maps f: §2q” — 524 where r = 0,1 mod 8 and 2¢ = 0 mod 8.

Then we have Kg(S5%7) = Z and Kg(S??™ 1) = 7 /27. The operations on

M = Kr(5%) € & are given by ¢*(z) = k% and in N’ := Kg(52t"+1) € o they are
x, kodd

Yo = 0. & (see Proposition 3.48).
, k even

We now have eg(f) € Ext!(M, N').
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In Proposition 4.29 we have already determined a Exti group. We cannot apply this
result directly since N’ is not infinite cyclic, but we use our previous calculation to
express Ext! (M, N') in terms of Ext!(M, N).

We use that N' may also be described as the quotient object N/2N € o/ where N = Z
as a group and the operations are ¥*(x) = k"x for a n € N.

Proposition 4.32
Let K = R and M, N, N’ be as above. The quotient map N — N’ induces an isomorphism

Ext!(M, N)/2Ext} (M, N) — Ext!(M, N').

Using Proposition 4.29 this means that Ext! (M, N’) is the group of elements

e mod (1 and %), where z € Z and t = n — ¢ i.e. Ext!(M,N’) is isomorphic to

Z7]27.
Proof. The short exact sequence of groups

0 sy N —2 4 N s N’

~
e}

induced an exact sequence (see Proposition 3.56)

Ext!(M, N) —2- Ext'(M,N) — Ext!(M,N’) .
The functor 7' is exact so we get an exact sequence

Ext!(M,N) —2- BExt!(M,N) — Ext!(M,N') .

Since the first map is injective and its image is 2 Ext!(M, N) we only need to show that
the second map is surjective.
Let

0 s N’ s B s M s 0

be an element in Ext!(M, N’). As a group E is isomorphic to Z/27Z @ Z, since Z is free
and therefore Ext'(M, N') = 0 in the category of abelian groups.

We use the description of the e-invariant from Section 4.3. Let 7,£ be elements in
E corresponding to the generators in N’ and M and let ¢(k) € Z/2Z determine the
operation ¥ on E via the equations

V(&) = K¢ + c(k)n
WF(n) = k.

We now want to find numbers ¢(k) € Z such that their residue classes modulo 2 are ¢(k)
and they define operations on N & M.

By property (iii) from Definition 3.50 we know that the value of ¢(k) is periodic with
period 2¢ for some e € Z. Due to Bott periodicity we can take e = 3. Then c(k) is
8-periodic.

Now let G be the multiplicative group of integers prime to 8, i.e. the invertible elements
of Z/8Z. G is isomorphic to Z/27 x 7/27Z where one summand is generated by —1 and
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the other by 3.
We define [ := 3 and repeat the calculations we did to prove Claim 1 in the proof of
Proposition 4.29 to get

c(kl) =19c(k) + k™c(l) mod 2
for all £ € G and therefore
c(I") = =2 ¢(1) mod 2

1l

for all r € Z.
Since we are in the real case we have 1* = =% which means

c(—1") = 5=L2e(1) mod 2

n—la

for all r € Z.
All together we have shown

c(k) = (k" — k)29 mod 2

n—la

for all £k € G and due to the periodicity for all integers £ prime to 8, i.e. all odd numbers.
We may also write

c(k) = (k™ — k%)X mod 2

where the denominator of A is a power of 2, since every odd number is invertible in Z/2Z.
What we would like to do now is taking the right hand side as ¢(k). For this to work we
need to ensure two things, first the right hand side is an integer and second the equation
is true for all k € Z.
For this observe that the functor 7" does not change the class of the extension we started
with. This means if we apply ¢ times the functor 7' the equation

kte(k) = (k"4 — 9T\ mod 2

still describes ¢(k) for all odd k.
Choosing a large enough ¢ we can ensure that for all k£ even

o kYc(k) =0 mod 2
o (k"4 — ka4 )\ is an even integer and thus zero modulo 2

The second point is possible because the denominator of A is a power of 2.
Now we can define

(k) = (k"4 — ket )\ for all k € Z.

In the previous section we have seen that c(k)’s of this form indeed define operations on
N @& M. By construction the residue class of ¢(k) modulo 2 is ¢(k) which shows that the
map Ext!(M, N) — Ext!(M, N') is surjective. O
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Remark 4.33

(i) It is also possible to extend the above proof to the case where 2 is replaced by a
number v € N and N’ is the quotient N/vN € A (see [Ada66] Proposition 9.1).

(ii) From the equation c(kl) = %c(k) + k™c(l) mod 2 we see that ¢(-) defines a group
homomorphism from G to (Z/2Z,+). Therefore the ¢(k) are determined by the
image of the generator [ = 3. For its image we have two choices. Sending [ to 0

0, k=+1mod8
1, k=43mod8 [
The later describes the non-zero element in Ext!(M, N') = Z/27Z.

we get c(k) =0 for all k € Z. Sending [ to 1 we get c(k) = {

Next we discuss in which cases egJ is defined.

If » = 0 mod 8 then Proposition 4.21 tells us that dg is zero, therefore dr.J is zero and
er is defined on the image of the J-homomorphism.

For r = 1 mod 8 the eR is also defined on the image of the J-homomorphism but the
proof requires more work.

Let ¢: S™ — SO(q) be a representative of an element in m,.(SO). We consider two
constructions using the map ¢.

For the first we apply the J-homomorphism to ¢. From J¢: S — S” we get the
mapping cone X = R J;, S7. This space appears in the definition of eg(J¢).

For the second construction we view the map ¢ as a clutching function which corresponds
to a real vector bundle E of rank g over S”*! (see Theorem 2.40). This vector bundle
has a Thom space T(E).

The next Lemma says that X and T'(E) are homotopy equivalent and therefore

Re(X) = Ru(T(E)).

The advantage of this identification is that for the later group we can make use of the
Thom isomorphism (if ¢ = 0 mod 8).

Lemma 4.34

Let ¢ € 7,.(SO(q)) and let E be the vector bundle obtained by using ¢ as a clutching
function.

Then the mapping cone R7"*1 J;, S? is homotopy equivalent to the Thom space T'(E).

Therefore we have Kg(R9+1 Uy, S9) = Ky (T(E)).

Proof. The idea is to formulate both constructions in such a way that one sees that the
results are homotopy equivalent.

We start with the construction using ¢ as a clutching function obtaining the vector
bundle E. We adapt the clutching construction a little bit. Instead of taking trivial
bundles of rank ¢ on the two hemispheres of S™! we shrink one hemisphere to a point.
The clutching construction now is taking a trivial bundle on D™™! and glueing the fibres
over points in D" = S” to an extra copy of R? using ¢. We take (R" x R?) LI R
and glue a point (z,y) € S” x R? to the point ¢(z)y in the extra copy E9.

This has indeed the homotopy type of E since R™*! deformation retracts onto D"+,
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We obtain the Thom space T'(E) by identifying (R""! x S971) 11 S9=1 (or rather this
subset after the glueing) to a point.

We now show how to construct the mapping cone R¥*" U, 59 The map J¢p: ST — S1
may be obtained in the following way (compare to the description of J via the Hopf
construction). We view S?7" as the boundary of R" x R? and map S™ x S?° ! to S9!
via (Jo)(x,y) = ¢(x)y. We can extend J¢ to a map S” X R? to the upper hemisphere
RY of 57 again via (J)(x,y) = ¢(z)y. Finally we extend J¢ to a map from R™+! x §9-1
to the lower hemisphere R?Y of S9.

Because of J(R™™! x RY) = (OR"™ x R?) U (R"! x 9R?) = S" x RIUR"™! x ST we
have defined a map from S™ x S to S and obtain the mapping cone

C(S™1 x §9) Uz S = (R™ x R?) Uy, S?. We do not change the homotopy type if we
identify the lower hemisphere R to a point (that is the reason why we did not specify
the second extension of J¢).

Comparing the two constructions we see that we obtained homotopy equivalent spaces. [

We can now show that dg is zero on the image of the J-homomorphism.

Theorem 4.35
Let r =1mod 8, r > 1. Then dgJ is zero on m.(SO).

Proof. Let B: 8" — SO(q) be a representative of a generator in m,.(SO). By possibly
taking another representative we can assure that ¢ = 8n for some n € N. Interpreting
B as a clutching function we also view 3 as a real vector bundle over ST+ of rank Sn.
We choose 3 in such a way that its class in Kg(S"™™!) is a generator. We equip 3 with a
Spin(8n)-structure. This is possible by Proposition 2.51, since r + 1 > 3.

We apply the J-homomorphism to 3 and from the cofibre sequence of J5 we obtain the
exact sequence

(JB)*
—

[?R(Rq+r+1 UJﬁ Sq) l—*> f?R(Sq) fN(R(Sq+T) .

For the Spin(8n)-bundle 8: E — S"*! we have the Thom isomorphism

o Kp(S™) = Kg(T(E)). The Thom class Uy € Kp(T(E)) is given as ¢x(1). Using
the isomorphism from Lemma 4.34 we consider o (1) as an element in Kg(R7H U 7857).
Since the sequence above is exact we get (J3)*(i*(px(1))) = 0.

We now show that i*(px (1)) is a generator of Kg(57). Then (JB)* is zero since it
vanishes on a generator.

Running through the proof of Lemma 4.34 we see that under the identification
KR(RqurJrl Ujﬁ Sq) = KR(T(E)) the map T KR(RqurJrl UJB Sq) — KR(Sq) Corresponds
to the restriction to a fibre of T'(E). This may be expressed by the commutative diagram

KR(RQ+T+1 U]g Sq) L—*> I?R(Sq)

12 /

K& (T(E))
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where the isomorphism on the left is the one from Lemma 4.34 and the map on the right
is induced by the restriction to a fibre of T'(E).
By Remark 3.70 we get that *(¢x (1)) is a generator of Kg(59). O

Note that by Remark 4.20 we have shown that eg is always defined on the image of the
J-homomorpism.
Now we have the preliminary results to prove the main theorem.

Proof of Theorem 4.31. By the same reasoning as above let 5 be a real vector bundle of
rank ¢ = 8n over S™! such that 3 carries a Spin(g)-structure and is a representative of
a generator of Kg(S™). We again obtain an element ¢ (1) in Kg (R U5 59).
Because of the previous Theorem egJg is defined. We now show that egJf is not zero.
The short exact sequence defining egJf is

5k

0 —— Kp(Smr1t) L Kp(T(E)) ——— Kg(57) —— 0 .

Here we again used Lemma 4.34 to identified Kg(RT Uy, S9) with Kg(T(E)).

In the previous proof we have seen that i*(x (1)) is a generator of Kg(S7). Therefore
vk (1) qualifies as the element £ from the description of the e-invariant in Section 4.3.
Let 77 be the non-zero element in I?R(Sq”“) = 7./27. Because of the injectivity of j*
the element j*(7) is not zero in Kx(T(E)).

We also have Kg(T(E)) = Kg(S™) = Kp(S™) & Z = Z/27 & 7. The element 7 has
order two which implies j*(7) = px(8) € Kr(T(E)), since this is the only element of
order 2 in Z/2Z & Z.

Therefore we choose ¢ () as the generator 7.

To show that this is not the trivial extension we need to determine the Adams operations in

Kg(R7+1U;587). Therefore we want to know ¥ (1). By the proof of Proposition 4.32
it suffices to know this term for odd k.
By [Ada65] Theorem 5.17 we have

3 1 if k =41 mod 8
oV oK(1) = { }

145 ifk=+3mod8

and therefore

er(1) +ox(8) if k=+3mod8
With our choices of £ and 1 we get

w%:{g ifk:Ejzlmod8}.

Vro(l) = {<PK(1) if k = £1 mod 8}.

E+n ifk=43mod8

By Remark 4.33 this is the non zero element in Ext!(Kg(S9), Kz (S74)) and therefore
er.J [ is non zero. O
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