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Basics

Hyperplane arrangement
A set of hyperplanes

A is central A all
hyperplanes contain
Rn
/⋃H∈AH closure of

connected components are
regions R(A)
The blue is a wall
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Tope Graphs

Definition
Given a hyperplane arrangement
A = {H1, . . . ,Hm}, we can define
the tope of a region R as a vec-
tor in τ(R) ∈ {−,+}m giving by
the orientation of hyperplanes.
The set of topes together with
edges describing adjacency form
the tope graph T (A).

5 / 18



Tope Graphs Supersolvable Restrictions Simplicial

Reducible

Proposition

If a hyperplane arrangement A is the product of hyperplane arrange-
ments with have a Hamiltonian cycles, then A has a Hamiltonian
cycle.

We can focus only on Hamiltonian cycles in irreducible hyperplane
arrangements.
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Supersolvable hyperplane arrangement

[Björner, Edelmann, Ziegler 1990]
All rank-2 hyperplane arrangements
are supersolvable
Arrangement A = A0 ⊎A1 of rank
n ≥ 3 is supersolvable
A0 supersolvable arrangement of
rank n − 1
For H ′,H ′′ ∈ A1 exist H ∈ A0 such
that H ′ ∩H ′′ ⊆ H
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Definition
Let A be a hyperplane arrangement with partition A = A0⊎A1. We
define the fiber F(R) of a region R ∈ R(A) as the set of regions
containing all regions that lie in the same region of A0.

R

Figure: The blue hyperplanes are the hyperplanes of A0. The shaded area
is the fiber F(R) of a region R.
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Theorem (Körber, Schnieders, Walizadeh, S. 2025)

The tope graphs of supersolvable oriented matroids and supersolvable
hyperplane arrangements admit a Hamiltonian cycle.

1

The induced subgraph of every fiber is a path of length ∣A1∣

Each hyperplane occurs exactly once in the path [Björner,
Edelmann, Ziegler 1990]

1Simultaneously and independently hamiltonicity of supersolvable
hyperplane arrangements was proven by Brenner, Cardinal, McConville, Merino
& Mütze.
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Simplicial hyperplane arrangements

Simplicial hyperplane arrangements all regions are simplicial
cones

The tope graph is regular
Important class are finite reflection arrangements
Coxeter types: An (n ≥ 1), Bn (n ≥ 2), Dn (n ≥ 4), E6, E7, E8,
F4, H3, H4, and Im (m = 5 or m > 7)
Their tope graphs are Hamiltonian [Conway, Sloane, Wilks
1989]
Restrictions produce more simplicial arrangements
Finite Weyl groupoids are Hamiltonian [Yamane, Inoue 2021,
2023]
Supersolvable arrangements are An, Bn and Im
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...
...

...
...

...

Rank 8 A8 D8 D8,1 . . . D8,7 B8 E8

Rank 7 A7 D7 D7,1 . . . D7,6 B7 E7 91, 1

Rank 6 A6 D6 D6,1 . . . D6,5 B6 E6 46, 1 63, 1 68, 1

Rank 5 A5 D5 D5,1 . . . D5,4 B5 25, 1 30, 1 33, 1 41, 1 46, 1 49, 1

Rank 4 A4 D4 D4,1 D4,2 D4,3 B4 17, 1 15, 2 18, 1 21, 1 22, 2 F4 25, 1 28, 2 30, 1 32, 1 32, 2 H4

Rank 3 A3 D3,1 D3,2 B3 10, 3 10, 2 11, 1 13, 3 13, 2 13, 1 H3 16, 3 17, 4 17, 2 19, 1 19, 3 31, 1

Rank 2 A2 B2 5, 1 6, 1 8, 1 10, 1 12, 1

Rank 1 A1

Figure: A Hasse diagram showing how restrictions of reflection
arrangements relate to each other. Here, m, k refers to the kth
arrangement with m hyperplanes.
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Theorem (Körber, Schnieders, S., Walizadeh 2025)

All sporadic restrictions admit a Hamiltonian cycle.

Dn,s = {Hei±ej ∣ 1 ≤ i < j ≤ n } ∪ {Hei ∣ 1 ≤ i ≤ s } ⊂ in Rn

Dn,n ≅ Bn and Dn,0 ≅ Dn

Theorem (Körber, Schnieders, S., Walizadeh 2025)

All arrangements of type Dn,s for n ≥ 2 admit a Hamiltonian cycle.

13 / 18



Tope Graphs Supersolvable Restrictions Simplicial

Theorem (Körber, Schnieders, S., Walizadeh 2025)

All sporadic restrictions admit a Hamiltonian cycle.

Dn,s = {Hei±ej ∣ 1 ≤ i < j ≤ n } ∪ {Hei ∣ 1 ≤ i ≤ s } ⊂ in Rn

Dn,n ≅ Bn and Dn,0 ≅ Dn

Theorem (Körber, Schnieders, S., Walizadeh 2025)

All arrangements of type Dn,s for n ≥ 2 admit a Hamiltonian cycle.

13 / 18



Tope Graphs Supersolvable Restrictions Simplicial

Theorem (Körber, Schnieders, S., Walizadeh 2025)

All sporadic restrictions admit a Hamiltonian cycle.

Dn,s = {Hei±ej ∣ 1 ≤ i < j ≤ n } ∪ {Hei ∣ 1 ≤ i ≤ s } ⊂ in Rn

Dn,n ≅ Bn and Dn,0 ≅ Dn

Theorem (Körber, Schnieders, S., Walizadeh 2025)

All arrangements of type Dn,s for n ≥ 2 admit a Hamiltonian cycle.

13 / 18



Tope Graphs Supersolvable Restrictions Simplicial

Theorem (Körber, Schnieders, S., Walizadeh 2025)

All sporadic restrictions admit a Hamiltonian cycle.

Dn,s = {Hei±ej ∣ 1 ≤ i < j ≤ n } ∪ {Hei ∣ 1 ≤ i ≤ s } ⊂ in Rn

Dn,n ≅ Bn and Dn,0 ≅ Dn

Theorem (Körber, Schnieders, S., Walizadeh 2025)

All arrangements of type Dn,s for n ≥ 2 admit a Hamiltonian cycle.

13 / 18



Tope Graphs Supersolvable Restrictions Simplicial

Theorem (Körber, Schnieders, S., Walizadeh 2025)

All sporadic restrictions admit a Hamiltonian cycle.

Dn,s = {Hei±ej ∣ 1 ≤ i < j ≤ n } ∪ {Hei ∣ 1 ≤ i ≤ s } ⊂ in Rn

Dn,n ≅ Bn and Dn,0 ≅ Dn

Theorem (Körber, Schnieders, S., Walizadeh 2025)

All arrangements of type Dn,s for n ≥ 2 admit a Hamiltonian cycle.

13 / 18



Tope Graphs Supersolvable Restrictions Simplicial

3-dimensional simplicial

All 2-dimensional hyperplane arrangements are simplicial and
Hamiltonian

Grünbaum–Cuntz catalogue include all known 3-dimensional
simplicial arrangements
95 sporadic arrangements + 3 infinite families
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Theorem (Körber, Schnieders, S., Walizadeh 2025)

All simplicial hyperplane arrangements in the Grünbaum–Cuntz cat-
alogue admit a Hamiltonian cycle.

We used the same algorithm as before for the sporadic
arrangements

The algorithm, tope graphs and Hamiltonian cycles are in
Github
There are many Hamiltonian cycles
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The three infinite families

The family R(0) The family R(1) The family R(2)
∞

These are families are supersolvable.
With our Theorem for supersolvable we find Hamiltonian
cycles.
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Working on proof without the computer

Going up in dimension/rank
Using the knowledge on tope graphs to understand more
structure
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Summary arXiv:2508.14538

Theorem
The tope graphs of supersolvable oriented matroids and supersolvable
hyperplane arrangements admit a Hamiltonian cycle.

Theorem
All restrictions of reflection arrangements admit a Hamiltonian cycle.

Theorem
All simplicial hyperplane arrangements in the Grünbaum–Cuntz cat-
alogue admit a Hamiltonian cycle.
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https://arxiv.org/abs/2508.14538
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