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Marked Posets Ehrhart References

Why care

You can find them regularly appearing
Generalization of order and chain polytopes
Many representation-theoretic polytopes arise naturally as
marked order polytopes [Ardila,Bliem,Salazar 11]
Certain marked order polytopes are integral equivalent to flow
polytopes [Liu, Meszaros, Dizier 19]
The polytope of q-rank functions are Minkowski summands of
marked order polytopes
They provide toric degenerations of type A flag variety
[Fujita 21]
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Definition
A marked poset (P, λ) is a finite poset P together with an induced
subposet P∗ ⊆ P of marked elements and an order-preserving
marking λ ∶ P∗ → R.
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Definition
Let (P, λ) be a marked poset with min(P) ∪ max(P) ⊆ P∗. The
marked order polytope O(P, λ) associated to (P, λ) is the set of
all x ∈ RP/P∗ satisfying the following conditions:

(1) λ(a) ≤ xp ≤ λ(b), for all p ∈ P/P∗ and a,b ∈ P∗ with
a ≺ p ≺ b and

(2) xp ≤ xq, for the p,q ∈ P/P∗ with p ⪯ q.

Definition
Let (P, λ) be a marked poset with min(P) ∪ max(P) ⊆ P∗. The
marked chain polytope C(P, λ) associated to (P, λ) is the set of
all x ∈ RP/P∗

≥0 satisfying the following condition:

(1) xp1 + xp2 + . . . + xpk ≤ λ(b) − λ(a), for each (maximal) chain
a ≺ p1 ≺ p2 ≺ . . . ≺ pk ≺ b in P with a,b ∈ P∗.
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Definition
Let P = P∗ ∪ C ∪ O be a partition of a poset P with min(P) ∪
max(P) ⊆ P∗ and λ a marking. The elements of C and O are
called chain elements and order elements, respectively. The
marked chain-order polytope OC ,O(P, λ) ⊆ RP is the set of all
x = (xp)p∈P ∈ RP satisfying the following conditions:

(1) for any a ∈ P∗, xa = λ(a);
(2) for p ∈ C , xp ≥ 0;
(3) for each saturated chain of chain elements a ≺ p1 ≺ ⋯ ≺ pr ≺ b

between a,b ∈ P∗ ∪O,pi ∈ C , r ≥ 0, we have
xp1 +⋯ + xpr ≤ xb − xa.
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Examples

4

x2 3

2 x1

1

(a) Marked order (b) Marked chain (c) Marked chain-order
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For integral markings these are lattice polytopes

We have nice descriptions of faces

Theorem (Jochemko,Sanyal 14; Pegel 18)

A partition π of a marked poset (P, λ) is a face partition if and
only if it is (P, λ)-compatible, connected and the induced marking
on (P/π,λ/π) is strict.
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Figure: Faces of the marked order polytope 8 / 19
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They have nice properties as lattice polytopes.

Theorem (Fang, Fourier, Litza, Pegel 20)

The marked order, marked chain and marked chain-order polytopes
with the same underlying marked poset are Ehrhart equivalent.

This means, for the same marked poset all these polytopes have the
same Ehrhart polynomial.
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Theorem (Fang, Fourier, Pegel 18)

The marked chain-order polytope OC ,O(P, λ) decomposes as the
weighed Minkowski sum.

OC ,O(P, λ) = c0OC ,O(P, ω0) + (c1 − c0)OC ,O(P, ω0)+
⋯ + (ck − ck−1)OC ,O(P, ωk)

And if λ is integral, it holds

OZ
C ,O(P, λ) = c0OZ

C ,O(P, ω0) + (c1 − c0)OZ
C ,O(P, ω0)+

⋯ + (ck − ck−1)OZ
C ,O(P, ωk)

Theorem (Fang, Fourier, Pegel 18)

For a marked poset (P, λ) the marked order polytope OC ,O(P, λ)
has a unqiue interior point and the canonically translated polytope
is reflexive if and only if P is a ranked poset and λ is arising from a
rank function.
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Definition and Theorem (Aprile 21; Gouveia, Parrilo, Thomas 10;
Sullviant 06)

Let P be a polytope is a 2-level polytope if and only if
1 for any facet F ⊆ P there exists t ∈ Rd , such that all vertices

v ∈ V (P)/V (F ) lies in t + aff(F ).

2 P has a slack matrix with only 0 and 1 as entries.
3 P has Theta-rank 1.
4 P is a lattice polytope, which resulted in a cut of a hypercube.
5 P is linear isomorphic to a compressed polytope.

Stanley’s order and chain polytopes are 2-level polytopes.
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Theorem
Let (P, λ) be a regular marked poset. The following conditions are
equivalent:

1 O(P, λ) is a 2-level polytope.
2 Each connected component of the poset P has one unique

maximal and one unique minimal marked element.
3 O(P, λ) is affinely isomorphic to an order polytope.

Theorem
Let (P, λ) be a regular marked poset. The following conditions are
equivalent:

1 C(P, λ) is a 2-level polytope.
2 The difference of markings for each saturated chain in P

differs by a constant value.
3 C(P, λ) is affinely isomorphic to a chain polytope.
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Theorem
Let (P, λ) be a regular marked poset and P = P∗ ∪ C ∪ O a de-
composition into marked, chain and order elements. The marked
chain-order polytope OC ,O(P, λ) is a 2-level polytope if and only if

1 O(P/C , λ) is a 2-level polytope, and
2 The higher and lower bounds of the chain elements C differ by

a constant.
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Let L(P) be the linear extensions of a poset P and Pπ the poset
defined by the linear extension π.

Definition
For a marked poset (P, λ) with π ∈ L(P), a marked chain I in Pπ

is a maximal chain I in Pπ consisting of elements from P/P∗ that
lies between two elements a,b ∈ P∗. We these bounds with aI and
bI .

Theorem
Let (P, λ) be a regular marked poset and L(P) the set of all linear
extensions of P where the markings are ordered in increasing order.
The Ehrhart polynomial of O(P, λ) is

EhrO(P,λ)(m) = ∑
π∈L(P)

∏
I⊆Pπ

marked chain

(m(λ(bI ) − λ(aI )) − d + ∣I ∣∣I ∣ ).

Here, d is the number of descents of π between aI and bI .
14 / 19
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Question

Which polytopes appear to be marked chain-order polytope?
Which other polytopes are closely related?

Do we have nice combinatorial interpretations of invariants for
2-level marked chain-order polytopes?
Investigating the Ehrhart polynomial for special marked posets.
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Thank you!
a1 a2

x1 x0 x2

a0
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