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Abstract

We define functorial isomorphisms of parallel transport along étale paths for
a class of vector bundles on a p-adic curve. All bundles of degree zero whose
reduction is strongly semistable belong to this class. In particular, they give rise
to representations of the algebraic fundamental group of the curve. This may
be viewed as a partial analogue of the classical Narasimhan—Seshadri theory of
vector bundles on compact Riemann surfaces.
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Introduction

On a compact Riemann surface every finite dimensional complex representation of
the fundamental group gives rise to a flat vector bundle and hence to a holomor-
phic vector bundle. By a theorem of Weil, one obtains precisely the holomorphic
bundles whose indecomposable components have degree zero [W]. It was proved by
Narasimhan and Seshadri [Na-Se| that unitary representations give rise to polystable
bundles of degree zero. Moreover, every stable bundle of degree zero comes from an
irreducible unitary representation.

The present paper establishes a partial p-adic analogue of this theory, generalized
to representations of the fundamental groupoid. The following is our main result.
Recall that a vector bundle on a smooth projective curve over a field of characteristic
p is called strongly semistable if the pullbacks of E by all non-negative powers of
the absolute Frobenius morphism are semistable. Let X be a smooth projective
curve over @p and let o be the ring of integers in C,. A model X of X is a finitely
presented flat and proper scheme over Z,, with generic fibre X. The special fibre X}
is then a union of projective curves over k = F,. We say that a vector bundle F
on X¢, = X ® C, has strongly semistable reduction of degree zero if the following
is true: E can be extended to a vector bundle £ on X, = X ® o for some model
X of X such that the pullback of the special fibre £ of £ to the normalization of
each irreducible component of X, is strongly semistable of degree zero. We say that



E has potentially strongly semistable reduction of degree zero if there is a finite
étale morphism « : Y — X of smooth projective curves such that a*E has strongly
semistable reduction of degree zero.

Theorem Let E be a vector bundle on Xc, with potentially strongly semistable
reduction of degree zero. Then there are functorial isomorphisms of “parallel trans-
port” along étale paths between the fibres of Ec, on Xc¢,. In particular one obtains a
representation pg 5 of m1 (X, z) on E, for every point x in X (C,). The parallel trans-
port is compatible with tensor products, duals, internal homs, pullbacks and Galois
conjugation.

The theorem applies in particular to line bundles of degree zero on X¢,. In this
case the p-part of the corresponding character of m1(X,z) was already constructed
by Tate using Cartier duality for the p-divisible group of the abelian scheme PicgE 1z,
cf. [Ta] §4 and [De-We2]. His method does not extend to bundles of higher rank.

Let us now discuss the contents of the paper in more detail. Afterwards we can
sketch the proof of the theorem.

In the first section we investigate the category Sx p consisting of finitely presented
proper Zp—morphisms 7w : )Y — X whose generic fibre is a finite covering of Y which
is étale outside of a divisor D on X. The important point is that for given 7 in
Sx,p there is an object 7' : ' — X in Sx p lying over 7 with better properties, e.g.
cohomologically flat of dimension zero or even semistable. We also construct certain
coverings 7 using the theory of the Picard functor which are used several times.

In the second section we define and investigate categories B Xc,.D and %?XCP’ p in-
volving a divisor D on X and also an analogous category Bx, p for a fixed model X
of X. These are defined as follows. The category B, p consists of all vector bundles
& on X, such that for all n > 1 there is a covering 7 in Sx p with 7*€ trivial modulo
p". In theorem 16 it is proved that for £ to lie in By, ,, it suffices that 7;& is trivial
where 7y, is the special fibre of some 7.

Next, B Xg,,D consists of all bundles which are isomorphic to the generic fibre of a
bundle £ in By, p for some model X of X. These categories are additive and stable
under extensions. Finally, we define ‘BﬁXC D as the category of vector bundles on
Xc, whose pullback along « lies in %ycp;* p for some finite morphism o : ¥ — X
between smooth projective curves which is étale over X \ D. We obtain an additive
category which is closed under extensions and contains all line bundles of degree
zero. All vector bundles in B* are semistable of degree zero.

The third section is devoted to the definition and study of certain isomorphisms of
parallel transport along étale paths in U = X \ D for the bundles in the category



‘B&CW p- In more technical terms, we construct an exact ®-functor p from %&Cw p to

the category of continuous representations of the étale fundamental groupoid I1; (U)
on C,-vector spaces. The basic idea is this: Consider a bundle £ in B x, p and for a
given n > 1let 7 : J — X be an object of Sx p such that 7}&, is a trivial bundle
on )Y,. Here the index n denotes reduction modulo p™. Consider points z and z’ in
X(C,) = X(0) and choose a point y in Y = V¢, above z. For an étale path vy from z
to x’ i.e. an isomorphism of fibre functors, let vy be the corresponding point above
2'. For a “good” cover m we have isomorphisms

v (w)n

We define the parallel transport pg(y) : & — & as the projective limit of the

maps pe.n(y) = ()i (y:)~t. This parallel transport is then extended to Bxe,.D

and %?XC;N p- We also prove that the functor mapping a bundle E in %&Cw p to its
fibre in a point « € U(C,) is faithful.

Using a Seifert—van Kampen theorem for étale groupoids we show that for a bundle
FE which is in 8% for two disjoint divisors, one actually obtains a parallel transport
along all étale paths in X.

The proof of the theorem above starts with a characterization of those vector bundles
on a purely one-dimensional proper scheme over a finite field F, whose pullback to
the normalization of each irreducible component is strongly semistable of degree zero:
These are exactly the bundles whose pullback by a finite surjective morphism to a
purely one-dimensional proper g -scheme becomes trivial. For vector bundles on
smooth projective curves over finite fields this characterization is due to Lange and
Stuhler [LS]. Hence we have to lift finite covers in characteristic p to characteristic
zero. The main point here is to construct a morphism of models whose reduction
factors over a given power of Frobenius. In fact our method allows us to construct
two coverings 7 in Sx,p and 7 in Sx, p for two disjoint divisors D and D such that
&, and 77 &, are both trivial. By the above theory, one gets the parallel transport
on all of X¢,. In the case of good reduction M. Raynaud has shown us a direct proof
of this fact c.f. theorem 20.

For Mumford curves, Faltings ([Fal]) associates a vector bundle on X to every K-
rational representation of the Schottky group and proves that every semistable vector
bundle of degree zero arises in this way. It was shown by Herz [He] that his con-
struction is compatible with ours.

Recently Faltings has announced a p-adic version of non-abelian Hodge theory [Fa2].
He proves an equivalence of categories between vector bundles on X¢, endowed with
a p-adic Higgs field and a certain category of “generalized representations” which



contains the representations of 71(X,z) as a full subcategory. His methods are
different from ours. In particular Faltings uses his theory of almost étale extensions.
The main open problem in Faltings approach is to characterize the Higgs bundles
corresponding to actual representations of 71 (X, z). He shows that with zero Higgs
field, line bundles of degree zero and their successive extensions come from 71 (X, x)-
representations and suggests that perhaps all semistable vector bundles of degree
zero are obtained in this way. The main theorem of our paper shows that this is true
if in addition the bundle has potentially strongly semistable reduction.

The present preprint improves and replaces the second part of [De-Wel]. The first
part of [De-Wel] will be published as [De-We2].

Finally we would like to draw the reader’s attention to possibly related works of
Berkovich [Be] §9 on p-adic integration, of Ogus and Vologodsky on non-abelian
Hodge theory in characteristic p and of Vologodsky [Vo] on Hodge structures on
fundamental groups.
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manuscript and for suggesting several improvements of our theorems and their proofs.
This concerns in particular theorems 5 and 20 and proposition 14.

1 Categories of “coverings”

In this section we introduce simplified and generalized versions of the categories of
coverings that were used in [De-Wel] to define the p-adic representations attached
to certain vector bundles.

In the following, a variety over a field k is a geometrically irreducible and geometri-
cally reduced separated scheme of finite type over k. A curve is a one-dimensional
variety. Let R be a valuation ring with quotient field () of characteristic zero.
For a smooth projective curve X over () consider a model X of X over R ie. a
finitely presented, flat and proper scheme over spec R together with an isomorphism
X =X®gr Q. For a divisor D on X we write X \ D for X \ supp D.

Consider the following category Sx p. Objects are finitely presented proper R-



morphisms 7 : ) — X whose generic fibre mg : Vg — X is finite and such that
mq 7o (X \ D) — X\ D is étale .

We set Sx = Sxg. In this case the generic fibre m¢ is a finite étale covering. A
morphism from 7 : Vi — X to m : Vo — X in Sy p is given by a morphism
@ : Y1 — Yo such that m; = moop. Note that ¢ is finitely presented and proper and
that ¢ is finite, and étale over X \ D.

If such a morphism exists, we say that m; dominates m. If in addition ¢ induces an
isomorphism of the local rings in two generic points we say that 7 strictly dominates
2. In the case where Vi and )sg are both smooth projective curves this means
that ¢ is an isomorphism.

It is clear that finite products and finite fibre products exist in Sx p. Moreover, for
every morphism f : X — X’ of models over R and every divisor D’ on X', the fibre
product induces a functor f~1: Sy pr — Sx,ppr.

We frequently use the fact that any non-constant morphism of a reduced and ir-
reducible scheme 3 to a discrete valuation ring is flat, c¢f. [Liul], Corollary 4.3.10.
Besides, note that if 3 is flat and of finite presentation over R with irreducible and
reduced generic fibre, then 3 is also irreducible and reduced by [Liul], Proposition
4.3.8.

We define the full subcategory
Si?gd - Sxy D

to consist of those objects in Sx p whose structural morphism X : Y — spec R is flat
and satisfies A,Oy = Ogpec g universally and whose generic fibre Ag : Yo — spec(@ is
smooth. In particular Vg is geometrically connected and hence a smooth projective
curve, which implies that ) is irreducible and reduced.

Let Sis p denote the full subcategory of Sx p consisting of all 7 : ) — X such that
A Y — spec R is a semistable curve whose generic fibre Vg is a smooth projective
curve over (). Recall that A : )) — spec R is a semistable curve iff X is flat and for
all s € spec R the geometric fibre )5 is reduced with only ordinary double points as
singularities, see [DM] or [Liul], section 10.3. Note that since Vg is irreducible and
reduced, the scheme ) is irreducible and reduced as well. If R is a discrete valuation
ring, then ) is normal since Vg is normal, see [Liul], Proposition 10.3.15.

Theorem 1 Assume that the base ring R is a discrete valuation ring.
1) The category SgéD s a full subcategory of Sageogd.
2) The objects Y — X of Si‘fD have the property that Picg,/R exists as a semiabelian

scheme which is isomorphic to the identity component of the Néron model of the



abelian variety Picg,Q/Q.

3) For any discrete valuation ring R’ dominating R set X' = X®r R’ and let D’ be the
inverse image of D in X'. The natural base extension functor Sx p — Sx/ pr maps
Si?gd mnto Si‘?ﬁ and *p into 83857’1),. (More generally this is true for valuation
rings R and R'.)

4) For any finite number of objects m; : Vi — X in Sx,p there exists a finite extension
Q'/Q such that the objects m; @r R’ of Sz .pr are all dominated by a single object of
Si‘?"g, and even of % pr- Here R’ is a discrete valuation ring in Q' dominating R.

5) For any object m: Y — X of Sx,p there exists an extension of discrete valuation

rings R'/R as in /) such that m @ R’ is strictly dominated by an object of Si(,’og,

and even of S¥ p.

Proof 1) Let 7 : ) — X be an object of S¥p- By assumption the geometric fibres
of Y over spec R are reduced. Together with the flatness of A : ) — spec R it follows
from [EGAIII] 7.8.6 that X is cohomologically flat in dimension zero. This means
that the formation of A\, (O) commutes with arbitrary base changes. Since A is proper
the sheaf \,(Q) on spec R is coherent and hence given by the finitely generated R-
module I'(spec R, \.(O)) =T'(Y,O). Since Y is integral, this module is torsion free,
hence free, so that \.(O) = ngecR for some r > 1. Since )Y is a smooth curve, it
follows that » = 1. Taken together we find that the equation A, (O) = Ogpec g holds
universally.

2) Since ) has semistable reduction over spec R it follows from [BLR] 9.4, Theorem
1 that Picg, /R is a smooth separated R-scheme which is semi-abelian. By [BLR] 9.7,

Corollary 2 the connected component of the Néron model of Picg,Q /0 is canonically
isomorphic to Picg, /R
3) Note here that semistability is by definition preserved under base change.

4) Since finite products exist in Sy p assertion 4) follows from assertion 5).

5) I Let us first prove the claim for the category Sageogd. This proof will be taken

up in a G-equivariant context in theorem 4 below. Let Q' be a finite extension field
of @ such that Y has a Q'-rational point over X \ D and such that the irreducible
components of Vg are geometrically irreducible. Let R’ be a discrete valuation ring
in Q" dominating R. Set Yp = Y ®r R'. Choose an irreducible component of Yy
containing a @Q’-rational point over X \ D and let Y* be its closure in Vg with the
reduced scheme structure. Then )* is integral and we can pass to its normalization
Y which is finite over Y* by [EGAIV] (7.8.6). Y is a proper, flat R’-scheme. Since
Ve r' @’ is the normalization of yg?, it has a Q’-rational point. By Lipman’s resolution
of singularities, there is an irreducible regular R’-scheme )" together with a proper
R’-morphism )V — 37 which is an isomorphism on the generic fibre. )V is obtained
by repeatedly blowing up the singular locus followed by normalization. This process
becomes stationary after finitely many steps (see [Lip] and also [Liul] 8.3.44). Hence



we obtain a regular, irreducible scheme )V, which is proper and flat over R’, together
with a proper morphism YV — X’ strictly dominating #® g R’. The Q’-rational point
in the generic fibre of )V induces a section of )V — spec R’ by properness. Now we
apply a theorem of Raynaud to deduce that })V is cohomologically flat in dimension
0, see [Ray], Théoréme (8.2.1) (ii) = (iv) or [Liul] 9.1.24 and 9.1.32. Thus YV — X’

.. d
lies in Sagé,)oD,.

IT Alternatively, at least if the residue field of R is perfect the claim for S iogd could
be proved by using instead of Raynaud’s theorem a theorem of Epp. Repiacing Yy
by Y and R by R’ (of I) we may assume that ) is normal and that Vg is a smooth
projective curve over ). Using [Ep] Theorem 2.0, it can be shown that there is a
finite extension Q" of Q and a discrete valuation ring R’ in ' dominating R such
that the normalization 37 of Y ®r R’ has geometrically reduced fibres. As in the
proof of part 1) it follows that the object 7#: )Y — Y ®p R’ — X ®r R’ = X/ strictly
dominating 7’ =7 @r R : Y ®r R’ — X' isin Si‘?ﬁ,.

III We now prove that after base extension every object 7 of Sx p is strictly domi-
nated by an object of S°,. In view of part 1) this gives a third proof for the assertion

on Sg’)gd. We construct YV — X’ as in I. Since YV is irreducible, regular and proper
and flat over R', a result of Lichtenbaum [Lich] implies that YV is projective over R'.
According to [Liu2], Theorem 0.2, there is a finite extension QT of Q' and a discrete
valuation ring R! in QT dominating R’ and a semistable model YT of YV @p QF
together with a morphism YT 2, Y @ RY over spec Rf. The composition

VW4 IWer RN - xt=x @R
defines an object of 835 /1 which strictly dominates =7 ®g R O

The next result is used later to prove that certain categories of vector bundles are
stable under extensions and contain all line bundles of degree zero.

As before let R be a discrete valuation ring with quotient field Q) of characteristic
zero. Consider a smooth projective curve of nonzero genus X over () with a Q-
rational point x and a semistable model X of X over spec R. Fix some N > 1 and
define an étale covering o : Y — X by the cartesian diagram

Y —Z> Ale/Q
at lN
X L) Ale/Q

Here i, is the canonical immersion into the Albanese variety corresponding to the ra-
tional point x. Note that Y is geometrically connected and hence a smooth projective
curve.



Proposition 2 In the above situation, there exist
e a finite extension Q'/Q and a discrete valuation ring R’ in Q' dominating R
e a semistable model Y’ of Y =Y ®¢g Q' over spec R
e a morphism
7Y — ¥ =%XorR

such that the following assertions hold:
a) The generic fibre g, of ' is @' = a ®q Q.
b) There is a commutative diagram

- 0
P1cx,/R,

A

. .0
Ple,/R,
for some morphism g with g(0) = 0, where 0 denotes the zero section over spec R’.

Remark After proving the proposition, we saw that in [Fa2] Faltings uses a similar
construction to make Higgs bundles on p-adic curves “small”.

Proof Let )y be the normalization of X in the function field Q(Y) of Y. Then )4
is a model of Y which is equipped with a morphism 71 : V3 — X. According to
[EGAIV] 7.8.3 (vi) the morphism 7 is finite. We will view 7 as an object of Sx.
For an extension R’'/R as in theorem 1 part 5) there exists an object ©’ : ' — X’
of 8§ strictly dominating 71 ®g R’. Changing the identification of )’ ® p Q" with
Y’ =Y ®qQ' if necessary, we may assume that the generic fibre of 7’ is ¢/ = a®q Q'.
The origin in Alby,q = Pic& /0 and the point x of X define a Q-rational point y of
Y with i(y) = 0. Let
iy Y — Alby/Q

be the corresponding immersion. By the universal property of the Albanese variety,
there is a unique morphism f : Alby,g — Alby,q which is necessarily a homomor-
phism such that foi, = .



Applying the functor Pic?®Q, /o to the commutative diagram

Y L> Alby/Q

e

X i) Ale/Q

we obtain the following commutative diagram, where f' = f ®¢q Q"

;.0
P1cy,/Q, A
X
a/* PiCOXl/Q/
N=N
.0
PICX//Q/

Let N be the Néron model of Pic}., /@ OVer spec R’ and let V'V be its identity compo-
nent. By theorem 1 part 2) we know that Picg, /R and Picg,, /R exist as smooth and
separated schemes and that Picg,, IR is isomorphic to N°. By the universal property
of the Néron model, the natural map

(1) MOI‘R/ (Png://R/ 5 N) ;) MOI‘QI (PIC())(//Q/ 5 PIC(X]/’/Q’)

is bijective. Hence f’ has a unique extension to a morphism g : Picge, IR N. By
construction, the composition go N has generic fibre f’ oN = a'*. Since o is the
generic fibre of 7’ : )/ — X/, the induced homomorphism

£ Pi 0 a0
7" Picy g — Ple//R,

has generic fibre o'* as well. Using the Néron property (1) it follows that go N is
equal to the composition

Pic(}]f’/R’ —ﬂ—-*—) Picg,,/R, = NO — N .
In particular we get that g(0) = ¢g(N(0)) = 0 where 0 denotes the zero sections
of Picge, /R’ respectively Picg,, IR Since the special fibre of Picge, /R’ is connected, it
follows that ¢ is a morphism

g: PiC?E//R/ —>NO == Picg;//R/
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with go N = 7* as desired. O

We fix an algebraic closure @p of Q, and consider finite extensions Q, C K C @p.
The rings of integers will be denoted by oy and oz = Zp.

The following corollary of theorem 1 will be used constantly.

Corollary 3 Let X be a smooth projective curve over @p and D a divisor on X.
Let X be a model of X over spec Zp.

1) Given any finite number of objects m; : Vi — X in Sx,p (resp. given one object
m Y1 — X in Sxp) there is a finite extension K of Q, and a curve X /K
with model X,, /ox and a divisor D of Xk such that the following hold: We have
X =Xg®x K and D = D ® K and X = Xog og Zp and there is an object
Tog * Vo — Xogx Of ng(;d,DK and even of S;iK,DK such that @ = Toy Qo Lp

dominates all 7; in Sx,p (resp. dominates my strictly ).

2)The category S5, is a full subcategory of Siogd.

3) Any finite number of objects w; : Yy — X in Sx,p are dominated by a common
object m 1 Y — X of SageooDd and even of S85°p. Every single object m : Y1 — X in

Sx p is strictly dominated by an object of Sioj%d and even of S¥p,.

Proof Part 1) follows from theorem 1, 4), 5) using noetherian descent as in [EGAIV]
§8, in particular (8.8.3) and (8.10.5), together with [EGAIV] (17.7.8) to descend to
the category Sx, p, for some X;/og, with divisor D; where K; D Q, is a finite
extension.

2) Similarly as above, every object w : ) — X of SgéD descends to an object m,, :
Vox — Xo of Sx, . ,py Where K D Q, is finite such that Vo, /o is flat. Since the

geometric fibres of V,, /ox and Y/Z, can be identified, it follows that 7o, : Vo, —

.. . ood 7
Xoj isin S;“;K’DK and hence in SageoK,DK by theorem 1, 1). Therefore 7 = o, Qo Zp

lies in Sage?oDd by theorem 1, 3).
Part 3) follows by combining 1) and theorem 1, 3). O

Later we will construct a canonical parallel transport for certain vector bundles. The
proof that it is well defined requires the following theorem. Let Tx p be the following
category. Objects are finitely presented proper G-equivariant morphisms 7 : )Y — X
over spec Z, where G is a finite (abstract) group which acts Z,-linearly from the left
on Y and trivially on X. Moreover the generic fibre g, is finite and its restriction

Vg, \7D — X\ D is an étale G-torsor.
P

A morphism from the Gi-equivariant morphism 7 : Yy — X to the Ga-equivariant
morphism 7 : Yo — X in Ty p is given by a morphism ¢ : Y1 — Vs with 71 = ma0¢

10



together with a homomorphism v : G; — G2 of groups such that ¢ is G1-equivariant
if Gy acts on Yy via .

This definition generalizes the category Tx = Tx 4 used in [De-Wel] § 5. There is an

obvious forgetful functor Tx p — Sx p. The full subcategory Siogd of Tx p consists

of those objects which are mapped to objects of Sageogd.

Theorem 4 For any object m : Y — X in Sy p there is a finite group G and a

G-equivariant morphism ©' : Y' — X defining an object of ‘Zio%d which admits a
morphism ¢ : Y — Y with mop = ©'. In other words, every object of Sx p is

. . . . good
dominated by the image of an object in Sx,D .

Proof Let us first show that every object m : J — X of Tx p is dominated by

an object of ‘Z%é) ODd. By noetherian descent we can assume that there is a finite

extension K of QQ, in @p with ring of integers R such that 7 descends to the object
TR : Yr — Xg in Tx, p,. Denote by G the group acting on Vg over Xg such that
Y \ 75Dk — Xk \ Dk is an étale G-torsor. Now we follow the construction in
the proof of theorem 1, 5) I and consider a geometrically irreducible component of
Yy containing a K'-rational point over X/ \ D/, where K’ is a finite extension
of K in @p. Denote by H C G the stabilizer of this component. Then H acts in a
natural way on Y*, and also on Y and YV. Therefore YV — X @ r R, where R’ is
the ring of integers in K’, is an object of T%EO;?DK/ dominating wr/. By base-change
to Zp, our claim follows. Hence it suffices to show that there is an object ©’ of Tx p
which dominates 7. By corollary 3, 1), we may assume that we have ™ = 7., ® Z,
with 7o, @ Voi — Xop in Si‘:jiDK. Let Y/, be the smooth projective curve whose
function field is the Galois closure of K (Yx) over K(Xf). The Galois group G acts
on Yy over Xg. The morphism Y} — Xk is finite and over Xg \ D it defines a
Galois covering with group G. Consider the normalization Y, « of Yo, in K(Y}). By
[EGAIV], (7.8.3) (vi) the morphism Y, — Vo, is finite. Hence Vo, — Vo — Xox
defines an object of Sx,, p, with generic fibre Yi = Yj — Xk.

By the proof of [Liu2], Lemma 2.4, there exists a model ), i of Y} over o endowed
with an action of G extending the action on Y}, together with a morphism ¢, :

bx — Yor Which is an isomorphism on the generic fibre.

Let 7y, @ Vo — Xop be the composition 7, = 7o, o@e, @ Vo, — Vor —

X, . Since ng is reduced, G-equivariance of the generic fibre of WGK implies G-
equivariance of mj,  cf. [EGAII], 7.2.21.

Now put B B
V=V, Qog Ly and 7' =7, ®op Ly: Y — X.
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Then 7/ : Y’ — X is an object of Tx p such that ¢ = o, R0y Zp : V' — Y satisfies
/
Top ="T". O

2 Two categories of vector bundles on p-adic curves

Let Vecg be the category of vector bundles on a scheme S. For a bundle E we often
write E for its locally free sheaf of sections O(F). Let o be the ring of integers in

C, = @p and set 0, = 0/p"o = Zp/pnzp. For every o-scheme ) we set )V, = YV ®, 0p,.
Let X be as before a smooth projective curve over @p and set X¢, = X g Cp.
P

First of all, we show that vector bundles on X¢, can be extended to vector bundles
on suitable models. The elegant argument in the proof was commicated to us by
M. Raynaud.

Theorem 5 For every vector bundle E on Xc, and every model X of X there exists
a model X' of X dominating X such that E extends to a vector bundle on X,. If X
18 smooth, then E can be extended to a vector bundle on X, itself.

Proof We can extend F to a quasi-coherent sheaf F of finite presentation on X,, see
[Ha], Appendix, Corollary 2 to Proposition 2. Let J C Oz, be the r-th Fitting ideal
of F, where r is the rank of F. Since F is of finite presentation, J is quasi-coherent
of finite type. Besides, J - O Xe, is equal to the Fitting ideal of F, hence to O Xc,-
Therefore there exists some n > 1 such that p"Ox, C J. By appoximating the local
generators of J with elements in O modulo p”, we see that J descends to an ideal
Jo C Ox. Let ¢ : X’ — X be the blowing-up of Jy. Since Jy is of finite type, ¢
is of finite presentation, so that ¢ is a map in S inducing an isomorphism on the
generic fibre. The base change map ¢, : X, — X, is the blowing-up of J. Hence
0o 1(T) Oy, is invertible. Since ;' (J)Oy;, is the r-th Fitting ideal F,.(0}F) of }F,
we can apply [Ray-Gru], (5.4.3) to deduce that @37 /Ann ;7 (F,(p3F)) is locally free
of rank r on X/. Hence it gives rise to a vector bundle £ on X!, with generic fibre E.
If X is smooth over Z,, then Picg /Zp(o) = Picg( /a,
degree 0 extends to a line bundle on X,. Besides, X carries a line bundle A/ whose
generic fibre has rank one. Hence every line bundle on X¢, can be extended to X,.
The general case follows by induction on the rank of E. Namely, there is an exact
sequence of vector bundles 0 — Ey — F — Ey — 0 on X¢, where rk E; < rk E for
i = 1,2. By hypothesis, F/; and E5 can be extended to £ and & on Xy. By flat base
change we have an isomorphism

(Cp), so that every line bundle of

Exty, (€2, 1) ® Cp EXt})(@p(E% Ey) .
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This implies that E is isomorphic to the generic fibre of a vector bundle £ on X,. Note
here that extensions of locally free sheaves are locally free because the cohomology
of affine schemes vanishes. a

Definition 6 a For a model X of X over Z, and a divisor D in X the category
Bx,.p 15 defined to be the full subcategory of Vecx, consisting of vector bundles £
on X, = X ®z, 0 with the following property: For every n > 1 there is an object
m:Y — X of Sx,p such that &, is a trivial bundle on Y,,. Here m,,Y, and &, are
the reductions mod p™ of w,) and £.

b The full subcategory %X(vaD ofVecXCp consists of all vector bundles on Xc, which
are isomorphic to a bundle of the form j*& with £ in Bx, p for some model X of X.
Here j is the open immersion of Xc, into X,.

c The full subcategory SB?X@,,,D of VecXCp consists of all vector bundles E on Xc,
such that oz(*cpE 8 in %YCWQ*D for some finite covering o :' Y — X of X by a smooth

projective curve Y over @p such that o is étale over X \ D.

Remarks a For D = () we simply write By, for Bx, p etc.

b In [De-Wel] §6 a category Bx, was defined as above, but using coverings in Ty
instead of Sx. It follows from theorem 4 that both definitions give the same category.
Consequently, also the category 5B Xc, 18 the same as the one defined in [De-Wel]
Definition 19.

Lemma 7 The category %X(vaD consists of all vector bundles isomorphic to j*&

with £ in Bx, p and X a semistable model of X over Zp.

Proof Given any model X of X, there is a semistable model ) of X strictly domi-
nating X. This follows from corollary 3, 3) applied to m; = idx. Since the pullback
of bundles on X to )V maps Bx, p to By, p by proposition 9 below, the assertion
follows. O

Lemma 8 Let f : X — X' be a morphism of smooth, projective curves over @p.

For every model X' of X' there exists a model X of X and a Zp—linear morphism
f:X — X' such that the diagram

X=—X

fl lf
xl < X/

18 commutative.
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Proof Since f is proper, it is either surjective or maps X to a closed point of X'.
In the second case, because of properness any model X of X will do. Hence we can
assume that f is surjective, hence finite. There is a finite extension K of Q, in @p
such that f descends to a morphism fx : Xg — X} of smooth, proper curves over
K and such that X’ descends to a model X, of Xj.

Define X,, as the normalization of the reduced and irreducible scheme X7, in the
function field K(Xk) of Xk, and let foK Xy — %;K be the corresponding finite
morphism. Since fx : Xg — X is the normalization of X} in K(X), the generic
fibre of X,,. can be identified with X so that the desired diagram commues. Base-
change with Zp completes the proof. O

Proposition 9 The categories Bx, p resp. ‘BchvD and %&C p are full additive
p?
subcategories of Vecy, resp. Vec Xe, which are closed under tensor products, duals,

internal homs and exterior powers. For every morphism f : X — X' over Zp resp.
[+ X — X" over Q, and every divisor D' on X', the pullback functor f* of vector
bundles restricts to an additive exact functor f* : By pr — By, p«pr resp. [
. opl i ;
‘BX(/CP,D, — %ch,f*D’ and f*: B LD — %ch,f*D" These functors commute with

tensor products, duals, internal homs and exterior powers.

The proof is straightforward for By, p and B Xc,,D given corollary 3, 3), lemma

8 and the functoriality of the categories S. For BY note first that given finite
morphisms Y; 25 X for 1 < i < n étale over X \ D by smooth projective curves Y,

there is a finite morphism Y B, X étale over X \ D by another such curve Y such
that 3 factors over each «a;: Take the normalization of any irreducible component of
Y1 X x ... XxY,. Thus the assertions about &, ® etc. for B follow from those for B.

Next, given F in iBﬁX/cp,D’ and f: X — X', choose a finite morphism o’ : Y/ — X',

étale over D' such that o' *F lies in By, ampr- Let Y be the normalization of an
P

irreducible component of f~!(Y”) and consider the commutative diagram:

Y —f1Y)=Xxx Y —=Y'

«a l/oc’
!

X X’

Let g : Y — Y’ be the upper horizontal map. By functoriality of 98 we know that
g a*E lies in %ch,g*a’*D’- Hence f*FE is in sBﬁch,f*D" O

14



Proposition 10 a Let a: Y — X be a finite morphism, étale over X \ D of smooth
and proper curves over @p. Then a vector bundle E on Xc, lies in ‘B&C p if and
p7

only if &*E lies in ‘Bgfcp,a*D'
b Assume in addition that o : Y — X is étale. For a vector bundle F' on Yc, let
a,F be the vector bundle on Xc, corresponding to the locally free sheaf a, O(F). If

F isin ‘B%,(Cp then oI is in %?XCP.

Proof a This follows from the functoriality of %% in proposition 9.
b Consider F' in ‘Bg,c and choose a Galois covering v : Y/ — X which factors over
P

Y i.e. 7y is a composition 7y : Y’ Py 2 X, Let G be the Galois group of Y’ over X
and let H be the one of Y’ over Y. For every o in G the adjunction map F — (3,6*F
induces a map

' — a. i F = 7. F = v.0.8°F .

Note here that yoo = . This gives a map
Yo, F — o,0°F .

For 7 in H we have 7.3* = (771)*8* = (Bo7~!)* = 3*. Hence we obtain a well

defined map

(2) vaF — P opF.
ce€G mod H

Argueing locally, one sees that (2) is an isomorphism. Now, 0,3*F = (o~ 1)*3*F
belongs to Bt by functoriality of Bf. Hence v*a,F belongs to this category as
Cp

well. It follows that o, F' lies in SB?XC as was to be shown. O
D

We now prove that our categories are stable under extensions of vector bundles.

Theorem 11 The categories %}:07D7%XCP7D and %?XC p are stable under exten-
p?
sitons, e.q. if
0—F —F—E —0

is an exact sequence of vector bundles on Xc, such that E' and E" are objects of the
category ‘BX«:p,D7 then E is also contained in %X(vaD'

Proof We give the proof for 8 X¢,,D- The case of By, p is similar. The assertion
for BF follows formally from the one for B. Thus, let E’ und E” be in B Xe¢,,D- BY
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definition, there exist models X’ and X" of X over Z, and vector bundles £] in By, p
and &1 in B v p such that
B~ j% & and B~ jxél,

where jy; and jzv are the open immersions of the generic fibre X¢, into X, = %'@ZP 0
respectively Xg = X" @7 o.

Applying Proposition 27 below, there exists a model X of X over Z, together with
morphisms over Z,

EUR
restricting to the identity on the generic fibres. By functoriality £ = pi&] and
&' = p;gf lie in %me.
Reducing to cohomology and using flat base change one sees that j% induces an
isomorphism Ext}. (£”,€)®,Cp, = Extkcp (E", E’). Hence there is some k > 0 such
that the extension class we get by multiplying p* with the class in Ext}XC (E",E")

P

induced by F comes from Ext} (£”,€).

Hence pullback by p*-multiplication on E” induces an extension

0 El El E/l 0
| b
0 E' E E" 0

on Xc, for which there is an exact sequence
0—& —€—&"—0

of vector bundles on X, such that j3 & ~ Fy ~ E. Note here that any extension of a
locally free sheaf by another one is again locally free. The reason is that locally every
such extension splits because the coherent cohomology of affine schemes vanishes.

Let us fix some n > 1. Since & and £” lie in By, p, we find objects 7’ : Y — X
and " : 3" — X of S p such that 7, &} is trivial on V! = )’ ®7, 0n and T FE s
trivial on Y/ = )" ®7, On-

By Corollary 3, 1), there is a finite extension K of Q, with the following properties:
e X, D and X descend to a curve Xg /K a divisor Dg on Xg and a model Xp/R
respectively, where R = og.

e there is an object mr : Yr — Xg of S§€Z7DK such that

W:WR®RZp:y:yR®RZp—>%
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dominates both 7’ and 7.
e the generic fibre Yx of Vg has a rational point.

Now 7€), and 7! are trivial bundles on V,. If v’ respectively r” denote their ranks
the extension:

(3) 0—mi&l — mi& — mEl — 0
gives rise to a class in Ext%,n((’)"", 0"~ HY (Y,,0)""".

Claim There exists an object o : 3 — X in Sx,p and a morphism p : 3 — ) in
Sx.p, such that the induced map p}, : HY(Y,,0) — H(3,,0) is trivial.

Assume that the claim holds. Then p}, applied to the extension (3) is trivial, which
implies that o0&, = p;m; &y is a trivial vector bundle on 3,. Since this argument
can be done for every n > 1 it follows that £ lies in By, p, which implies that E is
contained in the category ‘B Xc,D- The theorem follows.

Hence it remains to prove the claim. If the genus of Yy is zero, then Yx = ]P’}(
since Y was assumed to have a rational point. Hence x(Yx,O) = 1 and therefore
X(Yi, O) = 1 where Y}, is the special fibre of Y. Since A\,Oy,, = Op holds universally
we have H%(),,O) = x and therefore H'(),,O) = 0. Now [Mu] Corollary 3 on p.
53 implies that H'(),,0) = 0. In proving the claim we can therefore assume from
now on that the genus of Yy is nonzero. Let us first show that it suffices to find a
morphism p: 3 — Y in Sg p such that

p* HY(Y,0) — H'(3,0)
satisfies p*(HY(Y,0)) C p"H(3,0).

Namely, consider the commutative diagram

H'\(,0) @7 0, —2 . [H'(3,0) @7 o,

l l

HY(Y,,0) H'(3,,,0)

*
Pn

By assumption, the upper horizontal map is zero. Hence p; = 0, if the left vertical
map H'(Y,0) ®7, On — H(YVn,O) is surjective. Since Z, is flat over R and
therefore o0,, = _p /p”Zp is flat over R/p"R, it suffices by flat base change to prove
surjectivity of

H'(Vr,0)®@r R/p"R — H' (Yr ®r R/p"R,0) .
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Let k be the residue field of R. By Nakayama’s lemma, it suffices to prove surjectivity
after tensoring with k. Consider the commutative triangle

HY (YR, 0) ®g k H'(Yr @g R/p"R,0) @pjpnp k

\/

Hl(ykvo)

Both vertical maps are isomorphisms by [Mu], Corollary 3 on p. 53 since Yy is one-
dimensional and hence has vanishing second cohomology. Hence the horizontal map
is a fortiori surjective.

By proposition 2 applied to the smooth projective curve Y over K and its semistable
model Vg over R with N = p” there exist the following:
e a finite extension K’ of K in @p with ring of integers R’ = ok
e an object
pr 3R — VR =YrROr R

of S)S,; _ such that there is a commutative diagram

P

-0 -0
PICyR’/R/ PICBR//R’

- 0
PICyR,/R’

for some morphism ¢ with g(0) = 0.

Note that the Lie algebra of a group functor coincides with the Lie algebra of its
identity component, if the latter exists (see e.g. [SGA3,I], expose VIp, remarque
3.2). Hence we can apply [BLR], 8.4, Theorem 1, to the proper, flat R’-schemes
Vg and 3 which as in the proof of theorem 1, 1) are both cohomologically flat in
dimension 0 over spec R’. Hence we obtain a commutative diagram with horizontal
isomorphisms

Lie Png;R//R/ ERASNE Hl (yR,7 O)

Liop”l

Liep?, LiePic}, /p —~= H' (Y, O) Pr

Liegl

LiePic§  p —— H'(3r,0)
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Since Liep™ is p™-multiplication, we deduce that
Pr(H' (YR, 0)) Cp"H' (31, 0) ,

and by flat base change that p*(H(Y,0)) C p"H'(3, ©) which completes the proof.
O

Note that in the following theorem and its proof we have changed our usual notation
somewhat.

Theorem 12 a For any smooth projective curve X over @p the category ‘BﬁXC ,
P
where X¢, = X %) Cp, contains all line bundles L of degree zero on Xc,.
P

b If X has a smooth model over Zp, then %ch contains all line bundles of degree
zero on Xc¢, .

Proof We may assume that X has positive genus. By the semistable reduction
theorem there is a finite extension K of Q, and a smooth projective curve X over K
with X (K) # 0 together with a semistable model X over o such that X = X @ Q,,.
In particular X is cohomologically flat of dimension zero over o . According to [BLR]
9.4 Theorem 1, Picge/aK is a semiabelian scheme over orx. Hence Picge/oK(o) is an
open subgroup of Pic% /K (Cp) = PicO(XCp) the group of isomorphism classes of line
bundles on Xc¢, of degree zero.

Claim If the class of L in Pic®(Xc,) lies in Picge/aK (o) then L isin Bx .

Proof of the claim By assumption L is the generic fibre of a line bundle £ on X,
giving rise to a class in Pic /oc (0). Note that according to [BLR] 8.1 Proposition

4, we have Pic(X,) = Picg/o, (0). Now, o0, = Zy/p Ly = lim . op/p"or where

F/K
F runs over the finite extensions of K in Q,. The rings op/p"op are finite, hence
PiC:O{/UK(UF/anF) is a finite group. It follows that

Pic% /oy (0n) = lim Pic%, (0p/p"or)
F/K

is a torsion group. Let £, = L ®, 0, be the reduction mod p™ of L to a line bundle
on X, = X, ® 0, = X Qg 0. It defines a class in Pic(a]en/on(on) = Picge/oK(on)
which must have finite order. Hence there is some N > 1 such that ES?N ~ (0. By
proposition 2 applied to @ = K, R = og and X, X, there is a finite extension K C
K' € Q, with ring of integers R’ = ox+ and an object mp : Vg — X = X @, R/
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of S?R , together with a commutative diagram, where g(0) = 0:

- .0 : 0
Plch, IR PleR/ IR

A

. 0
PICIR/ /R

Moreover we can assume that Yrr = Y @ K’ has a K'-rational point. For the
object m = Tp Qp Z Y =V O Z —X=X®, Z p of S5 we therefore get the
commutative dlagram

3%

Picgen Jon (0n) Picg,n Jop (0n)

Pic(3]€n/on (Un)
where G, (0) = 0. Hence we find
nlLn] = Gn(N[Ly]) = Gn([‘C%N]) = Gr(0)=0.

ol

It follows that 7 L, is a trivial bundle on }),,. Since this construction can be done
for every n > 1 the bundle £ belongs to B, and therefore L is an object of B Xc,-
O

We can now proceed with the proof of the theorem. Part b follows from the claim
for X smooth. In order to prove a, let L be any line bundle of degree zero on Xc,.
By a result of Coleman (Theorem 4.1. in [Col), the cokernel of the inclusion map

Pic} o, (0) < Pic%c(Cp)

is torsion. Hence there exists an integer N > 1 such that L®" is the generic fibre
of some line bundle £; on X, giving rise to a class in PicgE /UK(O). With notations as
before, we have for this N a commutative diagram

Plcx/zp 7r Pi

N

Plcx/zp

IC)}/ZP

where G(0) = 0. Since 7 is in Sme the generic fibre a of 7 : Y — X is a finite
étale covering o : Y =) ®z, Qp — X of X by the smooth projective curve Y. It
suffices to show that a(c L belongs to %yc Under the inclusion

Ple/Z (0) — PicO(Y(Cp) ,
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the element G([£1]) is mapped to ag ([L]). By the claim applied to Y and the pair

Y, Vi instead of X and X, X it follows that ag, ([L]) lies in By, as was to be
shown. 0O

Remark By the preceding results the category 8B Xc, contains all unipotent vector
bundles on Xc,, i.e. all bundles obtained by successive extensions of the trivial line
bundle.

More generally, the category %&C contains all successive extensions of line bundles
P

of degree zero.

The following insight is due to Faltings without proof in his setting of p-adic Higgs
bundles [Fa2]. We give a proof below.

Theorem 13 Let D be a divisor on a smooth projective curve X over @p. Then

every bundle in ‘B&C p 15 semistable of degree zero.
p7

Proof By the definition of semistability it suffices to show the assertion for every
bundle E’ in Bxc,,D-

We may assume that £’ = £’ ®, C,, for a bundle £’ in Bx, p for a model X of X. By

corollary 3,3) there exists an object 7 : ) — X of S§°, such that 7€ is a trivial

bundle on Y1 = Y ® o/p, where ] = &' ® o/p. Since the generic fibre o) of is
P

finite it suffices to show that F = TF(BPE/ is semistable of degree zero on V¢, . Setting
E =7n*E" we have E = £ ®, C,.

Besides, &1 = £ ® 0/p is a trivial bundle on ;. We have to show that E has degree
zero and that every subbundle L. C F' has degree deg L < 0.

Let K be a finite extension of Q, such that ) descends to a model V,, over o of its
generic fibre Y, i.e. YV = Vo, Qo Zp. Since Vo, /0x has the same geometric fibres
as y /ZD it is also semistable. The scheme )/, is the projective limit of the semistable
A-schemes Y4 = Vo, Qo A, where A runs over the finitely generated normal ox-
subalgebras of 0. Moreover ) is the projective limit of the schemes V4, = Y4 ®4 A1,
where A; = A/pA.

Consider the family (V,,&,L C F,& — Og,l) where « is some isomorphism of
locally free Oy, -sheaves. By [EGAIV] (8.5.5), (8.9.1), (8.5.2), (11.2.6) there exists a
normal finitely generated ox-algebra A in o with quotient field Q(A) such that the
family descends to a family

CllAl

(Va, €4, Lgay C Eqeay €a, — O3, ), where

21



e )4 is a proper semistable curve over A
e &4 is a vector bundle on Y4 and Ega) = Ea ®a Q(A)
e Lg(a) is a vector bundle on Vg(4y = Y4 ®4 Q(A) which is a subbundle of £g(4)

e ay, is an isomorphism of locally free Oy, -modules where £4, = €4 ®4 A;.

We need a prime ideal p of A of height one containing the maximal ideal (7 g ) of 0.
Since A C o, the special fibre (spec A) ® 0 /7 is non-empty. Any prime ideal p in A
corresponding to the generic point of an irreducible component of (spec A) ® 0 /mx
will do, cf. [Liul] theorem 4.3.12. Note that p D pA. Since A is normal, A, C C,, is
a discrete valuation ring containing ox. Note that in general A, ¢ o.

Let R be the strict henselization of A, in the algebraic closure of Q(A) in C,. Then
R is a discrete valuation ring in C, with quotient field @ C C, whose residue field
Kk D ok /mk is separably closed. Let (Vgr,Er,Lg C &g) be the base change of
(Va,€a, Lgay C Egay) via A C R resp. Q(A) C Q. The restriction &, of &g to the
special fibre )V, = Vg ®@g k is trivial because €4, is trivial and A C R induces a map
A1 — R/p — K since p € pr. By Riemann-Roch, deg(£q) = x(Eq) —rx(Oy,) where
r is the rank of £. By [EGAIII], 7.9.4, the Euler characteristic of vector bundles on
Vg is locally constant in the fibres, which implies deg€g = x(&x) — rx(Oy,) = 0.
Since F = £ ®¢gC,, it follows that deg Z = 0. Similarly, deg L = deg L¢. It remains
therefore to show that deg Ly < 0. Using the next result the theorem follows. O

The proof of the following proposition is due to Raynaud. It replaces a more involved
argument in an earlier version of this paper.

Proposition 14 Let R be a discrete valuation ring with quotient field Q) and sepa-
rably closed residue field k. Let Z be a smooth projective curve over QQ with a model
Z over R. Consider a vector bundle £ on Z whose special fibre £, is a trivial bundle
on Z,.. Then its generic fibre E = Eg is semistable of degree zero.

Proof By assumption det &, is a trivial line bundle. Hence we have

deg E =degdet E = x(Z,det&q) — x(Z,0)
X(Zx,det Ex) — x(Z24,0) =0

since the Euler characteristics are constant in the fibres.

It suffices to show that for every exact sequence 0 — F1 — E — FE5 — 0 of vector
bundles on Z we have deg(E3) > 0. Consider the canonical extension F; C & of E;
in E cf. [EGAI] (9.4.1). For every open subset U of Z we have

(U, F) ={s e T(U,E)|s|unz eT(UNZ,Ey)} .
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The sheaf F is a coherent, torsion free O z-module. Let Fy = £/F; be the quotient,
so that 0 — F; — £ — Fo — 0 is an exact sequence of coherent sheaves on Z with
generic fibre 0 — By — F — FEy — 0. If r is the rank of F5, we blow up the r-th
Fitting ideal Z of F5 and get a proper morphism

p:Z2 — Z
which is an isomorphism on the generic fibres.

If we denote by Z the ideal p~!(Z)- Oz (which coincides with the r-th Fitting ideal
of p*F3), then & = ¢*Fo/Anng-x,(Z') is a locally free sheaf on Z’ by [Ray-Gru],
(5.4.3). Let F be the coherent sheaf on Z’ such that the sequence

0 —F —& —& —0

with & = p*€ is exact. Since ¢ is an isomorphism on the generic fibre and the
generic fibre of Z is Oy, the generic fibre of £ resp. &5 is isomorphic to E resp. Fs.

Now let C1,...,C; be the irreducible components of the special fibre Z! and let
C; — C; be their normalizations. By «; : C; — C; — Z’ we denote the corresponding

morphisms. Since &, is locally free, the sequence
0— o F —af — af&—0

is exact on C;. Since the special fibre & is trivial, the sheaf of€’ is isomorphic to a
power of the structure sheaf (’)éi. In particular, it is a semistable sheaf of degree 0

on the smooth, projective curve C; over k.

Therefore, the quotient a& has degree > 0. By the degree formula in [BLR], 9.1,
Proposition 5, it follows for the line bundle (det &2),, that

X(Zg, (det &) ) — x(24,0z,.) > 0.

Since the Euler characteristics are constant in the fibres of Z, we deduce deg(E3) =
deg((£2)q) = degdet((£2)g) > 0. Hence E is indeed semistable. O

Remark The indecomposable components E; of a semistable bundle E of degree
zero on Xc, have degree zero since they are both sub- and quotient bundles of £
and hence have deg F; < 0 and deg F; > 0. If X = A is an elliptic curve over @p the
converse is true. A vector bundle E on Ac, is semistable of degree zero if and only
if it is the direct sum of indecomposable bundles of degree zero. This follows from
the splitting of the Harder—Narasimhan filtration on bundles over elliptic curves.

By [At], Theorem 5, p. 432 every indecomposable vector bundle of degree zero on
Ag, is of the form L® F,. where L is a line bundle of degree zero and F. is an iterated
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extension of trivial line bundles. Using theorems 11 and 12 it follows that L @ F)
lies in ‘B%C and in the case where A has good reduction even in B 4.. From all this

P
one obtains:

Corollary 15 Let A be an elliptic curve over @p.
a The category %%C consists of all semistable bundles of degree zero on Ac,. All of
P

these are successive extensions of line bundles of degree zero.
b If Ak has good reduction we have in addition %?4@ = ‘BACP.
P

The following result makes it substantially easier to verify that a vector bundle lies
in %xm[).

Theorem 16 Let X be a model over Zp of the smooth projective curve X over @p.
Let k = F, be the residue field of Z,. A vector bundle & on X, lies in Bx,,p if and
only if there is an object m : Y — X of Sx,p such that 7;& is a trivial bundle on
V=Y ®Zp k.

Remark In particular, every vector bundle £ on X, whose restriction & to the
special fibre X, of X, is trivial lies in By, . As explained to us by Holger Brenner there
exist examples of rank two bundles £ on smooth models of certain plane algebraic
curves X such that & is trivial and &c,, is stable of degree zero. They are constructed
by restricting suitable syzygy bundles on P?.

Proof The necessity is clear. Consider a vector bundle £ on X, with 7;&;, trivial. We
may assume that 7 is in 7). The family (X, D, &, 7: Y — X) descends to a family
(X0, Do, F,mo : Yo — Xo) over ox for K a finite extension of Q,. Here X, is a model
of Xo = X0 ®o, K and F is a vector bundle on X, ® o /pox whose restriction to
the special fibre Xy ® o /p becomes trivial after pullback along 7y ® o /p. Moreover
mo is an object of 83§ . Let e be the ramification index of K over Q, and set
0,/e = 0/p’0 = Zp/¥"Z,. Note that this is compatible with our earlier notation
on = Zp/D"Zy. Let Tyjes By je ete. be the base change with o, .. Since 7y, is also
the base change of mo ® ox /p with 0, it follows that Wik/egl/e is trivial on Y .. By
induction it therefore suffices to prove the following assertion:

Given v > 2 and some 7 : )Y — X in S;fD with Wzku—l)/eg(v—l)/e trivial, there exists
an object p: Z — X in S, with ,u;i/eé’u/e trivial on Z, /..

Consider the closed immersion i : Y, _1)/e < V, /. and set

J =Im (W™ : 0y

v/e - Oyu/e) .
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Here w is a prime element in ox. Let r be the rank of £, then we have a short exact
sequence of (Zariski-)sheaves of groups on ), /:

0— M, (J) t GLT(O%/e) -, Z.*GLT(OJJ(VA)/E) — 1.

Here adj is the adjunction map and f(A) := 1+ A. Observe that f is a homomor-
phism, f(A+ A") = f(A)f(A’) since AA" = 0 in M,(J) because J2 = 0. Right
exactness follows because GL , is formally smooth over Z. We obtain an exact se-
quence of pointed sets:

H Ve, Mo(T)) L HY(Y, e, GL(0)) S5 H (Viy_1ye, GL 1 (0)) -

Exactness can be checked directly. Alternatively one may identify sheaf torsors for
the affine group scheme GL, with vector bundles and quote [Gi] III Proposition
3.3.1 for the non-abelian cohomology sequence and [Gi] V Proposition 3.1.3 for the
isomorphism

H' (Y, /e, ixGL(0)) = H' (V(y-1)/e, GL (O)) .

Note here that for elementary reasons we have R'i,GL,.(O) = 0.

Consider the class Q of 77, &, /. in Hl(y,,/e, GL,(0)). Via i* it is mapped to the
class of i*ﬂz/eé’y/e = wzky_l)/eé’(,,_l)/e i.e. to the trivial class in Hl(y(u_l)/e, GL,(0)).
Hence 2 is of the form Q = f(A) for some class A = (Ag;) in

H' Yy jes Me(T)) = My (H' Yy e T)) -

Instead of recalling the argument from non-abelian cohomology we could also have
quoted [Gi] VII Théoreme 1.3.1 for this conclusion.

The exact sequence on Y, /.:
0— Kerw’ ' —0%L7—0

where ¢ is multiplication by w”~! gives a surjection:

Hl(yu/67 O) ;q» Hl(yu/ea j)
because Y, /. is one-dimensional.

Hence we have Q = fg(B) for some matrix B = (By) with entries in H*(Y, ., O).
If the genus of Y is zero, the same argument as in the proof of theorem 11 shows
that H'()), /e;O0) = 0 and we are done. If the genus of Y is non-zero it was shown
in the proof of theorem 11 that there is a morphism p : 3 — ) in Sx p such that
p* HY(Y,0) — H(3,0) satisfies p*(H*(Y,0)) C p*H(3,0). By corollary 3,3
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we may assume that the object u: 3 — X is even in S¥p- Arguing as in the proof
of theorem 11 (reduction step for the claim, with p and o,, replaced by w and o, .)
one sees that the induced map

Pyse: H' (Vyje; 0) — H' (3¢, 0)

is trivial. The commutative diagram

HY(Y, e, M, (0)) L2 HY (D), 0, GL ,(0))
lp;/e:() p;/e

H' (3,0, My (0) —* H' (3,0, GL 1 (0)
shows that p /eQ is the trivial class. Hence

ty,e€uje = Pruse(Ty1e€use)
is a trivial bundle on 3, /., as was to be shown. O

Remark The proof shows that a vector bundle £ on X, lies in By, if the special
fibre & is trivial. In this case, for each n > 1 there is a trivializing cover 7 in Sy,
whose generic fibre is a Galois covering of X with solvable Galois group.

Definition Let R be a valuation ring with quotient field QQ and residue field k. Con-
sider a model X/R of a smooth projective curve X/Q and let € be a vector bundle on
X. We say that £ has strongly semistable reduction of degree zero if the pullback of
&y, to the normalization C of each irreducible component C (with the reduced struc-
ture) of Xy, is strongly semistable of degree zero. Note here that each C is a smooth
projective curve over k.

The following theorem is one of our main results.

Theorem 17 Let X/Z, be a model of the smooth projective curve X/@p. Let &€ be a
vector bundle on X,. Then & belongs to Bx, p for some divisor D on X if and only
if £ has strongly semistable reduction of degree zero. In this case £ even belongs to
Bx, p and %xo,b for two divisors D and D on X with disjoint support.

The proof depends on the following result which for smooth projective curves is due
to Lange and Stuhler [LS] 1.9 Satz.

Theorem 18 Let E be a vector bundle on a purely one-dimensional proper scheme
X over IF,. Then the following conditions are equivalent:
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a) The pullback of E to the normalization of each irreducible component of X is
strongly semistable of degree zero.

b) There is a finite surjective morphism ¢ 'Y — X where Y is a purely one-
dimensional proper scheme over F, such that ¢*E is a trivial bundle.

c) Same as in b) but with ¢ a composition ¢ :'Y Py o x for some s > 0 where
7 48 finite étale and surjective and F' = Fr, = Fr), is the ¢ = p"-linear Frobenius on
Y.

Proof If b) holds then every irreducible component C' of X is finitely dominated by
an irreducible component D of Y. It follows that the pullback of E to C is trivialized
by the finite surjective morphism D — C'. Since semistability can be verified after
pullback to a finite covering and since the absolute Frobenius is functorial, assertion
a) follows.

It remains to show that a) implies c¢). There are only finitely many isomorphism
classes of semistable vector bundles of degree zero on a smooth projective curve over
a finite field. It follows that there are only finitely many isomorphism classes of vector
bundles £ on X whose pullbacks to the normalizations of the irreducible components
of X are semistable of degree zero. To see this, we first assume that X is reduced.
Let X = U C,, be the decomposition of X into its irreducible components and let 7 :
X = 11 C, — X be the finite normalization morphism. Generalizing the arguments
in the proofs of [BLR], Ch. 9, Propositions 9 and 10 or [Liul] Lemma 7.5.12 one sees
the following: The cokernel of the natural injection of sheaves of groups GL ,(Ox) —
1.GL,(Oy) is a skyscraper sheaf of sets [ ¢ ysing i2+Sz Where each set S, is finite.
Using [Gi] IIT Proposition 3.2.2 we obtain a non-abelian cohomology sequence

Il S — E'(X,GL.(0)) — H'(X,7.GL (0% HHl C,,GL,(0)) .

wEXsing

Here we have also used [Gi] V Proposition 3.1.3 and the equation R'7,GL,.(O) = 1
which follows because vector bundles are locally trivial. Using [Gi] III Corollaire
3.2.4, it follows that there are only finitely many isomorphism classes of vector bun-
dles on X which induce given isomorphism classes of vector bundles on the curves

C,.
If X is not reduced, we have to show that the map

HY(X,GL,(0)) — HY(X™ GL,(0))

has finite fibres. By devissage it suffices to show that for every ideal J C Ox with
J? =0, the map

¢: HY(X,GL,(0)) — HYX',GL,(0))
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has finite fibres where ¢ : X’ < X is the closed subscheme of X defined by [J. As in
the proof of theorem 16, we have a non-abelian cohomology sequence

H'\(X, M, (7)) L H'(X,GL,(0)) & H'(X',GL,(0)) .

It follows that ¢ has finite fibres.

Now, if we are given a vector bundle E as in a) the pullbacks to C, of all the
vector bundles F'{"E on X are semistable of degree zero. It follows that we have
F¥E = FE for some integers t > s > 0. For the bundle E' = F{E we therefore
have FYE' = E' where r = t —s > 1. Now, the proof of [LS] 1.4 Satz extends
without change to an arbitrary F -scheme (note that in [LS] the proof that = is finite
is omitted, but this is not difficult). This shows that there exists a finite étale and
surjective morphism 7 : Y — X such that 7*E' = 7*F{°E is a trivial bundle. With
X, the scheme Y is a purely one-dimensional proper F,-scheme as well. It follows
that (mo Fy)*E = (Fyom)*E = m*F{E is a trivial bundle as was to be shown for
c). O

Proof of theorem 17 For a vector bundle £ in Bx, p choose a cover 7 : Y — X
in ng(?%i such that 7;&, is a trivial bundle. Let X, = J, C,, be the decomposition
of X} into irreducible components. Since X is irreducible and 7(Y) is closed and
contains the generic point of X, the map = is surjective. Therefore any C), is finitely
dominated by an irreducible component of ). As above it follows that the pullbacks
of & to the C, are strongly semistable of degree zero.

Now assume that the vector bundle £ on X, has strongly semistable reduction of de-
gree zero. There is a finite extension K of Q,, with ring of integers o and residue field
k ~ F, such that the family (X,X,C,, &) descends to a family (Xx, X, , Cro,&0)
with corresponding properties. In particular £y is a vector bundle on the special
fibre Xy = X,, ® k whose pullbacks to the normalizations C,o of the irreducible
components C,o of Xy are strongly semistable of degree zero. Using theorem 18
we obtain a finite étale morphism 7y : 5)0 — X such that for the composition
Qo - 520 =, 520 X0, %y the pullback bundle ¢§& is trivial. Note that in this state-
ment we may replace s by any integer s’ > s and hence F' by any power of F'. Next,
using [SGA1] IX théoréeme 1.10 we may lift 7 : Yo — X to a finite étale morphism
Tog - YV, x — Xo, whose special fibre is 7. After replacing K by a finite extension
and performing a base extension to the new o, theorem 1, 5) allows us to dominate
Toy Dy an object mo : Vo, — Xy of S§° o By Lipman’s desingularization theorem
we may assume that ), besides being semistable is also regular c.f. [Liul] 10.3.25
and 10.3.26. Replacing F' by Fr, where ¢ = p" now denotes the order of the new

residue field it follows that under the composition ¢g : My =, Vo =% % the pullback
;&0 is a trivial bundle.
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The irreducible regular surface V,, is proper and flat over ox. Hence by a theorem
of Lichtenbaum [Lich] there exists a closed immersion V,, — ]P’f,\; over ox. Let H;
be the coordinate hyperplane z; = 0 in PY¥, and put A = Ui\io H;. Then IP% \A =
G% - We observe that for any finite set S of closed points in IP’% there is a linear
isomorphism f € PGLy(0x) of IP’]oVK such that its generic fibre fx maps S to PY-\ A.
Hence we can choose a closed immersion 7 : Yy, — ]P’f,\; in such a way that Y is not
contained in A. Consider the finite morphism Fj, : ]P)é\; — IP]OVK given on A-valued
points by mapping [z : ... : zn]| to [z : ... : z}] for any ox-algebra A. Over
G% K= ]P)% \ A this morphism is étale. Define an 0x-scheme )/ X« by the cartesian
diagram:

Then po, is finite and px = po, @ K : Y/, — Yk is étale over Ux = Y N G%K.
Let D’ be a divisor on Yx whose support is Y \ Ux. Let pg = po, @ £ : Yy — Mo
be the special fibre of p,,. The reduction of Fj,_is F* i.e. the rs-th power of the
absolute Frobenius morphism on PY. Define a morphism i : Yy — ) over & by the
commutative diagram

Lemma 19 below implies that i induces an isomorphism Yy, — yged. Set D =
mi(D)). Base extending the situation to 0 = Z, we obtain an object 7’ : )} 2,
Y 5 X of Sx,p. Moreover & is trivialized by pullback via the composed map
Vi &, Vi i X, since we have 7 oip = mpo(ppoix) = mpo(F® @, k) and &, =
&o R k. In addition i induces an isomorphism of ), onto y;;ed. For this, note that
yﬁed = (V) @ k)ed = Yred @, k since Yired = ) is geometrically reduced. By
corollary 3, 3) there is an object p: Z — X of D such that p factors over 7’

p 2%y oy

The special fibre of Z is reduced. Hence the morphism vy : Z; — Y. factors
over iy : Vi = y,’ged — ). and therefore p, factors over mj oiy. It follows that

pr&x is trivial. Applying theorem 16 it follows that £ is an object of By, p. Let
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T Vo — ]P’é\; be the projective embedding above. By the above observation on
linear automorphisms, after changing 7 by some f € PGLy(0x) we can assume that
Tk maps the support of 7} Dy to ]P’% \A = G%’K. Let Dy be a divisor on Yx with
support equal to Y \ Yg N szl(G%J{). Then we have seen that £ is in B 5 where
D is the base-change of 7 K(ﬁK). By construction, [)K is disjoint from 77 D and
hence D is disjoint from D. |

Lemma 19 Let T be an F,-scheme and let 7 : S — T be a closed immersion of a
reduced subscheme S of T'. For an integer N > 1 consider the canonical diagram
where the square is cartesian:

S
lE&N lT
T—>T

_—

Then the induced map i : S — S™9 is an isomorphism.

Proof We may assume that T = spec R is affine. Then we have S = spec R/a
for an ideal a with a = /a and S’ = spec R/b where b is the ideal generated
by all elements 7?" with r € a. The homomorphism 4 : R/b — R/a is given
by if(r mod b) = r mod a. Tt is immediate that vb = a. Hence i : spec R/a —
(spec R/b)™ = spec (R/+/b) is an isomorphism. O

The following result due to M. Raynaud improves theorem 17 in the case of good
reduction. The proof is a modification of the argument for theorem 17.

Theorem 20 Let %/Zp be a smooth model of a smooth projective curve X/@p of
nonzero genus and let £ be a vector bundle on X,. Then & belongs to Bx, if and

only if & is strongly semistable of degree zero on the smooth projective curve X over
k.

Proof Assume that & is strongly semistable of degree zero. As in the proof of
theorem 17 we descend (X, X, &) to a family (X, X,,,&) for a finite extension
K/Q, with residue field K = F,,q = p".

Since & is strongly semistable of degree zero on the smooth projective curve Xy =
X ® Kk over k, theorem 18 or in fact the original result in [LS] 1.9 Satz provides us
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. . . .. Fs T
with a smooth projective curve )y over k and a composition g : Vg — Vo % %

with s > 0 and 7 finite étale such that the bundle ¢{&y is trivial. As before we
may lift 7y to a finite étale morphism m,, : Vo,, — Xo,. Then YV, is a smooth and
proper irreducible ox-scheme. As in the proof of theorem 17 we can replace K by
a finite extension and hence assume that we have a section y € YV, (0x) = Y (K).
Set B = PicgJOK Jox and consider the Albanese map

T:yoK%A:B

with 7(y) = 0. Define Jj,_ by the cartesian diagram

(4) A

After reduction, the ¢*-multiplication map on A factors
Ve Fs
¢ Ay — Ag — Ag

with V' the r-th power of Verschiebung and F' = Fr;,. Correspondingly the reduction
of diagram (4) factors into two cartesian diagrams:

yf y{é yf
Vs 7o

Ag ——=Ag —— Ay

By lemma 19 the diagram

V) —

[ F

Ao = Ag

induces an isomorphisn_l i Yy — yged. Base extending to Zp resp. k we can
dominate )" = Y ® Z, by an object p: 3 — X of S§. Since 3 is reduced, the

reduction uy, factors over y,’;ed s y]; — W and hence over F*®Fk : ), — V5. Hence
1r € is a trivial bundle and we conclude using theorem 16. a
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3 Etale parallel transport for vector bundles in 8B

For vector bundles in By, p,B Xc, D and SBﬁXCp’ p we will now construct canonical
isomorphisms of parallel transport along étale paths between geometric points of
X \ D. We begin by recalling some facts about the fundamental groupoid. The
general reference is [SGA1].

Let Z be a variety over @p and choose a geometric point z in Z(C,). Let F}, be the
functor from the category of finite étale coverings Z’ of Z to the category of finite
sets defined by F, = Morz(z,_). It attaches to Z’ the set of Cp-valued points of Z’
lying over z. The functor F, is known to be strictly pro-representable: There is a
projective system Z = (Zi, zi, ¢ij)ier of pointed Galois coverings of Z where [ is a
directed set, and the z; € Z;(C,) are points over z. Moreover, for ¢ > j the map
¢ij + Z; — Zj is an epimorphism over Z such that ¢;;(z;) = z; and such that the
natural map
li_n)ll\/[orZ(Zi,Z/) — F (7))
(2

induced by evaluation on the z;’s is a bijection for every Z’.

For our purposes, we define the étale fundamental groupoid I11(Z) of Z as a topo-
logical category, as follows: The set of objects of I11(Z) is Z(C,). For two Cp-valued
points z and z* of Z set

(5) Morry, (z)(z, 2%) = Iso (F;, Fx) .

Such an isomorphism of fibre functors will be called an étale path (up to homo-
topy) from z to z*. Using the pro-representability of F, and F.«, one sees that
Mory, (z) (z,2%) is a pro-finite set and as such a compact totally disconnected Haus-
dorff space. Moreover, composition of morphisms gives a continuous map

Morryy, (z)(z, 2%) x Mory, (z)(2%, 2™) — Morq, (z)(2,2™) .
The étale fundamental group with base point z is the profinite group
m1(Z,z) = Mory, (2)(2,2) = Aut(F) where F' = F .
There is an isomorphism of topological groups
op
(6) m(Z,2) — (li{glAutZ(Zi)> .
i

Here the natural transformation o : F — F given by the family of compatible
bijections op(z,) : F(Z;) — F(Z;) for i € I is sent to the projective system (0;)ier

%

where 0; € Autz(Z;) is uniquely determined by the relation:

oi(2) = O'F(Zi)(zi) .
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Let Repy,(z)(0) resp. Repiy,(z)(Cp) be the o-linear resp. C,-linear categories of
continuous functors from II;(Z) into the category of free o-modules of finite rank
resp. the category of finite dimensional C,-vector spaces. Here a functor between
topological categories is called continuous if the induced maps between the topolog-
ical spaces of morphisms are continuous.

We now make some remarks on the functoriality of II;.

Let o : Z1 — Z5 be a morphism of varieties over @p. There is an induced continuous
functor ay : I1;(Z;) — II1(Z2) defined as follows. On objects ay is the map « :
Z1(Cp) — Z5(C,). For points z, 2z’ of Z;(Cp) it remains to define continuous maps

s 180 (F, Fur) — Iso (Fyoz), Foery) -

For a finite étale morphism Yo — Z5 consider the base change
Y, =Y5 Xz, Z1 — Z;. There are natural bijections

F.(Y1) = Fy;)(Y2) and  Fo (Y1) = Fyn(Ya) -

For « € Iso (F}, F.s) define a,(v)(Y2) as the composition:

(Y1)
(V)(Y2) : Fooy(Y2) 2 F,(Y1) = Fu (Y1) = Faen(Ya) .

This defines an isomorphism «,(v) of fibre functors. By construction, the map
v — () is continuous. It is clear that a, defined on objects and morphisms gives
a functor.

For a second morphism 3 : Zy — Z3 of varieties over @p we find that (fea), =
Byoaw : 111(Z1) — 111(Z3). Obviously id, = id.

Now we consider the effect of Galois conjugation on fundamental groupoids. For a
scheme Y over Q, and an automorphism o of Q, over Q, set 7Y =Y ®q o Q, and
p7

write o : Y —5 °Y for the inverse of the projection map.

We now define a continuous functor o, : I1;(Z) — I1;(?Z). On objects, o, is defined
by mapping z € Z(C,p) to “2 = gozo0o ! = gozospeca in 7Z(C,).

The continuous map o, between the spaces of morphisms
oy Iso (F,, F,r) — Iso (Foy, For)

is obtained as follows: Every finite étale cover of ?Z is of the form 7Y for a finite
étale cover Y of Z. It is clear that F-,(°Y) = F,(Y) naturally for every point z of
Z(C,). Define 0.(7)(°Y) as the composition:

0*(7)(0Y) : F"Z(OY) = FZ(Y) l Fz’(Y) = F"z’(OY) :
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This defines an isomorphism of fibre functors o,(y). The map v — o.(y) is continu-
ous. The maps o, on objects and morphisms define a functor o,. It is clear that we
have (07), = 0,07y as functors from I11(Z) to I1;(°7Z) = 11 (°(" Z)).

If Z is already defined over an extension K C @p of Qpie. Z =7 Rk @p for some
variety Zg over K then for every o € G = Gal(@p/K) the map id X pec K SPeC Cad
gives a @p-linear isomorphism °Z - Z. This will be used to identify °Z with Z. It
follows that for such Z the group G i acts from the left by continuous automorphisms
on the category I1;(Z).

For a topological group ¥ let Rep x(0) be the category of continuous representations
of ¥ on free o-modules of finite rank. We define Rep x(C,) similarly.

All these categories are equipped with a tensor product, duals, internal homs and
exterior powers. The o-categories are exact, the C,-categories are even abelian.

Lemma 21 For a variety Z as above and a fized point zg € Z(C,) the natural
forgetful functors

Repr,(z)(0) — Rep r,(z,:0)(0) and Repr,(£)(Cp) — Rep 1, (2,2 (Cp)

are fully faithful.

Proof Since Z is connected all objects of IT; (Z) are isomorphic to each other. Faith-
fulness follows. Given representations V' and V' of II;(Z) let us write V, = V(z)
and V] = V'(z). Given a m(Z, z9)-equivariant homomorphism f., : V;, — V
define f, : V, — V] for arbitrary z € Z(C,) as follows. Choose an étale path
v € Mory, (z)(2,20) and set f, = V'(y)7to f, oV (7). This is independent of 7 since
[z is Autyy, (z)(20, 20)-equivariant. One checks that the family of homomorphisms
(f2)zez(c,) defines a morphism of functors from V' to V'’ which induces f,,. Hence
the above forgetful functors are full. O

Consider as before a smooth projective curve X over @p, a divisor D in X and a
model X of X over Z,. Set U = X \ D.

Given a bundle £ in By, p, we will construct a continuous functor pg from II; (U)
into the category of free o-modules of finite rank. By properness X(C,) = X,(0).
Hence we may view any geometric point € X(C,) as a section z, : speco — X,
over speco. We write £, = x3€ viewed as a free o-module of rankr = rank €. The
reduction X,(0) — X,(0,) = X, (05,) maps z, to a morphism

Lo
T, : speco, — speco — X,
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and we set &, = 2;€ = &, ®, 0, viewed as a free 0,-module of rank . We have

Ery =1Im &,
p—

as topological o-modules, the topology on &, being the discrete one. We define pg
on the set of objects U(C,) of II;1(U) by setting pg(x) = &;,. It remains to define
continuous maps:

pe : Morp, () (x,2") = Iso (Fy, Fp) — Homy(Ex,, €, -
These in turn will be obtained as the projective limit of maps
pen  Iso (Fy, Fp) — Homy, (&, , Exr)

for n > 1. By construction each map pg, will factor over a finite quotient of the
pro-finite set Iso (Fy, F,/). Hence each pg, is continuous and therefore pg will be
continuous as well.

Now, given v in Iso (F,, F,/) and some n > 1, let us construct pg ,,(7). By definition
of Bx, p and by Corollary 3, 3) there exists an object 7: Y — X of S%’Bd such that
7 Ep is a trivial bundle. Set Y =Y ® @p and V =Y \7*D. Then V — U is a finite
étale covering. Choose a point y € V(C,) above x and let ¢ = vy € V(C,) be the

image of y under the map
YWl Fx(V) — Fm/(V) .

Then 3’ lies over 2’. Since the structural morphism X : Y — spec Zp satisfies \.Oy =
O, .7 universally, we find A\~ Oy, = Ogpeco, and therefore the pullback map under

spec Zp
Yn : Spec o, — YV, is an isomorphism:

v T(Vn, 7€) — T(spec oy, yimi&,) = [(specon, 258,) = Ex,, -
We can now define pg ,,(y) to be the composition:
pen(v) =1 W)no (W)™ = yno(yn) ™ Eay — Euy, -
Note that by construction pg ,, factors over the finite set Iso (F(V'), F (V).
Theorem 22 The preceeding constructions are independent of all choices and define

a continuous functor pg from 1 (X \ D) into the category of free o-modules of finite
rank.

Proof We first check that pg () does not depend on the choice of the point y above
x. So let z be another point in V(C,) over z. By theorem 4 there are a finite group
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G and a G-equivariant morphism 7 : J) — X defining an object of T%eo %d, together

with a morphism ¢ : Y — Y with @ = mo¢p. In particular V =Y \ 7*D is a Galois
covering of U with group G. Here Y is the generic fibre of ). Choose points § and Z
in V(Cp) above y resp. z. Then the points v§ and vZ lie above vy resp. ~vz. Since
and Z both lie above x, there is a unique ¢ in G with oy = Z and hence with o3, = Z,
and oy, = Z, as well. By construction the following diagram is commutative:

y* (vy)n

ll e
i, SEN

Exy <—T (Y, 75 &) —— Eay,

Hence we have the formula:

(e ()™t = (v@)ne (@)
and similarly
* *\—1 )\ * ~k\—1
(v2)no(z) ™ = (v2)ne(Z) "
Now, zZ = ooy implies that Z; equals the composition

T, 7560) T T (D, 72E0) L &,

By naturality of v we have vZ = oo~y and as before (v2): = (vg); oo*. Thus we
find

(v (zn) ™ = (VE)ne (5) 71 = (vi)nea™ o (0™) T e (@)™ = (vm)ne (ya) ™"

Now we prove that pg ,,(7) does not depend on the trivializing cover m: Y — X. So,
let 7 : Y — X be another object of Siogd such that 7}&, is a trivial bundle.

By Corollary 3, 3) we may assume that there is a morphism ¢ : Y — Y with# = moop.
With notations as above choose a point § € V(C,) above x and set y = vy, ¥ () where

¢g, Y — Y is the induced map on the generic fibres. It follows that ¢g, (v9) = vy
and by properness of Y and Y over specZ, that yo = ¢(7,) and (vy)e = ©((78)o)-

One obtains the same diagram as above.

Hence we have

(V)neyn) ™ = (v@)ne ()
and this implies that pg ,(7) does not depend on the trivializing good cover. Hence
pen(7y) is well defined.
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It is clear that we have pg ,,(id) = id for the trivial path id € Iso (¥}, F;). For paths
v € Iso (Fy, Fy) and 4 € Iso (Fy, Fyr), choosing a point y € V/(C,,) over z, the point
~y lies over 2’ and hence we have

1

pen(¥) = ()ho(yy) ™ and  pen(y) = (Y ()i (vy)i Tt

This implies the equation:

(7) pen()epen(y) = (Vo) W)ne n) ™! = pewn(y'07) -
We now check that the maps

pen  Iso (Fy, Fpr) — Hom,, (&, Exr)
form a projective system with respect to the natural projections

An+1 Hom,,, ,, (59En+1 e 1) — Hom,,, ,, (5-'En+l7g$fn+1)®0n+l on, = Hom,,, (€, g:vil)

!
n+
ie. that A\yt10pgnt1 = pen-

For a given n > 1 choose 7: Y — X in Sageogd such that 7}, &, 11 is a trivial bundle.

Then 7} &, is trivial as well. For y in V(CI;) over x and «y € Iso (Fy, F,/) consider the
commutative diagram where a and b are the natural maps

spec 0, — Va O¥)n spec 0y,

)

Spec 041 Yntl ynH(ly)—"Hspec On41

It induces a commutative diagram

y;+l (WJ):LJrl
Y " 2
Erpir =—— T (Vnt1, 7Tn+1gn+1) B g:vilﬂ

b*‘/ la* lb*
yNZ (W:i):;

5mn P(yny Tr;klgn) - gxil

The maps b* are just the natural reduction maps from the o0,;-module &,
51,/”“ to the o,-module &, = &, ., ®o,,, On resp. &y = gx;LH

the map pgn(v) = (vy)5o(y:)~! is the reduction mod p" of the map pgni1(y) =
(YW)rg1° (Z/;kz+1)_1'

Let

i1 TESD.
®o,,1 On- Hence

pe : Iso (Fy, Fypr) — Homg (&, , Eyr)
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be the projective limit of the maps pg ,,. Using (7) it follows that together with the
previously defined map pg on objects, we obtain a continuous functor from I1; (X \ D)
into the category of free o-modules of finite rank. a

For a fixed C,-valued point  of X'\ D the continuous functor pg induces in particular
a continuous representation

pe 1 (X \ D, x) = Auty, (x\p)(2) — Autoe(Es,) -

In a preliminary version ([De-Wel]) we defined a representation pg in the following
way: Choose a G-equivariant morphism 7 : ) — X in T%eo °d guch that o Ep is a trivial
bundle. The choice of a point y € Y(C,) above = determines a homomorphism

(X, 1) 25 AutPY = GP — Aute, (W, 5E0)

i.e. aleft action of m1(X,z) on I'(Vy,, 7 E,). Transporting this action to &, via the
isomorphism
Yn
F(ynaﬂ-;gn) — gxn
gives a representation pg n of 1 (X, x) on &,,. The projective limit of the pg ,, defines
a representation g : m (X, z) — Aute(Eyy)-

Proposition 23 The representations pg and pg : 71 (X, z) — Auto(E,,) agree with
each other.

Proof The present construction obtains pg(7y) as the limit of pg ,,(7), where pg ,,(7)
is the composition

W)™t

Er — TV, E) D g

We now show that pgn(vy) = pen(y). For this, note that under the map ¢, the
natural transformation « is sent to the unique automorphism o € G of Y which
sends y to vy. Hence we have

Y= (e (un) Tt = pen(v) -

Pen(y) =yhoo*o(yh) ™t = (oy)ho(ys)”
O

We now turn the map & +— pg into a functor p from By, p into Rep 1, (x\p)(0)-
Let f : &€ — &' be a morphism in Bx, p. We claim that the family of o-module
homomorphisms

foo = @of 1 &y — &, forallz € U(C,) = ObIL(U)
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defines a natural transformation, denoted by p from pg to per. So, let v € Mory, (<, x')
be an étale path. For a given n > 1 there is an object 7 : Y — X in Sagggd such that
both 7}&, and 7€) are trivial bundles. This follows from Corollary 3, 3). Let f,

be the reduction of f mod p” and set f,, = x}(f). Choose a point y above z and

set ¥/ = yy. Then the commutative diagram

£ fon &

yZTZ leié

TV, 1) 22T by ety

yii‘lz lzyii‘
£

Tn 5/
gx/ "E,n

n

shows that we have fur opp.(7) = pern(¥)efz,. In the limit we obtain that
Jarope(y) = per(v)o fe,. Hence py = (fg,) is a morphism from pg to pgr. It is
clear that in this way we obtain a functor p = p*. The proof of the following
proposition is easy:

Proposition 24 The functor p = p* : Bx, p — Rep m(x\p)(0) is o-linear and
commutes with tensor products, duals, internal homs and exterior powers of vector
bundles. Exact sequences of bundles are mapped to exact sequences of representations
of IL (X \ D).

We now describe the effect of Galois conjugation on p. Consider an automorphism
o of Q, over Q,. It induces a o-linear functor o, from Vecy, to Vecox,. Here
X =X ®Z o Zp and hence (7X), = X, ®os 0 = ?X,. The functor o, sends the
vector bundle &£ over X, to the vector bundle °€ = £ ®,, 0 over °X,. A morphism
f:& — & is sent to 7f : %61 — %E5. On the other hand we have a o-linear functor:

C, :Rep Hl(U)(o) — Rep Hl(UU)(U) :

It is obtained as follows. Let Mod, be the category of free o-modules of finite rank.
We define a continuous o-linear functor

0. : Mod, — Mod,

by mapping an o-module T" to 0,(I') = °T", which is I as a set but with the twisted
o-module structure A -y = o= }(\)y for A € 0o and v € T'ie. T =T ®,, 0. We

write the identity map I’ Mo as o : T' — T since it is o-linear. An o-module
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homomorphism f : I'y — I's is sent to 7f = f in the first description of °I" and to
f ®o, 0 in the second.

On objects of Rep,(7)(0), i.e. on continuous functors I' : I (U) — Mod,, the
functor C, is defined by setting C,(I') = 0,00 (0,)~! where

o« : 1(U) — TI3(°U) is the isomorphism of categories recalled above. For a
morphism f : T' — I" in Rep, ()(0), i.e. a family of o-module homomorphisms
fe : Tp — T, for € U(C,) with T(y) o fp = furoT'(y) for all v € Mory, 1) (x, 2')
we define C,(f) : Co(I') — C,(IV) as follows. Every point of “U(C,) is of the form
%z = o, (z) for some point z of U(C,). Hence we have to define an o-linear map

Co(f)ow : Co(L)er = (040T)(x) — (04 oT")(2) = Co(I")er
for every x € U(C,) i.e. a map
Co(f)ow : Ty — T, .

In the above notation we set Cy(f)op = oo froo™!. The family (Cy(f)oy) defines
the desired natural transformation C,(f) and C, becomes a functor which is easily
checked to be o-linear.

Moreover we have C,, = C,oC, and C;q = id in an obvious sense.

With trivial changes we also get analogous functors o : Bx. p — Boxc, -p and
o, : Vecg, — Vecg, and C, : Rep 1, (1) (Cp) — Rep 11, (o1 (Cp).

The proof of the following proposition is routine.

Proposition 25 In the above situation the diagram of categories and functors is
commutative (up to canonical isomorphisms of functors):

P

%xhp —_— Rep Hl(U)(U)

U*l lCU
p’*

%0:{070[) e Rep I, (°U) (0)

In particular, we have for £ in Bx, p that
pog = Ox0pgo (‘7*)_1

as functors from I1;(°U) to Mod,.
Remark It also follows that if X and D are defined over o, so that (°X,D) can be
identified with (X, D) for all 0 € Gk, the functor

p:Bx, p — Rep, (o)
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commutes with the left G x-actions on these categories defined by letting o act via
o4 resp. via C,.

The next type of functoriality will be used all the time later. Let o : X — X’ be a
morphism over Z, of models and let D’ be a divisor on X’. Set U’ = X'\ D’ and
U = X\ a*D'. The generic fibre of « induces a functor

A(a) : Rep i, vy (0) — Rep, 1) (0)

as follows: For an object I' of Rep () (0) we define A(a)(T") to be the composed
functor:

Ala)(T) : I (U) 25 11, (") £ Mod, .

For a morphism f : I'y — 'y in Rep, () (0) given by a family of o-linear maps
fur : Ty — Doy for ' € U'(C,) we define A(a)(f) to be the family of maps

A(@)(T1)e =T a@) — Poja@) = Al@)(T2). -
It is clear that A(«) so defined gives a functor and that for a second map o’ : ¥ — X"

we have A(d/oa) = A(a)o A(d).

Proposition 26 For a morphism o : X — X' as above the pullback along o* induces
a functor «* @ By pr — Bz, orp and the following diagram of categories and
functors commutes (up to canonical isomorphisms):

%xlmD/ L Rep Hl(U’)(o)

(8) a*l lA(a)

Bx, a0 —— Rep, ) (0)
In particular, for every £ in By, pr we have
(9) ParE = PE OO
as functors from 111 (U) to Mod,.
Proof Let £ be a vector bundle in By, p/. By proposition 9, a*& lies in Bx, o pr-
We have (poa®)(E) = pare and (A(a)op)(E) = pgoa,. Commutativity of (8) on
objects is therefore equivalent to (9). On objects, relation (9) simply says that

(@*&)z = E4(x), a canonical isomorphism. For v € Mory, (y(z, 2) it suffices to show
that for every n > 1, we have

(10) paren(Y) = penlax(y)) -
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Let 7’ : Y — X' be an object of 83%’(}51, such that 7/*&, is trivial. Choose some

m:)Y — Xin Sagg’)gilD, covering the object 7#: Y =) xp X — X of Sx,o+p, 50 that
we get a commutative diagram

Y-ty

Wl l“'

X ——=x
Let y be a point in V(C,) above x and set y' = ¢(y), a point in V'(C,) above a(x).
Now, pa+gn is the composition
* (vp) ! ¥ ¥ S
(@ &)z, —— T(Vn, mran&n) — (7€),
and pg n (0w (7)) is the composition

7k —1 Qe AL
(yn) F(Jﬂ,ﬁ,wﬁé’n) (ax (V)Y )5 ga(z)n'

ga(w)n

Hence, for (9) it suffices to show that the following diagram commutes:
(a*€)a, - L(Vn, mh056n) % (a*€)s,

| I |
(ax(MY')7,

a(@)n S DV, ) ——"Ea(2)n

For the left square this follows from the relation y’ = 1) oy as morphisms from spec C,,
to V! 'C )'. Similarly the right square commutes because we have o, (7)y' = ¥ o (yy).

Namely, factoring v as a composition ¢ : Y LA Y % Y and setting § = b(y),

we have a. (y)(y') = a(v)(a(@)) = a(v§) = a(y(by)) = (a°b)(yy) = ¥(vy). It is an
immediate consequence of the definitions, that diagram (8) commutes for morphisms
i.e. that A(a)ps = pary for all f: & — & in By p. O

We can now define a parallel transport along étale paths for the bundles in B Xe,,D-

Proposition 27 Let X be a smooth, projective curve over @p with models X1 and
Xy over Zp. Then there is a third model X3 of X together with morphisms

P1 P2
X1 — X3 — X9
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restricting to the identity on the generic fibres (after their identification with X ).
For any divisor D on X we have a commutative diagram of fully faithful functors

%xlu 7D ® Q

By, p® Q AL Bxc,.D -

.

%x207D ® Q oo

Proof Descend X to a smooth projective curve X i over a finite extension K of Q,,
and X1, X2 to models X1 o, X205 of Xk over ox. Let X7, be the closure of the
image of the morphism

A
Xk — Xk Xspec K Xk — %1,0;( Xspec o %2,0;(

endowed with the reduced subscheme structure. Let X3,, be the normalization
of X3,. Then there are natural morphisms X3,, — X5, — X104 and X3,, —
X5, — X2,0f restricting to the identity on the generic fibres. Now the first claim
follows by base change. It remains to show that for any model X of X the functor
Jx, 1Bz, p® Q- %X(prD induced by the canonical morphism jx, : X¢, — X, is
fully faithful. For bundles & and & on X, set I' = Homy (£1,&2). Then flat base
change applied to the global sections of F' implies that

Homg, (€1,€2) ® Q — Homx, (j%, 1, J%,€2)

3%,
is an isomorphism. O

For every morphism f : X — X’ over Z, of models of X restricting to the identity
on generic fibres, proposition 26 gives a commutative diagram:

By p f* Bx,.D
(11) x /
Rep 11, (1) (0)
Next, note that there is a canonical functor:
(12) Rep 1, 1)(0) ® Q — Rep 1, 1) (Cp) -
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Thus we get a commutative diagram:

By p®Q ! Bx,p®Q

s Tl A

Rep 1, (1)(Cp)

Together with proposition 27, we obtain a functor

p=p~:Bx, p— Repm,1)(C,) -
Explicitly, it is given as follows: For an object F of B Xc,,D We obtain the continuous
functor p(E) = pg : 111 (U) — Vecc, by setting on the one hand pg(z) = E, = 2*F
for x € U(C,) = ObII;(U). On the other hand, for z,2’ € U(C,) the continuous
map
PE = PEza * Mory, ) (z,2") — Homc, (E,, Eyr)
is given by
pE(Y) = ¥t o (pe(r) ®o Cp) oty .

Here we have chosen a model X of X over Z, and a bundle € in By, p together with
an isomorphism ¢ : E' — j% £ in Vec Xc,- Moreover ), is the fibre map:

Yo = 2" (0) : B <5 (1%5,E)s = €2, @0 Cp = &2, 82.Q.
For a morphism f : F — E’ in Bxc,,D the morphism p(f) = ps : pp — ppr is given
by the family of linear maps f, = «*(f) : E; — E. for all x € U(C,).

The main properties of parallel transport for bundles of class B on p-adic curves are
collected in the next result:

Theorem 28 Let X,X' be smooth projective curves over @p and let
f: X — X' be a morphism between them. Let D and D’ be divisors on X and
X'.

a The functor

p:Bxe, 0 — Rep,u)(Cp)

is Cp-linear, exact and commutes with tensor products, duals, internal homs and ex-
terior powers.

b Pullback of wector bundles induces an additive and exact functor
o “BX/cva’ — iBch,f* pr which commutes with tensor products, duals, internal

homs and exterior powers. The following diagram is commutative:
p
“BX{cva’ ——— Repm, (x1\p)(Cp)

(14) f*l lA(f)

%Xc,, JSfrD! L Rep Iy (X \f*D') ((Cp)
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In particular, for E in ‘Bch,f*D’ we have
(15) PrE = PE° [«
as functors from I (X \ f*D’) to Vecc,.

c For every automorphism o of @p over Q, the following diagram commutes

Bxc,,n — = Repp,1)(Cp)

(16) U*l lcg

%GXCP ,°D —p> Rep I, (°U) ((CP)
In particular, we have for E in B Xe,,D that

por = owopo(o.) !

as functors from I11(°U) to Vecc,. If X = Xk QK @p and D = D ®k Q,, for some
field Q, C K C @p, so that (?X,?D) is canonically identified with (X, D) over @p
for all o € Gk, the functor

p:Bxe,,0 — Rep,1)(Cp)

commutes with the left G -actions on these categories, defined by letting o act via
os resp. via Cg.

Remark As usual, for diagrams of functors to commute means to commute up to
canonical isomorphisms.

Proof Assertions a and c follow from propositions 24 and 25, respectively. Assertion
b follows from proposition 26 and lemma 8. O

Assume that X has a smooth model X over Zp. Then by Theorem 12, every line
bundle of degree zero on X¢, lies in B, . Hence our functor p induces a homomor-
phism

Pic’(X¢,) — Homeont (1 (X,2),C}) .

In [De-We2| we show that on a certain open subgroup of PicO(X(Cp) this homomor-
phism coincides with the one constructed by Tate in [Ta] §4 using the p-divisible
group of the abelian scheme Picg€ 7z and its Cartier dual.

P
The following theorem gives another relation to Tate’s work [Ta]. A proof is contained
in [De-We2].
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Theorem 29 Let X be a smooth, projective curve over @p with a smooth model X
over Z,. We write EXt%BXC (O,0) for the Yoneda groups of isomorphy classes of
P

estensions 0 — O — O(E) — O — 0, where E lies in Bx, . Since p is ezact, it
mnduces a homomorphism

1
Ds :ExthX(Cp (0,0) — EXtRepm(X,x)((Cp)(Cpan) .
Then the following diagram commutes:

Cy)

1 P 1
EXt‘BXCP (0,0) =~ EXtRep 1 (X,z) (Cp) (Cy,

Hl(X, 0) ®@p C, o H(}t(X’ Qp) ®@p C,

where « is the Hodge—Tate map coming from the Hodge—Tate decomposition of
Hgt(X’ Qp) ®@p (Cp'

Proposition 30 For a fized point xy € U(C,) the functor “fibre in x¢”
Bx.,,0— Vecg, , E— Eyy, [r— fa
is faithful. In particular, the evaluation map
I'(Xc,, E) — Ezy , s — s(x0)

is injective for all bundles E in ‘BX«:va-

Proof The functor p : B Xc,,D = Rep 11,(17)(Cp) is faithful because a morphism of

vector bundles f : E — E’ is determined by the collection of linear maps f, : E, —
E!, for all Cp-valued points x of Ug, cf. [EGAI] 7.2.2.1. Using lemma 21 it follows
that the functor “fibre in z¢” is faithful as well. In particular, the map

I'(Xc,, £) = Homx, (O, E) — Homc, (Cp, Ey,) = Eq,
is injective, where O denotes the trivial line bundle on Xc,. O

In order to extend the preceeding results to the category %ﬁxc p we need the fol-
p’
lowing result.

Proposition 31 Consider a Galois covering o : Y — X between varieties over
Q,. A (continuous) functor W : II1(Y') — C into a (topological) category C factors
as W = Voay for some (continuous) functor V : II1(X) — C if and only if we
have Woo, = W for all 0 € G = Gal(Y/X). If a is only finite and étale but not
necessarily Galois, the relation W = V o, already determines V' uniquely.

46



Proof The condition W oo, = W is necessary for the existence of V' since ayo0, =
(aoo), = . Now assume that we have Woo, = W for all 0. It implies that
Wo(yy = W, for all y € Y(C,). Hence we may define

V:X(C,) =Obll;(X) — ObC
by setting V,, = W, for an arbitrary y € Y(C,) with a(y) = . We define
V. Mornl(x) (1‘1,1‘2) e Morc(le,Vm2)

as follows. Let y; € Y(C,) be a point with «(y;) = ;. For any finite étale map o,
the natural map

Qs
(17) H Morp, (y)(y1, y2) — Morpy, (x) (21, 2)

a(y2)=z2

is a homeomorphism. Hence any étale path ~ from x1 to xo has a unique lifting to
an étale path 7/ from y; to some point ys above z5. The desired relation W = Vo,
forces us to set V(y) = W ('), a morphism from V,, = Wy, to V,, = W,,. We
have to check that this is well defined i.e. independent of the choice of y;. Let y] be
another point above z1 and let 0 € G be the automorphism with oy; = y]. Then
0+(7") is the unique path above 7 from y} to some point y} above 3. Thus we have
to show that W (v') = W (o«(v')). But this follows from the relation Woo, = W on
morphisms. It is clear that V is a functor with W = V oa,,. We have also seen that
this property determines V' uniquely. The continuity assertions are clear. a

Remark In particular the proposition applies to representations of II1(Y’) on C,-
vector spaces. There is no analogous result if one only considers representations of
the fundamental group m1(Y,y). For example, consider a smooth surface X with
finite fundamental group and universal covering a : Y — X. Then a representation
of the trivial group m(Y,y) carries no information whereas a representation W of
I1;(Y) defines a transitive set of isomorphisms between the vector spaces W, for all

y in Y/(C,).
We can now define a functor p : ‘B&C p — Repm, )(Cp) extending the functor p
p?

previously defined on B Xe,,D- Thus let £ be a vector bundle in %ﬁxcp, p- Choose a

ramified Galois covering « : Y — X which is étale over U = X \ D such that a*FE
lies in ‘Bycp,a*p. By theorem 28 b we have

ParE°O0x = Po*(a*E) = Pa*E

for every o in the Galois group of V.= Y \ a*D over U. Using proposition 31 it
follows that there is a unique functor p(E) = pg : II1(U) — Vecc, such that we
have

(18) Po*E = PECOx .
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This functor is continuous. (In order to apply proposition 31, we view canonical
isomorphisms such as o*(a*E) = (ao)*E as identifications.)

In particular, we have pg(x) = E, for all x € U(C,). For an étale path v from z; to
r9 in U we have

(19) PE(Y) = parp(Y) : Bzy = (@ E)y, — (" E)y, = Es, .

Here y; € V(C,) lies above x; and 4/ is the unique path in V' with a,y’ = 7 from
11 to a point ys above zo. For a morphism f : E — E’ of vector bundles in ‘B&C D
p7

the morphism p(f) = ps : pg — ppr is defined to be the family of linear maps
[z Ex — E! for all x € U(C)).

Proposition 32 The preceeding constructions give a well defined functor p : %ﬁXCP,D —

Rep 11, () (Cp) which extends the previously defined functor p on %XCWD'

Proof We first have to show that the definition of pg is independent of «. If we
are given ramified Galois coverings of smooth projective curves a1 : Y7 — X and
a9 : Yo — X which are étale over U there is a third one ag : Y3 — X covering oy
and a9 i.e. ag = q;om; for morphisms m; : Y3 — Y; where i = 1,2. Now assume that
o B e iBinp’a;fD. By the above we have

ParE = Pi° Qix

for functors p; : II;(U) — Vecc, where i = 1,2. We have to show that p; = p2. By
theorem 28, b we find for ¢ = 1,2 that

PasE = Prr(arE) = PofE°Tix = Pi° Qs © i
= Pio03x .
The uniqueness assertion of proposition 31 now implies that p; = po.

Next we have to check that for a morphism f : £ — E’in %ﬁxcw p the family of maps

fe : Bz — E, defines a morphism in Rep 11, (17)(Cp). We may assume that both o*E
and o E' lie in By, o*p. Then pu+y, ie. the family of maps (a*f)y : (a"E), —
(a*E'"),, defines a morphism in Rep 11, (1)(C,). Using (19) we see that

fay

/
Ewl E{E1

pE () l lpE/ @0)
faoq

/
Eyy — Emz

commutes for every «, as desired. It is clear that p is a functor and that it extends
p:Bxe,,0 — Repm, ) (Cp). O
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Theorem 33 Assertions a, b and c of theorem 28 hold for %&C p instead of
p7
Bx,,n as well. For any point xo € U(C,) the fibre functor

B, p— Vece,, B Euy, [ fuy
18 faithful.

Proof a Exactness of p is clear from its definition. For two vector bundles F; and
FE5 in EB?XC p choose a ramified Galois covering o : Y — X, étale over X \ D such
p’

that o*F7 and o* Ey are in ‘Bxcwp. Then we have

Por(Br0Es) = ParEi®a*By = ParEy @ ParBy = (PE,°0s) ® (pB, © i)
(pE1 ® pEz) © Oy

by theorem 28 a. It follows that we have pp,gr, = pE, ® pE,. It is clear that we also
have pr o5 = pp, ® ps, for morphisms f1, fo of vector bundles. Hence p commutes
with ®-products and similarly with direct sums, duals, internal homs and exterior
powers.

Let f: X — X’ be a morphism of smooth projective curves over @p. On objects,
we have to show that ps«p = pgo fi for all E in B’ . Thus let o : Y/ — X’ be a
ramified Galois covering étale over X'\ D’ with o*F in %Yép7a/* pr- With notations
as in the proof of proposition 9 we see that a*f*E = ¢g*o/*E lies in %ycp,a*f*pl.
Moreover

Por f*E = PgraE = Pal*E°Gx = PEO L gs = PE© fros

by theorem 28 a and the definition of pg. Now on the other hand, a : ¥ — X is
a ramified Galois covering, étale over X \ f*D’. Hence f*F lies in ‘B&C FD and
p7

ps+g is by definition the unique functor with po+ g = ppgoas. It follows that
we have pp«p = pgo fi. It is immediate from the definitions that diagram (14) for
%! commutes on the level of morphisms. The proof that p behaves functorially with
respect to automorphisms is deduced similarly from theorem 28, c. The last assertion
is proved in the same way as proposition 30. O

Remark It is known that the fibre functor in a point is faithful on the category of
stable bundles of degree zero on a compact Riemann surface cf. [Sesh] Ch. 1, IV.
By an induction on the length of the Jordan—Hoélder filtration one gets faithfulness
also on the category of semistable bundles of degree zero. The analogous assertion
therefore holds on smooth projective curves over fields that can be embedded into
C, e.g. over C,. Together with theorem 13 one thus gets another proof of theorem
33 b.
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We will now explain how to glue the representations pg attached to a vector bundle
E on Xc, which belongs to %?XC p for several divisors D. For this we need the
pi

following Seifert—van Kampen theorem for étale groupoids:

Proposition 34 Given open subschemes Uy and Uy of a curve X, let i1 : U NU; —
Ui,io : U1 NUy — Uy and j1 : Uy — Uy U Us, jo : Uy — Uy UUs be the corresponding
immersions and consider the commutative diagram of fundamental groupoids

Hl(Ul ﬂUg) ik Hl(Ul)

iz*l ljl*

Hl(Ug) 2 Hl(Ul U Ug)

Then for any Hausdorff topological category C and continuous functors py : 111 (Uy) —
C and ps : 111 (Us) — C such that p1oi1. = paoios there is a unique continuous functor
p 111 (Uy UUy) — C such that poji. = p1 and poja. = pa.

Proof We may assume that U; and U, are nonempty. Let v : 1 — x9 be an étale
path in Uy UU; with 21 € Uy and 25 € Us. Choose a point 2’ in U; NUs. Then since
Uy U U, is connected we may write v as the composition of a path 1 : x1 — 2’ with
a path vo : ' — x5 in U; U Us. The homomorphisms 71 (U, x,) — m1(Uy U Us, x,,)
for v = 1,2 are known to be surjective since X is a curve. We deduce that there are
paths 41 : 1 — 2’ in Uy and A2 : ' — 25 in Us such that j,.(%,) = 7,. Hence if p
exists, we have p(y) = p(y2 - 71) = p(72)p(71) = p2(72)p1(71) and similarly for paths
from x9 to 1. For paths vy in X whose endpoints are both in U,, we have p(y) = p, (%)
where j,.(7) = 7. Hence the functor p is uniquely determined. As for existence, it is
clear how to define p on objects and it remains to check that p given on morphisms
by the above formulas is well defined. This follows from the Seifert—van Kampen
theorem for the étale fundamental group, cf. [SGA1] IX, corollare 5.6. There is a
subtlety here. The pushout property holds only in the category of profinite groups.
But the maps i, : (U3 NUsa, 2') — 71 (U, 2') are surjective and hence the maps p,,
on 71(U,, x") have the same images for v = 1,2. This common image is the quotient
of a profinite group by a closed subgroup and hence profinite. Here we used the
Hausdorff assumption on (the spaces of morphisms of) C. O

Proposition 35 Let Dy and Dy be divisors on X and set Uy = X \ D1 and Uy =
X\Dy. For avector bundle E on Xc, let p}g and p% be the continuous representations
of 1 (Uy) resp. II1(Uz) on C,-vector spaces constructed before. Then there is a
unique continuous representation pg of II1(Uy UUs) which induces p'y, on 11, (U,) for
v =1,2. For the induced functor where U = Uy U Us

g %&prDl N ‘B&Cp’[b — Rep HI(U)((CP)
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the analogue of theorem 33 holds.

Variant For £ in By, p, for v = 1,2 we obtain a well defined representation of
I1;(U) on free o-modules of finite rank.

Proof On objects pg is defined by pg(x) = E, as before. The assertions are a formal
consequence of proposition 34 and theorem 33. O

Let B%,. be the category of vector bundles on X¢, with strongly semistable reduc-
'4
tion, as defined in the introduction.

Theorem 36 We have %fxcp =Up SBX@,,,D- Every vector~ bundle E in SB:";(CP lies
both in B Xc,,D and ‘B Xe. D for suitable divisors D and D with disjoint support.
p7

There is a unique representation pg of I11(X) on finite dimensional Cy-vector spaces
such that pp(x) = E, for all z € X(Cp) and such that pg is compatible with the rep-
resentations pg of II1(X \ D) constructed earlier for those D with E in %X«:va- As
before one obtains an eract additive functor p : ‘B}Cp — Rep,(x)(Cp) which com-

mutes with tensor products, duals, internal homs and exterior powers. Moreover, it
behaves functorially with respect to morphisms of curves over Q, and automorphisms
of @p over Q. For any point xg € X(C,), the fibre functor

SBASXCP —>V€C(Cp , B— E:L‘() ) f — f:r:()

18 faithful.

Proof This follows from theorem 17 and 33 together with proposition 35. o

Remark Arguing as in the proofs of propositions 9 and 32 this result implies the
theorem in the introduction.

Let Rep z?(X x)((Cp) be the full subcategory of Rep r,(x,+)(Cp) of those representa-
tions A : m (X, x) — GL (V') which are continuous if V' is given the discrete topology.
Equivalently A has to factor over a finite quotient of 71 (X, x).

Proposition 37 The category Rep ;’rcl’(X x)((Cp) is contained in the essential image

of p: %?XCP — Rep 1, (x,0)(Cp).

Proof Let A\ be a representation as above. Let G be the image of A in GL (V). Let
a Y — X be a Galois extension of X with group G such that a, : m(Y,y) —
m1 (X, z) with y € Y(C,) above z induces an isomorphism 71 (Y, y) = ker A\. Define a
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vector bundle E on X by setting F =Y x% V where V is the affine space over @p

attached to V. Then F lies in ‘B?XC because a*F is a trivial bundle on Y and hence
P

lies in ‘Bycp. On S-valued points of Y a trivialization

Y:Vy =Y xV =5 o*E

is described by mapping (y,v) to the pair ([y,v],y) in a*E. Here [y,v] € E, ) is the
class of (y,v) mod G. We can now calculate pp. For v € 71(X, x) there is a unique
étale path 4" in Y from y to oy for a uniquely determined o € G. The commutative
diagram

by
E, (@"E)y~—— (Vy)y ==V
pE('y)l J{pa*E('y’) lpw ") H
byo
Ex (Q*E)oy -~ (VY)oy ——V

shows that if we identify F, with V' via 1, the automorphism pgp(y) : V. — V is
given by pp(y) = ¢, ' e¢pyo. Thus we have

pe(V)(v) = ¥, [y, v] = ¥, [y, ov] = ov = A(y)v .

Yy
Hence we have pg = A as representations of m1(X,z) on V = E,. O

Proposition 38 Leta: Y — X be a finite étale covering of smooth projective curves
over Q,, and let E be a vector bundle in %gfc . Then
P

PonE: T1(X,2) = GL (7 E)z)

is the representation obtained from pg : m(Y,y) — GL(Ey) by induction via the
inclusion o, : m(Y,y) — m(X,x). Herey is any point in Y (C,) above x € X(C,).

Proof Under the natural injection £ — o*a,E we may view E, as a subspace of
(a*a,E)y = (ayE);. From theorem 33 a we get that

Pa.E°C0x = Para.E

as representations of 71(Y,y) on GL ((a«E),). Thus py+a, g is the restriction of pq, g
to the subgroup (via ay) m1(Y,y) of m (X, z). Since pg — para.r by the exactness
of p, it follows that the restriction of p,r to m1(Y,y) leaves the subspace E, of
(s E), invariant and gives the representation pp there. It remains to show that
(0 E) is the direct sum of the translates po, g([7])E,y for [y] running over the cosets
of a,m (Y, y) in 71(X, z). There is a bijection

m(X,2)/am(Y,y) — {y € Y(Cp)|a(y) =z}
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”

given by mapping [y] to the “endpoint” of the unique lifting of v to an étale path in
Y starting at y, cf. (17). Together with the natural isomorphism

(s E)y = @ E,

a(y' )=z

the assertion follows. Namely, we have:

pa*E(V)Ey = Pa*oc*E('Y/)Ey = PE('Y/)Ey =Ey .

O

We conclude this section with some general observations on the structure of repre-
sentations.

Consider a continuous representation p : G — GL ,(0) of a profinite group G. Then
p1: G — GL,(01), the reduction mod p of p has finite image since G is compact
and o0p is discrete. Hence the image of p; is contained in GL,(ox /pox) for some
finite extension K of Q. Let p be the prime ideal of 0x and consider the reductions
Py : G — GL(0(y)) of pmod p™ where we have set 0,y = 0/p"0. By construction
pq factors:

P - G — GLT(OK/]J) C GLT(U(l)) .

Extending scalars to k = o/m the modular representation G — GL ,(0x /p) becomes
Pk, the reduction of p mod m. For every n > 1 the image of p(,) is finite. Hence
G, = Ker p(, is an open normal subgroup of G. Let

Py G/Gn — GL.(0(,)) be the induced representation. We have a commutative
diagram

1 —>Gn/Gn+1 G/Gn+1 G/Gn 1

£A7L &(nﬂ) jﬁ(n)

1]—— Mr(p”o(nﬂ)) —— GL T’(U(n—i-l)) —— GL T(U(n)) —1

Here f is the homomorphism f(A4) = 1+ A and A, is induced by p(,;q). Since
Gn/Gpy1 is finite and M, (p"0(,41)) abelian and annihilated by p it follows that
G, /Gry1 is isomorphic to (Z/p)‘;” for some integer §, > 0.

Thus p is built up from the modular representation p(;) of the finite group G/Gq
in GL(ox/p) C GL (k) via successive extensions by representations of elementary
abelian p-groups. It is instructive to compare this fact with the proof of theorem 16:
The way a bundle £ in B« p is built up from &}, is similar to the way a continuous
representation p is built up from its residual representation pg.

Let us call a representation on a free 0(,)-module M “irreducible” if every invariant
free and cofree submodule of M is either trivial or equal to M.
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Proposition 39 If p(, is “irreducible” for some n > 1, e.g. if py is irreducible then
the representation pc, : G — GL,.(Cp) is irreducible.

Proof Let V' C C}, be a pc,-invariant subspace of dimension s # 0,r. ThenI" = V'No"
is a p-invariant o-submodule of 0" for which o” /T is o-torsionfree. Since 0" /T is finitely
generated it follows from [B] Lemma 3.9 that 0" /I" is a free o-module of rank ¢ say.
Hence we get an exact sequence:

0—T—0o —o —0.

By an induction on t it follows that I' is a free o-module. Because of V =1'® C,
the rank of I' is equal to s. Hence I'(,) = I' ® 0, is a free and cofree o(,)-module
of rank s and therefore p(,) is “reducible”. Note that the rank of a free o(,)-module
['(,) is well defined because it equals the dimension of I',,) ® k over k. O

Example Let p : G — GL(0) be a representation for which the image of py :

G — GLy(0/p%0) contains the two commuting matrices ((1)11) ) and (11)?) Then po

is “irreducible” and hence pc, is irreducible as well. For example p; could be trivial

and we could have G1/Gy = G/Go = (Z/p)* with py given by pa(i,j) = (jlp Z{’)
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